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Abstract. Computational techniques adapted from classical mecbanid used

in image analysis run the gamut from Lagrangian action jplas to Hamilton-
Jacobi field equations: witness the popularity of the fastimnag and fast sweep-
ing methods which are essentially fast Hamilton-Jacobiessl In sharp contrast,
there are very few applications of quantum mechanics iadpotomputational
methods. Given the fact that most of classical mechanicsbeanbtained as a
limiting case of quantum mechanics (as Planck’s condtaends to zero), this
paucity of quantum mechanics inspired methods in imageysisal surprising.

In this work, we derive relationships between nonlinear ittamJacobi and lin-
ear Schrodinger equations for the Euclidean distance ibmgroblem (in1D,

2D and3D). We then solve the Schrédinger wave equation instead ofdhe
responding Hamilton-Jacobi equation. We show that the &lthger equation
has a closed form solution and that this solution can be effii computed in
O(N log N), N being the number of grid points. The Euclidean distance can
then be recovered from the wave function. Since the wavetiimés computed
for a small but non-zert, the obtained Euclidean distance function is an ap-
proximation. We derive analytic bounds for the error of tippraximation and
experimentally compare the results of our approach witlextaet Euclidean dis-
tance function on real and synthetic data.

1 Introduction

Image analysis [1,2] has a tradition of importing and adwepa host of classical physics
based approaches including Lagrangian based variatianalges and their associated
Euler-Lagrange equations [3], Hamiltonian dynamics [4] amore recently Hamilton-
Jacobi based methods [5]. Approaches in image analysis Ostmctly adhere to the
classical mechanics sequence [6] of i) first specifying aragian action principle, ii)
deriving the corresponding Euler-Lagrange equationgiiiploying a Legendre trans-
formation to convert the Lagrangian dynamics to a first-oidi@miltonian dynamics,
and finally, iv) using a canonical transformation to derilie Hamilton-Jacobi equa-
tion whose solution also yields a solution to the originaiational problem. Instead,
most research in image analysis uses a combination of oner af these four ap-
proaches depending on the problem at hand. For examplefateueconstruction [3],
a popular approach consists of writing a variational form tiren finding a solution us-
ing preconditioned conjugate gradient or quasi-Newtore tiygrative methods. While
we notice a plethora of classical mechanics inspired teglgs in image analysis, the



same cannot be said about quantum mechanics. Despite thienwein fact that most
of classical mechanics is a limiting case of quantum medsaas Planck’s constant
h — 0 [7], there is very little application of quantum mechanipahciples in image
analysis problems. Rather than speculate on the reasotiidalearth of applications,
we wish to point out that in this paper, we are primarily ietted in exploiting a con-
crete relationship between the classical, non-linear Hamiacobi equation and the
quantum, linear Schrédinger equation. We feel that fogusinre narrowly on this re-
lationship (which will become obvious as we proceed) is npoogluctive than dwelling
on the mysterious and specifically quantum mechanical $ssti¢ interpretation of the
wave function, ii) role of probabilities and, iii) the pravh of measurement. While
these issues are certainly important, they do not play aleyinothis paper. In sum-
mary, we are mainly interested in exploiting the relatiopssetween the Schrédinger
and Hamilton-Jacobi equations in order to derive companatiy efficient algorithms
which are applicable in image analysis problems where Hamilacobi theory is used.
In the theoretical physics literature, a Schrodinger wapeagion at the energy state
E has the form) (X, t) = ¢(X) exp(£), (h = 4-) [8], where¢(X )—the stationary
state wave function—is the eigenstate of the HamiltoniagrajprH corresponding to
the eigenvalu&. When the Hamilton-Jacobi scalar fieftt appears as the exponent
of the stationary state wave function, specificalyX') = exp( ’S;(X)), and if $(X)
satisfies the linear Schrédinger equation, naniély= E¢, we show thatag — 0, S*
satisfies the Hamilton-Jacobi equation for a carefully einqeroblem. The novel aspect
is that a nonlinear Hamilton-Jacobi equation is obtaingtiédimit ash — 0 of a linear
Schrddinger equation. Consequently, instead of solviegthmilton-Jacobi equation,
one can solve the Schrodinger wave equation (taking adyardhits linearity), and
then compute an approxima$® for small values of.. This computational procedure
would be approximately equivalent to solving the originalillton-Jacobi equation.
With the basic setup in place, we now turn our attention to cnad application.
Our goal is to apply the Schrédinger formalism to a well kngwoblem that has been
successfully attacked by Hamilton-Jacobi theory. To thid, @ve choose the problem
of computing Euclidean distance functions on a grid for @giset of points where the
task is to assign at each grid point a value correspondinigedcticlidean distance to
its nearest neighbor from the given point-set. The literats replete with elegant and
pioneering works which have successfully solved this prblTo name a few, the well
known fast marching [9] and fast sweeping [10] methods asergglly O(N log V)
Hamilton-Jacobi based algorithms whekeis the number of grid points. [The fast
sweeping method has an added advantage in that the algajipears (empirically)
to beO(NN).] These techniques focus on directly solving the non-liedenal equation
[4], whereas our approach shows that one can instead sdlvesat Equation and obtain
the solution to the non-linear eikonal equation in the liast — 0. The important con-
nection between the Schrédinger wave equation and the kemmlhcobi equation [7]
is illuminated during the process. In the more traditiocahiputer science) algorithms
literature, computational geometry inspired techniquesVoronoi diagrams and KD-
Trees [11] have also solved this problem. However, comguwioronoi diagrams or

1 After a careful reading of [10], it is still unclear to us ifatiast sweeping method is formally
rather than empiricallp (V).



building data structures for KD-Trees #D and higher dimensions is expensive and
the O(N log N) complexity is not retained at higher dimensions [11]. Owhteque
(which as we shall see is based on application of the fasti€owansform (FFT) [12])

is very simple and elegant and rema®éN log N) irrespective of the spatial dimen-
sion.

The basic question asked and answered in this paper is: Cdesign a Schrodinger
equation that computes an exponentiated Euclidean destiamction on a grid? The
distance function is obtained from the exponent of the Stihgier wave function. A
naive approach to solve this Euclidean distance problenmdnmeito visitevery grid
point and compute the Euclidean distanceatiomembers of the point-set and pick
the smallest distance. The complexity of this naive apgras®bviously related to
the product of the number of grid points and the cardinalftthe point-set. The fast
sweeping and fast marching methods avoid this naive contplkexd as we shall see,
so does the Schrodinger wave function approach.

2 Euclidean distance functions

We now describe the Euclidean distance function problemea point-sety” =
{Y, € RP )k € {1,...,K}} whereD is the dimensionality of the point-set and a
set of equally spaced Cartesian grid poiitsthe Euclidean distance function problem
requires us to assign

S7(X) = min || X — Y| 1)

with the Euclidean norm used in (1). If efficient computatisra non-issue, this is a
simple problem. We visit each grid pointin the séand compute the distance to every
pointYy,Vk € {1,..., K} and assigr5* (X ) the minimum distance. If the number of
grid points isN, the naive complexity i© (N K D).

2.1 Hamilton-Jacobi formulation

The Hamilton-Jacobi equation approach to the Euclideatamti® function problem
stems from considering the following variational problefmieh in2D is

t1
I[q] = / L(qlaq27qlaq.27t)dt (2)
t

o

where the Lagrangiah is defined as

(6% + ¢2°). )

N~

L(qlanaq.lan.a t) =

Definingp; = gTL and applying a Legendre transformation [6] [by inverting= g—é
to get the functionj; (q1, g2, p1, p2, t) Vi], we define the Hamiltonian of the system as

H(q1,q2,p1,p2,t) = p141(q1, 92, p1, P2, t) + P2d2(q1, 42, p1, P2, t)
_L(qla q2, q'l(qlv q2,P1, P2, t)v qQ(qlv q2,P1,DP2, t)vt) (4)



which for the Euclidean distance function problem turnstouie
1 2 2
H(qlaq21p11p27t) = §(p1 +p2) (5)

The Hamilton-Jacobi equation is obtained via a canoniealdfiormation [6] of the
Hamiltonian. In the D case, it is

oS oS 0S8
E'FH(qlanaa_qlaa_qQat)_o (6)
where we have replaced [7] the generalized momentum vasgplvith
a8 oL
o0 Di = 93 (7)

Since the Hamiltonian in (5) is a constantependent of time, equation (6) can be
simplified to the static Hamilton-Jacobi equation. By safian of variables, we get

S(q1,q2,t) = S*(q1,q2) — Et (8)

whereF is the total energy of the system afd(q:, ¢2) is called the Hamilton’s char-

acteristic function [13]. Using the definition @f from (7) in (5) and observing that
98 _ 95"

oa = o+ e get
1[/85*\> [05%\?
2[<3CI1) (3Q2> .
Choosing the energy to be%, we obtain
v S=1 (10)

which is the well known eikonal equation [4] where the forriterm is1. S* is the
required Hamilton-Jacobi scalar field which is efficientbtained by the fast sweeping
and fast marching methods.

2.2 A Schradinger wave equation for computing Euclidean dignce functions

We now derive and solve a Schrédinger wave equation for thisitean distance func-
tion problem instead of solving the non-linear eikonal eum
The Schrodinger wave equation is written as [8]
oy
50V
"ot
wherey (X, t) is the wave function andl is the Hamiltonian operator obtained by first

quantizatioA—where the momentum variablgsare replaced with the operatél%.
Using the definition of our Hamiltonian from (), satisfies (ir2 D)

hoy B2 (9% 0%

=Hy (11)

2 First quantization is still mysterious. For an informal liluminating treatment, please see
http://math.ucr.edu/home/baez/categories.html.



Using separation of variables X, t) = ¢(X) f(t), we get
hi_Rv _
if 2 6
whereF is the energy state of the system. By choosing the energyedatstem to be
3 as before, we get

(13)

)= 37 1)
and hence ”
(XL 1) = 6(X) exp (E) (15)

where¢(X) satisfies the equation
W ¢ =¢. (16)

2.3 Deriving the eikonal equation from the Schrédinger equéion

We now show that whep = exp(‘TS*) and satisfies (16)3* asymptotically satisfies
the eikonal equation (10) &s— 0. We show this for th@ D case but the generalization
to higher dimensions is straightforward.

Wheng(x1,x2) = exp(M), the first partials of) are

96 _ L (=STNOST 09 1 (-ST\OST
(91'1 - h P h (9,@1 ’ (91'2 - h P h 6$2 '
The second partials needed for the Laplacian are
Po L (ST (95N L8t s
o2 ~ 2P\ "n ) \om R\ T ) et
6L (S () L (SE) 28 g
922~ m2 P\ ) ors P\ Th ) 0ad
From this, equation (16) can be rewritten as
5*\* [85*\? 928* 928
—hl =+ ) =1 19
(6:61) +<6x2) <(“)x% + (“)x%) (19)
which in simplified form is
v S -hv® s =1. (20)

The additionalk 72 S* term [relative to (10)] is referred to as the viscosity te@h [
(Note that this term emerges naturally from the Schrédirggration derivation—an
intriguing result.) Sincé 72 S*| is bounded, ag — 0, (20) tends to

v s* =1 (21)

which is the original eikonal equation (10) for the Euclidelistance function problem.
This relationship motivates us to solve the linear Schrgelirequation (16) instead of
the non-linear eikonal equation and then compute the distmction via

S*(X) = —hlog ¢(X). (22)



3 Closed form solutions for the approximate Euclidean distace
function and proofs of convergence

We now derive the closed form solution fo(X) (in 1D, 2D and3 D) satisfying equa-
tion (16) and hence fof*(X) by (22) and observe that we get thetual Euclidean
distance function in the limit as — 0.

In order to satisfy the condition th&t(Y;) = 0,vYy, k € {1, ..., K}, we consider
the forced version of equation (16) which is

K
o+ b= (X V). (23)
k=1

Using a Green’s function approach [14] (where the form ofabkation depends on the
number of spatial dimensions), we can write expressionthf®solutiony. Below, let
r = miny, | X — Y} ||—the actual Euclidean distance function at the grid p&int

1D:

In 1D, the solution [14] forp is

K

600 = g5 Yo (). (24)
Using the relationship in (22), we get
S*(X) = —hlongiexp (M) + hlog (2h). (25)
Observe that
S*(X) < —hlogexp (%) + hlog(2h)
= r + hlog(2h). (26)
Also,

S*(xz) > —hlog {K exp (%)] + hlog(2h)
= —hlog K + r + hlog(2h). (27)
Ash — 0, hlog K — 0 and hlog h — 0. Furthermore, we see from (26) and (27) that

%%S (X)=r. (28)

2D:
In 2D, the solution [14] forp is

K
o) = g 210 (157 @
k=1




whereK) is the modified Bessel function of the second kind. Using (22)get

5*( hlogZK ('X ’“”) + hlog(2mh?). (30)
Then,
S*(X) < —hlog Ko (h) + hlog(2mh2). (31)
Using the relationiy(7) > %\/__ﬂ when; > 0.5, we get
h
* h 2
S*(X) < —hlog |1/ —exp ” + hlog(2mh®)
T
h 2
= —hlogy/— +r + hlog(2wh”). (32)
T
Moreover
S*(X) > —hlog KKO ( - )} + hlog(2mh?). (33)

Using the relationi(y(7) < exp(%) wheny > 1.5, we get

S*(X) > —hlog Kexp( - )] + hlog(2mh?)

= —hlog K +r + hlog(27h?). (34)

Ash — 0, hlog K — 0, hlogr — 0 and hlogh — 0. Furthermore, we see from (32)
and (34) that

%%S (X)=r. (35)
3D:
In 3D, the solution [14] forp is based on the modified spherical Bessel function of the
second kind:
S - | K exp (—ux{ykn) o6
Cdnh? & | X - Y
Using (22),
K exp ( x— Yk”)
S*( hlog ——— % + hlog (47h?). (37)
Then,

S*(X) < —ﬁlogw + hlog(4mh?)
r
=r+ hlogr+ hlog (47Th2) . (38)



Also,

S*(X) > —hlog [Kw + hlog(4nh?)
r

= —hlog K + r + hlogr + hlog(4mh?). (39)

Ash — 0, hlog K — 0, hlogr — 0 and hlogh — 0. Furthermore, we see from (38)
and (39) that

%%S (X)=r. (40)

Hence, we have shown that (irD, 2D and3D), the closed form solution fop
guarantees that* approaches the true Euclidean distance function in the lim# 0.

4 Bounding the error of the approximate Euclidean distance
function

The solution forp in 1D, 2D and3D motivates us to compute the function

K
o(X) =3 exp (M) (41)
k=1

(instead of computing) and then to compute the approximate distance function
S*(X) = —hlog 6(X) (42)

(instead of computing*). The reasons are two-fold. Firstly,can be computed effi-
ciently in O(N log ) using the fast Fourier transform (FFT) [12] as explainechia t
subsequent section. Secondiyy, .o S*(X) = r, as shown below, whereis the true
Euclidean distance function value at the grid pash{r = ming, || X — Y%||), and this
is thelimy o S*(X) as seen from the previous section. Hence, for small valués of
S5*(X) is a very good approximation t&*(X).

Ash — 0,55 exp (M) can be approximated asp (5~). HenceS*(X) ~

—hlogexp (7-) = . The bound derived below betwe&h(X ) andr also unveils the
proximity between the computed and the actual Euclideaamiig function.
Note from (41) that

S5*(X) < —hlogexp (%) =r. (43)

Also, observe that

S*(X) > —hlog [Kexp (%)}
= —hlogK +r (44)



and hence, ~
r—8*(X) <hlog K. (45)

From (43) and (45),
lr —S*(X)| < hlog K. (46)

Equation (46) shows that d@s — 0, S‘*(X) — r. It is worth commenting that
the boundhlog K is actually very tight as (i) it scales only as the logarithfrtte
cardinality of the point-setK’) and (ii) it can be made arbitrarily small by choosing a
small but non-zero value d.

5 Efficient computation of the approximate Euclidean distarce
function

The motivation for computing instead of is the fact that the direct computationdf
attheN grid locations isD(N K ) which isO(N?) when the cardinality of the point-set
is O(N), whereas computing at theN grid locations can be done (N log N) us-
ing an FFT implementation [12]. The realization that the FEah be employed to com-

putes stems from the insight that the summation term, nan@ﬁél exp (M
is actually thediscrete convolution between the functions(X) andg(X) with f(X) =
exp (%) computed at the grid locations, and the functigiX') which takes the

valuel at the point-set locations ardat other grid locations. By the convolution theo-
rem [15], a discrete convolution can be obtained as the saveourier transform of the
product of two individual transforms, which for twid( V') sequences can be computed
in O(N log N) and hence) can be determined efficiently at thé grid locations. One
just needs to compute the discrete Fourier transform (DFT)esampled version of
the functionsf(X) andg(X), compute their point-wise product and then compute the
inverse discrete Fourier transform. Taking the logarittrthe inverse discrete Fourier
transform and multiplying it by—#), gives the approximate Euclidean distance func-
tion. The algorithm is adumbrated in Table 1.

Table 1. Approximate Euclidean distance function algorithm

1. Compute the functioff(X) = exp (%) at the grid locations.

. Define the functiog (X ') which takes the valug at the point-set locations
ando at other grid locations.

. Compute the FFTs gf andg, namelyF'(u) andG(u) respectively.

. Compute the functioll (u) = F(u) * G(u).

. Compute the inverse FFT &f which gives&(X) at the grid locations.

. Take the logarithm af(X) and multiply it by (—£) to get
the approximate Euclidean distance function at the gridtioos.

N

o 01w




5.1 Computation of the approximate Euclidean distance funiion in higher
dimensions

Our technique has a straightforward generalization to drigimensions. Regardless
of the spatial dimension, the approximate Euclidean déstdunction,S* can be com-
puted by exactly following the steps delineated in the talbeve. It is worth mention-
ing that computing the discrete Fourier transform usingRR€ is alwaysO (N log V)
irrespective of the number of spatial dimensions. Hence, for all dimemsié* can
be computed at the giveN grid points, inO(N log N). This speaks for the scalabil-
ity of our technique, which is generally not the case witheottnethods, for example
KD-Trees [11].

6 Experiments

In this section, we show the efficacy of our technique by caimguthe approximate
Euclidean distance functio$f and comparing it to the actual Euclidean distance func-
tion S, first on randomly generated’2point-sets and then on a set of boundéugrid
points.

We began with a 2 grid consisting of points betweg-30, —30) and (30, 30).
Hence, the total number of grid points = 61 x 61 = 3721. We randomly chose
around1000 grid locations as data points (point-set). TH&N000 experiments were
run for values ofi ranging from0.1 t0 0.5 in steps 0f).01. The errorbar plotin Figure 1
shows the mean and standard deviation offitreentage error at each value df. The
error is less thai®.5% ath = 0.1 demonstrating the algorithm’s ability to compute
accurate Euclidean distances.

Next, we took the Stanford bunny datasanhd used the coordinates of the data
points on the model as our point-set locations. Since thetidata locations need not
be at integer locations, we scaled the space uniformly indiedensions and rounded
off the data so that the data lies at integer locations. Tpetidata was also shifted so
that it was approximately symmetrically located with resfe thez, y andz axis. We
should comment that shifting the data doesn't affect theliiean distance function
value and uniform scaling of all dimensions is also not andsas the distances can be
rescaled once they are computed.

After these basic data manipulations, the cardinality efghint set wad< = 3019
with the data confined to the cubic regieni6 < x < 16, —15 < y < 15 and
—12 < z < 12. Our grid consisted of the set of all integer locations witthis cubic
region. The number of grid locations waé = 25575. We computed the Euclidean
distance function value at each of these grid locationsgusin technique for different
values ofi and compared it to the true Euclidean distance functionevalu

At small values of, exp (%) drops off very quickly and hence for grid loca-

tions which are far away from the point-set, the convolutione using FFT needs to be
precise (without round-off error) for the computed diseatabe meaningful. Such high
precision support may not be available and hence our teabmiay produce erroneous

% This dataset is available at http://www.cc.gatech.edijégts/large_models/bunny.html



results at these grid locations for very small valuegi.oBut at those grid locations
which are close to the point-set, the accuracy of the condjalistance improves dsis
decreased. Hence, to circumvent this problem of chodsinge ran our technique for
different values ofi and chose the distance function values obtained at largesaif
h at those grid locations whose average computed distanamgesrland vice versa.

When we ran our technique for the setiof {0.1,0.2,0.3,0.4} and used 3, 6,10}
respectively as the threshold of the average computechdistar choosing the appro-
priate distance function, it gave the following set of résulhe maximum absolute
difference between the actual and the computed Euclidesardie value over all the
grid locations i9).9066 and the average absolute differencé.ig322. The accuracy is
fairly high since the furthest grid point from the point-g&eat a distance af5.5242 and
the average overall distance computed at the grid locafionsthe point-set i8.5449.
The average error i% * 100 = 3.72%. This error can be lowered by using higher
precision numerical methods for convolution [16].

We plotted the isosurface obtained by connecting the gridtpavhich are at a dis-
tance of0.5 from the point set, determined both by the true Euclideatadee function
and our technique. Figure 2 shows the two surfaces. Not&sithilarity between the
two plots. It provides anecdotal visual evidence for thefwisess of our approach.

7 Discussion

In this paper, we have introduced a new approach to solviaghtin-linear eikonal
equation (with a constant forcing term equalljo We have proved that the solution
of the eikonal equation can be obtained as a limiting cas@efblution to the cor-
responding linear Schrédinger wave equation. The key teetieel embedding of the
nonlinear Hamilton-Jacobi equation in a linear Schrédirggpiation. Our Schrédinger
wave equation formalism for solving the Euclidean distafurection problem (which
has been successfully attacked by pioneering Hamiltookiaolvers such as the fast
sweeping [10] and fast marching [9] methods) leveragesiép relationship between
the two regimes of modern physics. In the future, we woulé li& solve the more
general, static Hamilton-Jacobi equation using techrsgusgpired from quantum me-
chanics as a counterpart to classical mechanics baseddaebnin all likelihood, this
will involve direct discretization of the Schrédinger wagquation which was not re-
quired for the Euclidean distance function problem. We ekfigt the linearity of the
Schrddinger equation will result in fast algorithms evethiis more general setting.
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Fig. 1. Percentage error versiisn 50,000 2D experiments.

Fig. 2. Isosurfaces: (i) Left: Actual Euclidean distance functaom (i) Right: Our approach.



