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Di�eomorphic Point Matching

H. Guo, A. Rangarajan, S. C. Joshi

ABSTRACT In medical imaging and computer vision, the problem of
registering point-sets that di�er by an unknown non-rigid transformation
frequently arises. We discuss the matching problem of shapes parameterized
by point sets. Mathematical models of di�eomorphic landmark matching
and di�eomorphic point shape matching are formulated. After formulating
an objective function for di�eomorphic point matching, we give numerical
algorithms to solve the objective. Results are shown for 2D corpus callosum
shapes.

Keywords: image registration, non-rigid, di�eomorphism, point matching,
biomedical imaging, topology, landmark, cluster, thin-plate spline, interpo-
lation, correspondence, EM algorithm

1 Introduction

Point matching and correspondence problems arise in various application
areas such as computer vision, pattern recognition, machine learning and
especially in computational anatomy and biomedical imaging. Point rep-
resentation of image data is widely used in all areas and there is a huge
amount of point feature data acquired in various modalities, including MRI,
CT and Di�usion Tensor Images (DTI) [7, 10, 6]. The advantage of point set
representations of shapes over other forms like curves and surfaces is that
the point set representation is a universal representation of shapes regard-
less of the topologies of the shapes. This is especially useful in biomedical
imaging because it has the ability to fuse di�erent types of anatomical
features in a single uniform representation.
Point matching in general is a di�cult problem because, as with many

other problems in computer vision, like image registration and segmenta-
tion, it is often ill-posed. In this chapter, we attempt to formulate a precise
mathematical model for point matching. There are two important cases
that need to be distinguished. When the two point-sets are of equal car-
dinality and when the correspondences are known, we have the landmark
matching problem. This problem is not as di�cult as the case when the
correspondences are unknown. When we have two point-sets of unequal
cardinality and when the correspondences are unknown, we have the point
shape matching problem. The presence of outliers in either/both sets makes
the correspondence problem even more di�cult. In the following, we will



2 H. Guo, A. Rangarajan, S. C. Joshi

�rst discuss the landmark matching problem and then the point shape
matching problem.

2 Di�eomorphic Landmark Matching

We assume the image domain is the d-dimensional Euclidean space Rd.
Usually d = 2 or d = 3. In landmark based registration, we assume that we
have two corresponding sets of feature points, or landmarks, {pi ∈ Ω1| i =
1, 2, ..., n} and {qi ∈ Ω2| i = 1, 2, ..., n} where Ω1 ⊆ Rd and Ω2 ⊆ Rd.
We need to �nd a transformation f : Ω1 → Ω2 such that ∀i = 1, 2, ..., n,
f(pi) = qi.
In many applications, we are required to �nd the transformation within

some restricted groups, like rigid transformations, similarity transforma-
tions, a�ne transformations, projective transformations, polynomial trans-
formations, B-spline transformations and �non-rigid� transformations. Dif-
ferent transformation groups have di�erent degrees of freedom, namely, the
number of parameters needed to describe a transformation in the group.
This also determines the number of landmark pairs that the transformation
can exactly interpolate. Let us look at some examples. In two dimensional
space, where d = 2, a rigid transformation, which preserves Euclidean dis-
tance, has 3 degrees of freedom and cannot interpolate arbitrary landmark
pairs. The landmark pairs to be matched must be subject to some con-
straints. That is, they have to have the same Euclidean distance. A simi-
larity transformation has 4 degrees of freedom and can map any 2 points
to any 2 points. An a�ne transformation has 6 degrees of freedom and
can map any 3 non-degenerate points to any 3 non-degenerate points. A
projective transformation has 8 degrees of freedom and can map any 4
non-degenerate points to any 4 non-degenerate points. In three dimensional
space, where d = 3, a rigid transformation has 6 degrees of freedom. A sim-
ilarity transformation has 7 degrees of freedom. An a�ne transformation
has 12 degrees of freedom and can map any 4 non-degenerate points to
any 4 non-degenerate points. A projective transformation has 15 degrees of
freedom and can map any 5 non-degenerate points to any 5 non-degenerate
points.
The term �non-rigid� transformation is often used in a narrower sense.

Although similarity, a�ne and projective transformations do not preserve
Euclidean distance, they all have �nite degrees of freedom. In the liter-
ature, "non-rigid" transformations usually refer to a transformation with
in�nite degrees of freedom, which can potentially map any �nite number of
points to the same number of points. So we immediately see a big di�erence
between �nite degree of freedom transformations and non-rigid transforma-
tions. Given a �xed number of landmark pairs to be interpolated, the former
is easily over constrained but the latter is always under constrained. This is
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one of the reasons why the non-rigid point matching problem is much more
di�cult. To �nd a unique non-rigid transformation, we need further con-
straints. This is termed regularization in the computer vision and medical
image analysis literature [11].
Two desirable properties of non-rigid transformations are smoothness and

topology preservation. Again, let Ω1 ⊆ Rd and Ω2 ⊆ Rd. A transformation
f : Ω1 → Ω2 is said to be smooth if all partial derivatives of f , up to certain
orders, exist and are continuous. A transformation f : Ω1 → Ω2 is said to
preserve the topology if Ω1 and Img(f) = {p2 ∈ Ω2|∃p1 ∈ Ω1, p2 = f(p1)}
have the same topology. A transformation that preserves topology is called
a homeomorphism and its de�nition is: A transformation f : Ω1 → Ω2

is a homeomorphism if f is a bijection and if it is continuous and if its
inverse is also continuous. A smooth transformation f : Ω1 → Ω2 may not
preserve the topology. There are several cases when this is true. First, the
smooth map f is a bijection but the inverse is not continuous. Second, the
smooth map f may fail to be a bijection. That is, multiple points may be
mapped to the same point and we call this the folding of space. There are
two sub-cases here, one sub-case is that at some point, the tangent map
of f is not an isomorphism. The other sub-case is that the tangent map
of f is an isomorphism at every point but globally it is not a bijection.
On the other hand, a homeomorphism may not be smooth because in the
de�nition, we only require continuity in both f and its inverse but we
do not require di�erentiability. A transformation f that is both smooth
and topology preserving is called a di�eomorphism. The di�eomorphism
f : Ω1 → Ω2 is de�ned as a bijection that is smooth and its inverse is
also smooth. Now let us look at an example of a smooth transformation,
namely, the Thin-Plate Spline (TPS) interpolation [17].
For simplicity, we discuss the problem in 2-D space. Everything in the

2-D formulation easily applies to 3-D except we have a di�erent kernel
in 3-D. The original thin-plate spline interpolation problem is formulated
as: �nd a smooth function f : Ω → R, such that the thin-plate en-
ergy ∫ ∫

Ω

[
(∂2f

∂x2 )2 + 2( ∂2f
∂x∂y )2 + (∂2f

∂y2 )2
]
dxdy is minimized, subject to con-

straints at n control points {pi ∈ Ω| i = 1, 2, ..., n}

f(pi) = vi , pi ∈ Ω, vi ∈ R, i = 1, 2, ..., n . (1.1)
The reproducing kernel Hilbert space (RKHS) method is used to solve
this problem. We assume f is in the Sobolev space W k,2(Ω). Let ||f ||2 =
E =

∫ ∫
Ω

[
(∂2f

∂x2 )2 + 2( ∂2f
∂x∂y )2 + (∂2f

∂y2 )2
]
dxdy, where ||f || is the norm of f

inW k,2(Ω). SinceW k,2(Ω) is a Hilbert space, from the Riesz representation
theorem, for any p ∈ Ω, the evaluation linear functional

δp : W k,2(Ω)→ R, δp(f) = f(p) (1.2)
has a representer [15] up ∈W k,2(Ω) such that
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δp(f) = f(p) =< up, f > . (1.3)
Now the original problem is transformed to the problem: �nd a function

f ∈W k,2(Ω) with minimal norm ||f ||, subject to constraints

< upi , f >= vi , i = 1, 2, ..., n . (1.4)
For pa, pb ∈ Ω, u(pa, pb) = upa

(pb) is the kernel of the reproducing kernel
Hilbert space.
Let T be the linear subspace spanned by upi , i = 1, 2, ..., n. Any function

f ∈W k,2(Ω) can be decomposed into f = fT + f⊥ where fT ∈ T and f⊥ is
in the orthogonal complement of T and hence < upi

, f⊥ >= 0. We know if
fT satis�es (1.4), then f also satis�es (1.4) only with ||f || > fT if f⊥ 6= 0.
So we only need to search for the solution in T . The general solution can
thus be written as

f(p) = a0 + a1x+ a2y +
n∑

i=1

wiu(pi, p) , (1.5)

where a0, a1, a2, wi ∈ R and functions of the form a0 + a1x+ a2y span the
null space.
With this form, E can be rewritten as

E =
n∑

i=1,j=1

wiUijwj = WUW+, (1.6)

where W = (w1, ..., wn) and U is the matrix with elements Uij = u(pi, pj).
Bookstein [1, 2] applied thin-plate splines to the landmark interpolation

problem. The goal is to �nd a smooth transformation f : Ω → Ω that
interpolates n pairs of landmarks {pi ∈ Ω| i = 1, 2, ..., n} and {qi ∈ Ω| i =
1, 2, ..., n} and also minimize the thin-plate bending energy

E =
2∑

h=1

∫ ∫
R2

[
(
∂2fh

∂x2
)2 + 2(

∂2fh

∂x∂y
)2 + (

∂2fh

∂y2
)2

]
dxdy, (1.7)

where f1 and f2 are the x and y components of the mapping. If we interpret
each of f1 and f2 as the bending in the z direction of a metal sheet, or thin
plate, extending in the x -y plane, the energy in (1.7) is the analog of the
thin plate bending energy. The kernel in this case is

U(r) = r2 log r2 , (1.8)
where r is the distance √

x2 + y2. We also denote
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P =


1 x1 y1
1 x2 y2
... ... ...
1 xn yn

 , which is 3× n, (1.9)

Duchon [8] proved that if P has maximum column rank, then the solution
exists and is unique and the general solution is of the form

f(x, y) = a1 + axx+ ayy +
n∑

i=1

wiU(|pi − (x, y)|) . (1.10)

Because an a�ne transformation has no contribution to the bending en-
ergy, the transformation allows for a free a�ne transformation. De�ne the
matrices

K =


0 U(r12) ... U(r1n)

U(r21) 0 ... U(r2n)
... ... ... ...

U(rn1) U(rn2) ... 0

 , which is n× n, (1.11)

and
L =

[
K P
PT O

]
,which is (n+ 3)× (n+ 3), (1.12)

where the symbol T is the matrix transpose operator and O is a 3×3 matrix
of zeros.
Let V = (v1, ..., vn) be any n-vector and write Y = (V | 0 0 0)T . The

coe�cients W = (w1, ..., wn) and (a1, ax, ay) can be found by

L−1Y = (W |a1 ax ay)T . (1.13)
A numerically stable solution in a di�erent form is given by Wahba [17]
using a QR decomposition.
While the preceding development is somewhat appealing, there is no

mechanism to guarantee a di�eomorphic transformation. Intuitively this
problem is known as the folding of space.
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FIGURE 1. The folding problem in TPS and the desirable di�eomorphism.
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Figure 1a shows the displacement of landmarks. Figure 1b is the thin-
plate spline interpolation. We can see the folding of space. This is the
drawback of thin-plate spline interpolation. Due to the folding of space,
features in the template may be smeared in the overlapping regions. And
furthermore, the transformation is not invertible. A di�eomorphic trans-
formation is strongly desirable, which preserves the features, the topology
and which is smooth as shown in Figure 1c. Next we show that such a
di�eomorphism always exists.
Theorem. A di�eomorphic transformation that interpolates arbitrary num-
bers of n pairs of landmarks always exists.

Proof. We show the existence by construction. We construct a simple, al-
though most likely undesirable in most of the applications, di�eomorphism.
The intuitive idea is to dig canals connecting the landmark pairs. We �rst
choose the �rst pair of landmarks p1 and q1. For simplicity, we assume the
dimension d of space is 2. The proof is similar for d > 2. First assume no
other landmarks lie on the line connecting p1 and q1. Establish a coordinate
system such that p1 and q1 are on the x axis, shown in Figure 2, where
dots are source landmarks and squares are target landmarks. Let the signed
distance from p1 to q1 be a. Construct the transformation f1 : Ω1 → Ω2

such that f1(x, y) = (x′, y′),
x′ = x+ ae−v2 (1.14)
y′ = y

where v = tan( π
2εy), for any arbitrarily small ε. We choose ε to be su�-

ciently small so that any other landmarks do not lie in the belt
{(x, y) ∈ R2| |y| < ε}.
It is easy to show that f1 is a di�eomorphism and that it maps p1 to q1

and keeps all other landmarks q2,..., qn �xed. This is very much like the
�ow of viscous �uid in a tube. Similarly we can construct a di�eomorphism
fi that maps pi to qi and keeps all other landmarks �xed, for i = 1, 2, ..., n.
The composition of this series of di�eomorphisms

f = fn ◦ · · ·f2 ◦ f1 (1.15)
is also a di�eomorphism and obviously f maps pi to qi, for i = 1, 2, ..., n.
If some landmark qk lies on the line joining pi and qi, we can �nd such

a direction such that we draw a line lk through qk and there are no other
landmarks on the line. Then we make a di�eomorphism h transporting qk
to a nearby point q′k along the line without moving any other landmarks,
using the same canal as in the viscous �uid technique. Then we make a
di�eomorphism fi as described before. After that, we move landmark q′kback to the old position with the inverse of h−1. So we use Fi = h−1fih in
place of fi.
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FIGURE 2. Di�eomorphism construction.

One straightforward approach to �nd a di�eomorphism for practical use
is to remedy the thin-plate spline so that it does not fold. We can restrict
our search space to the set of di�eomorphisms and the ideal one should
minimize the thin-plate energy. We make the observation that if the Jaco-
bian of the transformation f changes sign at a point, then there is folding.
We can place a constraint requiring the Jacobian to always be positive.
There is some literature on this approach but most of these approaches do
not guarantee that the transformation is smooth [13, 4].
Another approach is to utilize the �ow �eld [9, 14, 16]. We introduce one

parameter, the time t into the di�eomorphism. Let φt : Ω→ Ω be the dif-
feomorphism from Ω to Ω at time t. A point x is mapped to the point φt(x).
Sometimes we also denote this as φ(x, t). It is easy to verify that for all the
values of t, φt forms a one parameter di�eomorphism group. If x is �xed,
then φ(x, t) traces a smooth trajectory in Ω. The interpolation problem
becomes: �nd the one parameter di�eomorphic group φ(·, t) : Ω→ Ω such
that given pi ∈ Ω and qi ∈ Ω ∀i = 1, 2, ..., n, φ(x, 0) = x and φ(pi, 1) = qi.
We introduce the velocity �eld v(x, t) and construct a dynamical system
by the transport equation

dφ(x, t)
dt

= v(φ(x, t), t) . (1.16)
The integral form of the relation between φ(x, t) and v(x, t) is

φ(x, 1) = x+
∫ 1

0

v(φ(x, t), t)dt . (1.17)

Obviously, such a φ(x, t) is not unique and there are in�nitely many such
solutions. With the analogy to the TPS, it is natural that we require the
desirable di�eomorphism results in minimal space deformation. Namely we
require the deformation energy∫ 1

0

∫
Ω

||Lv(x, t)||2dxdt (1.18)
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to be minimized, where L is a given linear di�erential operator.
The following theorem [14] states the existence of such a velocity �eld

and shows a way to solve for it.
Theorem (Joshi and Miller). Let pi ∈ Ω and qi ∈ Ω ∀i = 1, 2, ..., n.
The solution to the energy minimization problem

v̂(·) = arg min
∫ 1

0

∫
Ω

||Lv(x, t)||2dxdt (1.19)
subject to

φ(pi, 1) = qi, ∀i = 1, 2, ..., n (1.20)
where

φ(x, 1) = x+
∫ 1

0

v(φ(x, t), t)dt (1.21)

exists and de�nes a di�eomorphism φ(·, 1) : Ω→ Ω. The optimum velocity
�eld v̂ and the di�eomorphism φ̂ are given by

v̂(x, t) =
n∑

i=1

K(φ(xit), x)
n∑

j=1

(K(φ(t))−1)ij
˙̂
φ(xj , t) (1.22)

where

K(φ(t)) =


K(φ(p1, t), φ(p1, t)) · · · K(φ(p1, t), φ(pn, t))

· · · · ·
· · · · ·
· · · · ·

K(φ(pn, t), φ(p1, t)) K(φ(pn, t), φ(pn, t))


(1.23)

with (K((φ(t))ij denoting the ij, 3× 3 block entry
(K(φ(t))ij = K(φ(pi, t), φ(pj , t)), and

φ̂(pn, ·) = arg min
φ(pn, ·)

∫ 1

0

∑
ij

˙φ(pi, t)T (K(φ(t))−1)ij
˙φ(pj , t)dt(1.24)

subject to φ(pi, 1) = qi , i = 1, 2, ..., N with the optimal di�eomorphism
given by

φ̂(x, 1) = x+
∫ 1

0

v̂( ˆφ(x, t), t)dt . (1.25)

The proof [14] is omitted here. With this theorem, we can convert the
original optimization problem on the vector �eld v̂(x, t) to a problem of
�nite dimensional optimal control with end point conditions.
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This problem is called the exact matching problem because we required
the given set of points pi , i = 1, 2, ..., n map exactly to the other given set
of points qi , i = 1, 2, ..., n. The exact matching problem is symmetric with
respect to two sets of landmarks or two point shapes. When the two point
sets {pi ∈ Ω1| i = 1, 2, ..., n} and {qi ∈ Ω2| i = 1, 2, ..., n} are swapped, the
new optimal di�eomorphism is the inverse of the old di�eomorphism. This
is stated more formally in the following theorem.
Theorem. If φ(xk, 1) = yk and φ(x, t) and v(x, t) minimize the energy

E =
∫ 1

0

∫
Ω
||Lv(x, t)||2dxdt, then the inverse mapping maps the landmarks

backward φ−1(yk, 1) = xk and φ−1(x, t) and −v(x,−t) also minimize the
energy E.

Proof. First, from the known property of the di�eomorphism group of such
a dynamical system, φ(x, t1 + t2) = φ(φ(x, t1), t2), it is easy to show that
φ−1(x, t) = φ(x,−t). This is because

φ(.,−t) ◦ φ(., t)(x)
= φ(., t) ◦ φ(.,−t)(x)
= φ(φ(x, t),−t)
= φ(x, t+ (−t))
= φ(x, 0)
= x .

Furthermore, φ(x,−t)and −v(x,−t) also satisfy the transport equation
dφ(x,−t)

dt = −v(φ(x,−t),−t). Suppose φ(x, t) and v(x, t) minimize the en-
ergy E =

∫ 1

0

∫
Ω
||Lv(x, t)||2dxdt, but φ−1(x, t) = φ(x,−t) and −v(x,−t)

do not minimize the energy E =
∫ 1

0

∫
Ω
||Lv(x, t)||2dxdt. Let the minimizer

be ψ(x, t) and u(x, t) such that ∀k, ψ(yk) = xk and ∫ 1

0

∫
Ω
||Lu(x, t)||2dxdt

< ∫ 1

0

∫
Ω
||Lv(x, t)||2dxdt. Then, we can construct ψ−1(x, t) = ψ(x,−t) such

that ψ−1(x, t) and−u(x,−t) satisfy the transport equation and ψ−1(xk, 1) =
yk. However

∫ 1

0

∫
Ω
||Lu(x, t)||2dxdt < ∫ 1

0

∫
Ω
||Lv(x, t)||2dxdt contradicts the

assumption that v(x, t) is the minimizer of the energy E.

The exact matching problem can be generalized to the inexact matching
problem. In the inexact matching problem, we do not require that the points
exactly match. Instead, we seek a compromise between the closeness of the
matching points and the deformation of space. We minimize∫ 1

0

∫
Ω

||Lv(x, t)||2dxdt+ λ
n∑

i=1

||qi − φ(pi, 1)||2 , (1.26)

which can be similarly solved.
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3 Di�eomorphic Point Shape Matching

In the di�eomorphic point matching problem, the points are samples from
the shape and we have a point representation of the shape. When we have
two such shapes represented by points, usually the cardinality of the points
in the two shape point-sets are di�erent and there is no point-wise corre-
spondence. We want to �nd the correspondence between the two shapes.
The approach we take is clustering. The two point shapes are clustered
simultaneously and we assume there is a one-to-one correspondence be-
tween the clusters. The correspondences between the two sets of clusters
are, unfortunately, also unknown. We put the correspondence and the dif-
feomorphism together and by minimizing an objective function which has
both the clustering energy and the di�eomorphic deformation energy, we
are able to �nd the clustering, the correspondence between cluster centers
and the di�eomorphism in space simultaneously. The objective function is

E(Mx,My, r, s, v, φ)

=
N1∑
i=1

N∑
k=1

Mx
ik||xi − rk||2 +

N2∑
j=1

N∑
k=1

My
jk||yj − sk||2 (1.27)

+
N∑

k=1

||sk − φ(rk, 1)||2 + λ

∫ 1

0

∫
Ω

||Lv(x, t)||2dxdt.

In the above objective function, the Mx and My are the cluster member-
ship matrices, which satisfy Mx

ik ∈ [0, 1], ∀ik and My
jk ∈ [0, 1], ∀jk and∑N

k=1M
x
ik = 1, ∑N

k=1M
y
jk = 1. The matrix entry Mx

ik is the membership
of data point xi in cluster k whose center is at location rk. The matrix
entry My

jk is the membership of data point yj in cluster k whose center is
at position sk. Point-set X has N1points, Y has N2 points and the number
of shared cluster centers is N .
The di�eomorphic deformation energy in Ω is induced by the landmark

displacements from r to s, where x ∈ Ω and φ(x, t) is the one parameter
di�eomorphism: Ω → Ω. Since the original point-sets di�er in point count
and are unlabeled, we cannot immediately use the di�eomorphism objec-
tive functions as in [14] or [3] respectively. Instead, the two point-sets are
clustered and the landmark di�eomorphism objective is used between two
sets of cluster centers r and s whose indices are always in correspondence.
The di�eomorphism φ(x, t) is generated by the velocity �eld v(x, t). φ(x, t)
and v(x, t) together satisfy the transport equation dφ(x,t)

dt = v(φ(x, t), t) and
the initial condition ∀x, φ(x, 0) = x holds. This is in the inexact matching
form and the displacement term ∑N

k=1 ||sk−φ(rk, 1)||2 plays an important
role here as the bridge between the two systems. This is also the reason why
we prefer the deformation energy in this form because the coupling of the
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two sets of clusters appear naturally through the inexact matching term
and we don't have to introduce external coupling terms as in [12]. Another
advantage of this approach is that in this dynamic system described by
the di�eomorphic group φ(x, t), the landmarks trace a trajectory exactly
on the �ow lines dictated by the �eld v(x, t). Also, the feedback coupling
is no longer needed as in the previous approach because with this defor-
mation energy described above, due to the above theorem, if φ(x, t) is the
minimizer of this energy, then φ−1(x, t) is the inverse mapping which also
minimizes the same energy.
We are now ready to give an algorithm that simultaneously �nds the

cluster centers, the correspondence and the di�eomorphism.
The joint clustering and di�eomorphism estimation algorithm has two

components: i) di�eomorphism estimation and ii) clustering. For the dif-
feomorphism estimation, we expand the velocity �eld in term of the kernel
K of the L operator

v(x, t) =
N∑

k=1

αk(t)K(x, φk(t)) (1.28)

where φk(t) is notational shorthand for φ(rk, t) and we also take into consid-
eration the a�ne part of the mapping when we use thin-plate spline kernel
with matrix entry Kij = r2ij log rij and rij =‖ xi − xj ‖. After discretizing
in time t, the objective in 1.27 is expressed as

E =
N1∑
i=1

N∑
k=1

Mx
ik||xi − rk||2 +

N2∑
j=1

N∑
k=1

My
jk||yj − sk||2 (1.29)

+
N∑

k=1

‖sk − rk −
N∑

l=1

S∑
t=0

[P (t)dl(t) + αl(t)K(φk(t), φl(t))] ‖2

+λ
N∑

k = 1

N∑
l=1

S∑
t=0

< αk(t), αl(t) > K(φk(t), φl(t))

where

P (t) =


1 φ1

1(t) φ2
1(t)

. . .

. . .

. . .
1 φ1

N (t) φ2
N (t)

 (1.30)

and d is the a�ne parameter matrix. We then perform a QR decomposition
on P ,
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P (t) = (Q1(t) : Q2(t))
(
R(t)

0

)
. (1.31)

We iteratively solve for αk(t) and φk(t) using an alternating algorithm.
When φk(t) is held �xed, we use the following approximation to solve for
αk(t). The solutions are

d(t) = R−1(t) [Q1(t)φ(t+ 1)−Q1(t)K(φ(t))Q2(t)γ(t)] (1.32)
α(t) = Q2(t)γ(t) (1.33)

where K(φ(t)) denotes the thin-plate spline kernel matrix evaluated at
φ(t) def= {φ(rk, t)|k = 1, . . . , N} and

γ(t) = (QT
2 (t)K(φ(t))Q2(t) + λ)−1QT

2 (t)φ(t+ 1). (1.34)
When αk(t) is held �xed, we use gradient descent to solve for φk(t):

∂E

∂φk(t)
= 2

N∑
l=1

< αk(t), αl(t) − 2Wl > 51K(φk(t), φl(t)) (1.35)

where Wl = sl − rl −
∑N

m=1

∫ 1

0
αm(t)K(φm(t), φl(t))dt.

The clustering of the two point-sets is handled by a deterministic anneal-
ing EM algorithm which iteratively estimates the cluster memberships Mx

and My and the cluster centers r and s. The update of the memberships
is the very standard E-step of the EM algorithm [6] and is performed as
shown below.

Mx
ik =

exp(−β‖xi − rk‖2)∑N
l=1 exp(−β‖xi − rl‖2)

,∀ik and (1.36)

My
jk =

exp(−β‖yj − sk‖2)∑N
l=1 exp(−β‖yj − sl‖2)

,∀jk (1.37)

where β = 1
T is the inverse temperature. The cluster center update is the

M-step of the EM algorithm. This step is not the typical M-step. We use
a closed-form solution for the cluster centers which is an approximation.
From the clustering standpoint, we assume that the change in the di�eo-
morphism at each iteration is su�ciently small so that it can be neglected.
After making this approximation, we get

rk =
∑N1

i=1M
x
ikxk + sk −

∑N
l=1

∫ 1

0
αl(t)K(φl(t), φk(t))dt

1 +
∑N1

i=1M
x
ik

, (1.38)

sk =

∑N2
j=1M

y
jkyj + φ(rk, 1)

1 +
∑N2

j=1M
y
jk

,∀k. (1.39)
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In the clustering and di�eomorphic estimation steps, we let λ vary propor-
tionally with the temperature. This controls the rigidity of the mapping,
starting from an almost rigid mapping while we obtain good correspondence
and gradually softens so that good clustering is achieved. In this way both
clustering and di�eomorphism are obtained simultaneously at convergence.
The overall algorithm is described below.
• Initialization: Initial temperature
T = 0.5(maxi ‖xi − xc‖2 + maxj ‖yj − yc‖2) where xc and yc are the
centroids of X and Y respectively.

• Begin A: While T > Tfinal

� Step 1: Clustering
Update memberships according to (1.36), (1.37).
Update cluster centers according to (1.38), (1.39).

� Step 2: Di�eomorphism
Update (φ, v) by minimizing

Ediff(φ, v) =
N∑

k=1

||sk − φ(rk, 1)||2

+ λT

∫ 1

0

∫
Ω

||Lv(x, t)||2dxdt

according to (1.32)(1.33) and (1.35).
� Step 3: Annealing. T ← γT where γ < 1.

• End

Next we show the experimental results applying the algorithm to nine
sets of 2D corpus callosum slices. The feature points were extracted with
the help of a neuroanatomical expert. Figure 3 shows the nine corpus cal-
losum 2D images, labeled CC1 through CC9. In our experiments, we �rst
did the simultaneous clustering and matching with the corpus callosum
point sets CC5 and CC9. The clustering of the two point sets is shown
in Figure 4. There are 68 cluster centers. The circles represent the centers
and the dots are the data points. The two sets of cluster centers induce the
di�eomorphic mapping of the 2D space. The warping of the 2D grid under
this di�eomorphism is shown in Figure 5. Using this di�eomorphism, we
calculated the after-image of original data points and compared them with
the target data points. Due to the large number of cluster centers, the clus-
ter centers nearly coincide with the original data points and the warping
of the original data points is not shown in the �gure. The correspondences
(at the cluster level) are shown in Figure 6. The algorithm allows us to
simultaneously obtain the di�eomorphism and the correspondence.
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FIGURE 3. Point sets of nine corpus callosum images.
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FIGURE 4. Clustering of the two point sets.
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FIGURE 5. Di�eomorphic mapping of the space.
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FIGURE 6. Matching between the two point sets.
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FIGURE 7. Overlay of the after-images of eight point sets with the ninth set.

4 Discussion

There are other approaches to the di�eomorphic point matching prob-
lem which we have not considered here. One indirect approach is to use
distance transforms to convert the point matching problem into an im-
age matching problem. There are as yet no theoretical and/or experimen-
tal comparisons between distance transforms-based di�eomorphisms and
our approach. Also, there are other approaches to di�eomorphic landmark
matching [3, 12]. While we have only provided results for 2D di�eomorphic
point matching, the theoretical formulation presented here extends to 3D.
Finally, the joint clustering and matching formulation is not the only ap-
proach that in principle can marry di�eomorphisms and correspondence [5].
However, it appears to be the simplest formulation that does not require
us to establish point correspondences via estimation of permutations.
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