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Abstract

We presentglobally convergentincrementalEM algorithmsfor reconstructionin emissiontomography, COSEM-

ML for maximumlikelihoodandCOSEM-MAPfor maximum a posteriori reconstruction.The COSEM(Complete

data OrderedSubsetsExpectationMaximization) algorithms use orderedsubsets(OS) for fast convergence,but

unlike otherglobally convergentOS-basedML andMAP algorithmssuchasRAMLA (BrowneandDe Pierro,1996),

BSREM (De Pierro and Yamagishi,2001) and modi�ed BSREM and relaxed OS-SPS(Ahn and Fessler, 2003),

COSEM doesnot requirea user-speci�ed object-dependentrelaxationschedule.For the ML case,the COSEM-ML

algorithmwasindependentlyderivedpreviously (Gunawardana,2001),but our theoreticalapproachdiffers.Wepresent

convergenceproofs for COSEM-ML and COSEM-MAP and we also demonstrateCOSEM in SPECTsimulations.

The monotonicityof COSEM remainsan openquestion.At early iterations,COSEM-ML is typically slower than

RAMLA andCOSEM-MAPis typically slower thanoptimizedBSREM. For COSEM,the usualspeedincreasewith

subsetnumber is slower than that typically observed for OS-typealgorithms.We discusshow COSEM may be

modi�ed to overcometheselimitations.

Index Terms

Imagereconstruction,maximumlikelihoodreconstruction,maximuma posteriori reconstruction,orderedsubsets,

emissiontomography.
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I . INTRODUCTION

Statistical reconstructionis useful in emissioncomputedtomography(ECT) due to its ability to accurately

model noise, the imaging physics,and incorporateprior knowledge about the object. Statistical reconstruction

approachestypically useiterative algorithmsthat optimizeobjective functionsbasedon maximumlikelihood(ML)

or maximuma posteriori(MAP, a.k.a.penalizedlikelihood)principles.A maindrawbackof statisticalreconstruction

algorithmsis thatthey areslow whenusedin clinical studies,especiallyin comparisonto thecommonlyused�ltered-

backprojection(FBP)algorithm.Oneway to addressthis drawbackis to deviseconvergentML andMAP algorithms

that requirefew iterationsto approachthe �x ed-pointsolution.

The slow convergenceof statisticalreconstructionalgorithmshas received much attention.In [1], an ordered

subsetsOSEM algorithm achieved considerablespeedupby using only a subsetof the projection data per sub-

iteration.However, OSEMwasheuristicallymotivatedandwasnot convergent.An alternative algorithm[2], termed

row-action maximum likelihood algorithm (RAMLA), useda relaxationparameterat each iteration (relaxation

schedule)within a modi�ed versionof OSEM to attainconvergence.The relaxationschedulehadto satisfycertain

propertiesas a prerequisitefor convergenceto the true ML solution. In practice,this relaxationschedulemust

be determinedby trial and error to ensuregood speed.More recently in [3], RAMLA was extendedto the

MAP case.The new algorithm, termedBSREM (Block SequentialRegularizedEM), continuedto use a user-

determinedrelaxationschedule.In [4], a modi�ed BSREM algorithm was presentedthat converged undermore

generalconditionsthanBSREM.AnotherconvergentMAP algorithm,relaxedOS-SPS(OS-SeparableParaboloidal

Surrogates),was also presentedin [4]. Both algorithmsin [4] againuseda user-determinedrelaxationschedule.

The COSEM algorithmspresentedhereavoid the useof relaxationscheduleswhile maintainingconvergence,but

arenot quite as“f ast” as their relaxation-basedcounterparts.This issueis discussedin Sec.IX.

COSEMis a form of incrementalEM algorithm[5]. We independentlyintroducedour COSEM-ML andCOSEM-

MAP versionsfor emissiontomographyin [6], [7], but learnedshortly after [8] that a COSEM-ML algorithmfor

emissiontomographyhadbeenindependentlyderived,usingan approachquite different thanour own, in [9]. No

experimentalresultswerepresentedin [9]. A further discussionof the distinctionsof thework in [9] andour work

appearsin SecIX.

In SectionII, we statethe ECT problem,and in SectionIII introducethe notion of a completedata energy

function whoseminimization also minimizesthe (minus) log likelihood via COSEM-ML, an algorithm discussed

in SectionIV. In SectionV, we adda prior to the completedataenergy andformulatea COSEM-MAPalgorithm.

Global convergenceproofs for COSEM-MAP and COSEM-ML are presentedin SectionsVI and VII. In Section

VIII, we show simulationresults,andconcludewith a discussionin SectionIX.

I I . STATEMENT OF THE PROBLEM

We considerthe object to be an
�

-dim lexicographicallyorderedvector � with elements�������
	�����
�
�
��

�

. We

model image formation by a simple Poissonmodel ������������������� �!��" , where � is the systemmatrix whose
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element �

�

� is proportionalto the probability of receiving a count in detectorbin � that emanatesfrom pixel � ,

and � is the integer-valuedrandomdatavector (sinogram)whoseelementsare �

�

� � 	 � ��
�
�
 ��� .

The ML problemis written as the minimizationof an objective function

�

� 	����
	���
��

��������� ������� �

� ��" (1)

wherethe ML objective correpondingto the Poissonlikelihood is given by

��� ������� �

� ��" 	 !#"%$&	('���� �*) ��"

	 +

�

�

�

�

����� !,+

�

�

�

"�$-	.+

�

�

�

������
 (2)

We have usedthe subscript“ 
��0/ ” to anticipatethe useof the observed or “incomplete” data,as opposedto the

“complete” datathat we utilize later.

The MAP problemmay be similarly statedas the minimization

�

� 	��&�1	*��
%�

�������
� ������� 2�3

� ��" (3)

wherethe MAP objective is given by

�
� ������� 2�3

� ��" 	

�
� ������� �

� ��"54

��687
� 9

7

� ��" (4)

where
�

6�7
� 9

7

� ��" denotesthe objective function correspondingto the prior distribution on the object.We consider

quadraticpriors (regularizers)of the form

��687
� 9

7

� ��"�	:!#"�$-	#; � ��"�	�<
+

�

+

�1=?>8@BA �1CED

���
=

� ���F! ���
=

"HG (5)

Here, <JILK controlsthe amountof regularizationand
D

���
= are neighborhoodweights.The term M � � " is a local

neighborhoodabout � . The weights
D

���1= arepositive.

Our aim is to derive fast algorithmsfor the minimizationsin (1) and (3) and to prove their convergenceto the

ML or MAP solutions.We note that (1) and (3) expressthe natural constraint �ONQP . However, we shall usea

slightly modi�ed constraint�RIJP . The reasonfor this is that the COSEM-MAPandCOSEM-ML algorithmswill

allow an initially positive estimateof �
� to approachvanishinglycloseto zero as iterationsproceed,but never to

equalzero.The well known EM-ML algorithmfor ECT hasthis samebehavior.

I I I . COMPLETE DATA OBJECTIVE FOR THE ML PROBLEM

As a steptowardsderiving COSEM-ML, we consideranunconventionalapproachtowardssolving theminimiza-

tion of
��� �8����� �

. This approachinvolvesminimizing a “completedataobjective” de�ned as:

���TS
6
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�VU � � �
W " 	X!
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U
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U
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�F!\�

�

" (6)
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wherethe subscript“cmp” means“complete”. Here, U

�

� (to be discussedin more detail shortly) is the complete

data, roughly analogousto the completedata as used in statisticalderivations [10], [11] of ML-EM for ECT.

It turns out that U

�

� is real and positive, and that it obeys the constraint
�

�

U

�

� 	 �

� . In (6), this constraintis

imposedvia LagrangeparametersW

� . It will bequiteconvenientto freely intermix notations
� �TS 6 ��� �

�VU � � �
W " with

� �TS 6 ��� �

� U � ��" . The latter notationmeansthat the constraintimplicitly holdsanddoesnot appearin the objective

in a Lagrangeform. In the remainderof this section,our goal is to show that joint (on U and � ) minimizationof

(6) yields a solutionfor � that is alsothe solution to the ML problem(1). We derive (6) from (2) usingconvexity

argumentsandchangeof variablestransformations.

We begin with (2) andselectively replacetermsinvolving "%$&	

�

�

�

�

� � � . Since !#"�$-	 ��� " is convex, we have from

Jensen's inequality [12] !#"�$-	 �

�

���

��� � "��:!

�

�	�

� "%$&	 � � where
�

� NLK ��
 � ,
�

�	�

� 	 � and � � ILK ��
 � . Then

we may write

!#"%$&	
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�
�

�
� !

+
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where 
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 � � and

�

�




�

�
	 ����
 � and with equality occurringat 


�

�
	 ���������

�

�

=

�

���

=

�

�

=

. With (7) in place,we

may de�ne a new objective function, containing 
 asan independentvariable,as
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with the constraints
�

�




�

�
	 � ��
 � �����




�

�
N:K ��
 � � 
 We now show that the new objective (8) when minimized

solely w.r.t. 
 while satisfying its constraintsattainsits minimum at 
��

�

�

	
���������

�
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=

�
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=

�

�

=

. If the objective function

�

�




� ��" attainedits minimum at a point �
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�

�

�

, then
�
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� ��"��

�

�



�

� ��" . But this violatesthe inequality in (7).

(Theequality
�

���




� ��" 	

�
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�

� ��" is allowedsince 

� would still bea point at which

�

�




� ��" attainedits minimum).

At the minimum, we have

�

�




�

� ��"�	

�
� �8����� �

� ��" 
 (9)

If we de�ne U

�

�! �"$#
	 �

�




�

� andrewrite (8), we get a further transformationof (2):

�
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+
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+

�
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with the formerconstraintsmodi�ed to
�

�

U

�

�
	 �

�

�%
 � �����,U

�

�
NZK ��
 � � 
 Using thenew constraints,theobjective

in (10) is modi�ed to

�

�VU � ��"�	
+
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�
!

+
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�
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U

�
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�
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!
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�

�

�
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� (11)

wherewe have usedthe constraint
�

�

U

�

� 	 �

� to modify the term
�

�

�

U

�

�Y"�$-	*�

� to
�

�

�

�

"%$&	*�

� . Dropping terms

in (11) which are independentof both � and U and using a LagrangeparameterW to expressthe constraints
�

�

U

�

�
	J�

�

��
 � , we get (6).
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If we de�ne U

�����

�

�

� ��" 	J�

�


 �

�

�

, then it follows that

U

�

9��

�

�

� ��" 	 �

�

�

�
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�

� �

�

�

�

�


 � � 
 � 
 (12)

Then when (11) is minimized w.r.t. U while satisfyingits constraints,it attainsits minimum at U

�����

� ��" andat the

minimum, we have the “touching condition”

���TS 6 ��� �

�VU

�

9��

� ��" � ��" 	

��� ������� �

� ��" (13)

which follows from (9). Therefore,joint minimization of
� �TS 6 ��� �

� U � ��" will yield a �x ed point � U

	

� �

	

" , where

�

	

	




� is the solutionsoughtin (1), i.e. the �x ed point of (1) is preserved.

This approachof usingJensen's inequality to derive a new completedataobjective is similar to the pioneering

work of De Pierro [13]. The completedataobjective function is also very similar to new objective functions�rst

derived in Appendix B of [14] and identical to the new completedataobjective functionsderived in [15] and in

[16].

Thematerialin this sectionsimply motivatestheuseof a completedataenergy for theML case.In latersections,

analgorithm,COSEM-ML, for minimizing (6) andconvergenceproof aregiven.We shallalsooffer a MAP version

of the completedataobjective, andshow an appropriatealgorithm,COSEM-MAP, andconvergenceproof for it.

IV. COSEM-ML ALGORITHM

To incorporatesubsets,we rewrite (6) using subsetnotation.Assumethat we have
�

non-overlappingsubsets

with thedatain eachsubset�

� denotedas 
��

�

�%
 �����

��� with ����
 ����
�
�
 �

�

� . We alsohave a correspondingdivision

of U denotedby 
8U

�

�
��
 �����

�

��
 �

� . Then(6) canbe re-writtenusing this subsetnotationas
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 (14)

An extra term,
�

�

�!���

�

�

>��
�

�

"

�

�#�

U

�

� , hasbeenaddedin (14). It doesnot changetheminimasincethis termequals

an additive constant
�

�

�����

�

�

>��
�

�

� provided the constraintsaresatis�ed.

We now embarkupon an orderedsubsetsminimizationstrategy. As with standardOS-EM-like approaches,the

iterationsare divided into subiterationsusing an outer/innerloop structure.In the outer $ loop, we assumethat

all subsetshave beenupdated.In eachinner loop �%$ �&� " subiteration,we update 
�U

�

����
 �'�(�

�

�%
 �

� and 
�������
 �

� .

The updateequationscanbe obtainedby directly differentiating(14) w.r.t. U

�

� and ��� andsettingthe result to zero

while satisfying the constraintson U . Adding iteration superscriptsto the resulting relationsresult in a grouped

coordinatedescentalgorithm.

We �rst differentiatew.r.t U

�

�
� � 	���� ��� � �

�*)

�+���

� to get
,

���TS
6

��� �

� U � ��"

,

U

�

�

	:! "%$&	 � �

�

�
�

�
" 4 "�� U

�

�
4 W

� (15)
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Setting(15) to zero,we get U

�

� 	

�����

� ! W

�

" �

�

� � � . By enforcingthe constraint
�

�

U

�

� 	J�

� , we may solve for the

term �����

� ! W

�

" andusing this solution,we obtain the update:

U

�

� 	 �

�

�

�

� � �

�

� �

�

�

�

�

(16)

We differentiatew.r.t. � � � � 	������ ��� �

�

to get:
,

���TS 6 ��� �

�VU � ��"

,

� �

	 !

�

+

� ���

+

�

>����

U

�

�

�

� �

4 +

�

�

�

� (17)

Here, we have replacedthe subsetindex � in (14) by � sincewe will be using � as a sub-iterationindex later.

Equating(17) to zero,we get the update:

��� 	

�

�

� �#�

�

�

>����

U

�

�

�

�

�

�

�

�%
 � (18)

The setof updateequationswith the appropriateiteration indicesaresummarizedbelow
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We clarify the notation used.The symbols U

A
	��

�

C

�

�

and �

A
	��

�

C

�

denotethe updatesof U

�

� and ��� at outer iteration

$ and subsetiteration � . The subtlety here is that at iteration �%$ �&� " , we only update U

�

� over all � � �

� and all

� � 
 � ��
�
�
 �

�

� as shown in (19). However, the updateof the �

A
	��

�

C

�

in (21) requiresthe summationover all the

completedata U

A�	��
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�
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 �����

�

��
�� � 
 � ��
�
�
 �

�

�

��
 � � 
 � ��
�
�
 �

�

� . Due to this, we de�ne the the “copy” operation
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We can streamline(19) - (21) by the introduction of a “bookkeeping” scheme.We note that the summation
�
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We de�ne U

A
	��

�

� ��C

�

�

 �"$#
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A
	
�
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�

�

and �
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� ��C

 �"$#
	 �
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�

�

�

�

�

as the sensitivity at voxel � .

With thesenotationsandde�nitions, (19)-(21)becomesour COSEM-ML algorithmwhich is summarizedbelow.
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� The COSEM-ML Algorithm
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� �
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�

��
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�
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�

U

A
	
�

�

C

�

�

	 U
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�
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�
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�
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�

�

A
	��

�

C

�
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�
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�

C

�

�

! U

A
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�

�

�

C

�

�

"Y4��
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�

�

�

C

�

��
 �

�

�

A�	��

�

C

�

	

�

��
��

�

	

�

�

�

�%
 � ��
 ����
�
�
 �

�
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End l-loop

� End k-loop

Note that the �

A
	��

�

C

�

updatespreserve positivity. Also, the COSEM-ML updatesareparallel in the voxel space.The

implementationof �

A�	��

�

C

�

reduces,relative to (19)-(21), the overall computationper � $ ��� " subiterationto that of

OSEM. If one knows a priori that some �
� are zero, then thesecan be �x ed to zero and eliminatedfrom the

problem.We note that for �

�

	 K , �
�

	 K and �

�

�
	 K , the correspondingU

�

� will remainzero throughouttheir

update.Therefore,we eliminatetheseU

�

� 's from the problem.

V. COSEM-MAP ALGORITHM

We extend(14) to MAP by addingthe prior (5):

���TS
6

��� 2�3

� U � ����W " 	
+

�

�

�

�

�
�

�
4

�

+

�����

+

�

>�� �

"

+

�

���

U

�

�Y"�$-	

U

�

�

�

�

�
�

�

!

�

+

�����

+

�

>�� �

"

+

�

���

U

�

�.4

<
+

���1=

D

���
= � �

�
! �

�
= "

G
4

+

�

W

�

�
+

�

U

�

�
!\�

�

" (24)

We now derive a constrainedgroupedcoordinatedescentalgorithmfor (24).

Equations(24)and(14)arethesameobjectivesw.r.t. U alone.Therefore,the U -updatefor MAP is thesameas(19)-

(20) for theML case.Theprior (5) introducesa couplingbetweensourcevoxels.Sincewe seek,asin COSEM-ML,a

positivity-preservingparallel-updateof all voxels,thiscouplingpresentsaproblem.To solve thisproblem,weusethe

methodof separablesurrogates[17]. Separablesurrogatepriorsareseparablein � anddependon thecurrentestimate

�

A
	��

�

�

�

C . Therefore,they have the generalform
�

�

�
6�7

� 9
7

� �
�

)

�

A
	��

�

�

�

C

" where“s” standsfor surrogate.To maintain
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convergence,we need[17]-[18] to satisfy the following conditions:(A)
� 687 � 9 7

� ��"��

�

�

�

�

� 687 � 9 7

� � �

)

�

A
	��

�

�

�

C

" and

(B)
� 687 � 9 7

� �

A
	
�

�

�

�

C

"�	

�

�

�

�

� 6�7 � 9 7

� �

A
	��

�

�

�

C

�

)

�

A
	��

�

�

�

C

" .

We constructthe surrogateto have theproperties(A) and(B). At step �%$ �&� " , assumingthat we have �

A�	��

�

�

�

C , we

observe that [17], [19]

� � � ! � � = " G �

�

�

�

�

�

� � ! �

A
	��

�

�

�

C

�

! �

A
	��

�

�

�

C

� =

" G 4

�

�

� � = ! �

A
	��

�

�

�

C

�

! �

A
	��

�

�

�

C

� =

" G�� (25)

Then the updatefor � at step �%$ ��� " may be obtainedby the minimizationof the following objective:

� �TS 6 ��� 2�3��

#

�

� �

)

�

A
	��

�

�

�

C

�HU

A
	��

�

C

"� �"$# 	 !

�

+

� �#�

+

�

>����

"

+

�

���

U

A
	
�

�

C

�

�

"�$-	 ��� 4

+

�

�

�

�

����� 4

<

�

+

���1=

D

���1=

�

�

�

��� ! �

A
	��

�

�

�

C

�

! �

A
	��

�

�

�

C

� =

" G 4

�

�

���
=

! �

A
	
�

�

�

�

C

�

! �

A
	
�

�

�

�

C

�1=

"HG�� 
 (26)

Thesubscript“cmp-MAP-fs” andtheargumentsof
� �TS

6
��� 2�3��

#

� indicatethatit is obtainedfrom (24)by restricting

the argumentto � ( U 	 U

A
	��

�

C is constant)and that the prior is now a surrogateat �

A�	��

�

�

�

C . Noting that (26) is

separablew.r.t. ��� , the objective w.r.t. each ��� canbe written as:

�
�TS

6
��� 2�3��

#

�

� ���

)

�

A
	��

�

�

�

C

�HU

A
	��

�

C

" 	 !\+

�

U

A�	��

�

C

�

�

"�$-	 ��� 4 +

�

�

�

�����

4

<

�

+

�
=��

���
= �

�

�
�

! �

A
	��

�

�

�

C

�

! �

A
	��

�

�

�

C

�
=

"

G (27)

where
�

���
=� "$#	 �

D

���
= 4

D

�
=

�
" . Settingthe derivative of (27) to zeroandsolving for the positive root of the resulting

quadraticequation,we obtain:

�

A
	��

�

C

�

	

�

�

<

�

�1=

�

���1=

�	

�

<
+

�
=
�

���
= � �

A
	��

�

�

�

C

�

4 �

A
	
�

�

�

�

C

�1=

" ! �
�

4

� �

�

<
+

�
=

�

���
= � �

A
	
�

�

�

�

C

�

4 �

A
	
�

�

�

�

C

�
=

" ! �
��


G

4 ���&< �

A
	
�

�

C

�

+

�
=

�

���
=�� � 
 (28)

We now collect our resultsandsummarizethe COSEM-MAPalgorithmbelow:
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� The COSEM-MAP Algorithm

� Initialize 
��

A � � ��C

�

	 �

� ���

�

�

��
 � ��
 ����
�
�
 �

�

� � where �

� �8�

�

�

� �?K ��� " ��
 �

� Initialize 
�U

A � � ��C

�

�

�%
 �����

�

�%
 �#��
 ����
�
�
 �

�

� and 
 � � 
 � ��
�
�
 �

�

� � by U

A � � ��C

�

�

	 �

�

� �����

� � � �
	

�

�

�

� �

�

�

� � � �
	

�

�

�

A � � �
C

�

	

�

�

� ���

�

�

>�� �

U

A � � �
C

�

�

�%
 �

� Begin k-loop [ $ ��
 K ������
�
�


� ]

U

A
	�� ��C

�

�

	ZU

A
	

�

�

�

�

C

�

�

��
 � �*�&��� $ I K 


�

A�	�� �
C

�

	 �

A
	

�

�

�

�

C

�

��
 � and$ IJK .

�

A
	�� ��C

�

	 �

A
	

�

�

�

�

C

�

��
 � and$ IJK .

Begin l-loop [ �#��
 ����
�
�
��

�

� ]
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�
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�
 �
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�

End l-loop

� End k-loop

Note that the �

A
	��

�

C

�

updatepreservespositivity andthat the COSEM-MAPupdatesareparallel in the voxel space.

The overall computationper �%$ ��� " subiterationis closeto that of OSEM. As in the COSEM-ML case,certain � �

and U

�

� canbe eliminatedfrom the problem.We note that the closedform updatefor �

A
	��

�

C

�

canbe replacedby a

1-D optimizationif the prior is non-quadraticbut convex.

VI . CONVERGENCE PROOF FOR COSEM-MAP

We now prove that the minimization of
� �TS

6
��� 2�3

�VU � � �
W " by the COSEM-MAP algorithm yields a solution

� U

	

� �

	

" , and that �

	

	




� is the uniquesolutionof (3).

A. Strict convexity of the
�F� ������� 2�3

objective

Accordingto ([20], Lemma1) and([21], Theorem1), our objective
� � ������� 2�3

� ��" is strictly convex over the set
�

underthe condition that �
	 ���

�

	�K , where � is a vectorof ��
 � . The de�nition of the set
�

is the setof � N P

such that
�

� �



�

IQK or �

�

	 K 
 � . Since �\I P in our caseand �

�

�\NQK , we are in a subsetof
�

. The strict

convexity of
�

� ������� 2�3

will always apply in practice.This is because[4] the condition ��	 ���

�

	:K is equivalent

to ��	 �

�

	 P , i.e. the backprojectionof the datais a non-zeroimage.Onecould invent an � suchthat ��	 � 	 P

for non-zero� , but this � would be highly unrealistic.The strict convexity guaranteesthat



� in (3) is unique.
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B. “Touching” propertyof
�F�TS 6 ��� 2�3

and
�F� ������� 2�3

In Sec. III, we showed (13) that the incompleteand the completeversionsof the ML objective “touch” at

U 	JU

�

9��

� ��" , where U

�

9&� is asgiven in (12). If we adda prior to
� �TS 6 ��� �

andto
� � �8����� �

, thenit is easyto show

that this “touching” propertyholds for the MAP versions:

� �TS 6 ��� 2�3

� U

�

9&�

� ��" � ��" 	

� � ������� 2�3

� ��" (29)

C. Convexity of the
�F�TS 6 ��� 2�3

� U � ��" objective

We will show that
�F�TS 6 ��� 2�3

�VU � ��" is convex in both U and � . Sincethe prior is convex w.r.t. � , we needonly

show that the remainingexpressionis convex w.r.t. � U � ��" . The remainingexpression,which is in fact
� �TS 6 ��� �

,

involves the summationof the terms U

�

�Y"�$-	

�

���

���������

! U

�

��4 �

�

����� . Eachsuchterm is of the form of a Kullback-

Leibler (KL) divergence
�

� � ��� "  �"$# 	 � "%$&	�� � ! � 4�� , wherewe identify � with U

�

� and � with �

�

����� . Sincethe

KL divergenceis convex [22], eachof the termsis convex w.r.t. U

�

� and �

�

����� . Since �

�

� I K is a constant(we

needn't consider�

�

�
	�K sincethe correspondingU

�

� 's wereeliminated),andsincethe sumof convex functionsis

convex,
�F�TS

6
��� �

is convex w.r.t. U and � . Thus,
� �TS

6
��� 2�3

is convex w.r.t. U and � .

D. Thechange in
�F�TS

6
��� 2�3

at each COSEM-MAPiteration

We de�ne

�

�

A
	��

�

C

�TS
6

��� 2�3
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�
�TS

6
��� 2�3
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�

�

�

C
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C

"

!

���TS
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��� 2�3

� U

A
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�

C

� �

A
	��

�

C

" (30)

In the Appendix,we show that the COSEM-MAP updatesare descentstepsin (24), i.e.
�

�

A
	��

�

C

�TS
6

��� 2�3

N K , with

equalityoccurringif andonly if U

A
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�

C

�
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�

�

�

�
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�

�
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 �+� �

�
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C
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	 �
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�
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��
 ��


The changein the completedataobjective function betweensteps � $ ! � �

�

" and �%$ �

�
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�
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�TS
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N K (31)
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becomesequal to zero if and only if U
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�

�
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C

�TS
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G
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. We automaticallyhave �
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	 �
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	 �

�

C

and U

A
	
	 �

�

� �
C

	 U

A�	
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�

C which meansthat nothingcanchangeoncewe have reached$

	

.

From the COSEM-MAP U update(19)-(20),we get:
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�
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�

�

�
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�
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�

(32)
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Therefore,from (12), we get

U

	

	 U

�

9��

� �

	

" (33)

E. Convergenceto the �xed point of
� � �8����� 2�3

De�ne
�

as the set (possiblysingleton)of global minima of
� �TS 6 ��� 2�3

� U � ��" . We may arguethat �VU

	

� �

	

" �

�

as follows:
�
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�

C

�TS 6 ��� 2�3

	 K is equivalent to the fact that U
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�

C

�

�

and �

A
	
�

�

C

�

areno longerchanging.We note that

an algorithm can lead to a repeating � U

A
	��

�

C

�

�

� �

A
	��

�

C

�

" that is not an elementof
�

. But this cannothappenbecause

the COSEM-MAP algorithm is a groupedcoordinatedescentalgorithm, and because
� �TS 6 ��� 2�3

is convex. The

COSEM-MAPalgorithmwould continueto descendalongcoordinatedirectionswhenever possible.Hence,if one

approachesa conditionwhere � U

A
	��

�

C

�

�

� �

A
	��

�

C

�

" are repeating,then theseare in
�

. Hence, � U

	

� �

	

" �

�

.

We now show that �

	

is a global minimum of
� � �8����� 2�3

� ��" . We prove this by contradiction.Assumean
�

� such

that
�

� ������� 2�3

� �

	

" I

�
� ������� 2�3

�

�

��" . Sinceby (33), U

	

	�U

�

9��

� �

	

" , we have by the touchingproperty(29) in Sec.

VI-B:
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but this is a contradictionbecause�VU

�

9&�

� �

	

" � �

	

" �

�

is a global minimum of
�F�TS

6
��� 2�3

. In fact, �

	

is the unique

global minimum



� of
�

� ������� 2�3

� ��" , because
�

� ������� 2�3

� ��" is strictly convex, aswe establishedin Sec.VI-A.

This completesthe proof, in that we have establishedthat �

	

, obtainedfrom the COSEM-MAP algorithm, is

indeedequalto



� in (3), which is the resultwe have sought.

VI I . CONVERGENCE PROOF FOR COSEM-ML

This proof differs from that in Sec.VI becausewe do not know whetherthe ML problemhasa uniquesolution.

In this section,we prove that theminimizationof
� �TS

6
��� �

�VU � ����W " by theCOSEM-ML algorithmyieldsa solution

� U

	

� �

	

" , and that �

	

	




� is a solutionto the ML problemin (1).

The convexity of of
�

�TS
6

��� �

follows from the resultsin Sec.VI-C.
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We maywrite (43) and(45) - (48) of theAppendixin a form appropriatefor theML problemby simply dropping

any termsrelatedto the prior. In particular(48) becomes
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From the Appendix , the �rst term on the right of (35) canbe expressedasa KL divergencewhich equalsK only

if U

A
	��

�

C

�

�

	 U

A
	��

�

�

�

C

�

�

��
 � � �

�

�%
 � . We observe that the update(21) for � in COSEM-ML is chosensuch that the

following objective is minimized:
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Apart from the termsforming the KL divergence,the remainingtermson the right of (35) canbe seento be
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with equality occurringif and only if �
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C . This is due to the fact that the updateequationin (21) is

guaranteedto minimize
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 As in Sec.VI-D, de�ne $
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the COSEM-ML U update(19)-(20),we onceagainget (32). Therefore,from (12), we get
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This completestheproof, in thatwe have establishedthat �

	

, obtainedfrom theCOSEM-ML algorithm,is indeed

equalto



� in (1), which is the resultwe have sought.

VI I I . SIMULATION RESULTS

In this section,we anecdotallyexplore 2D SPECTCOSEM-MAP and COSEM-ML. We illustrate the relative

speedsby displayingthe normalizedobjective difference,
�����

, versusiterationnumber $ de�ned as:

�����

�%$ "�	

��� ������� 2�3

� �

	

" !
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� �
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��� �8����� 2�3
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" !

��� ������� 2�3

� �
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(41)

where �

	��

�

A
	�� ��C . The quantity �

� is the initial estimateandwe de�ne �

	

to be the true MAP or ML solutionat

$ 	 � , estimatedherefrom 5000iterationsof EM-MAP or EM-ML. The
�����

�%$ " curve for any of thealgorithms

descendsfrom unity at $ 	�K towardszeroas $�� � .

A noisysinogramwith 300K countswassimulatedusinga 2D 64x64phantomwith a pixel sizeof 5.6mm,shown

in Fig. 1(a). The phantomconsistsof a disk background,two hot lesions,and two cold lesionswith contrastratio

of 1:4:8 (cold:background:hot).The sinogramhaddimensionsof 64 equispacedanglesby 96 detectorbins,with a

parallel-raycollimationgeometry. Uniform attenuation( �

G

�

at �
	-K KeV) anddepth-dependentblur characteristicof

a SPECTcollimatorweremodeled,but nootherphysicalor backgroundeventsweresimulated.Subsetswerede�ned

by projectionangle,so that e.g.L=16 correspondedto angles1,17,33,49for the �rst subset,angles2,18,34,50for

the secondsubset,andso on. We did not optimize the orderingof the subsets.

For MAP, reconstructionswereperformedusingEM-MAP, BSREM [3] andCOSEM-MAP. (Note thatEM-MAP

is simply COSEM-MAPat
�

	�� subset).For �

� , we usedan apodizedFBP reconstructionwith a Hamming�lter

and a cutoff at K 
�� of the Nyquist frequency. We chose
�

	

�

subsetsfor BSREM and COSEM-MAP, and for

all threereconstructions,the smoothingparameterwas set to < 	 K 
 K � . The relaxationschedulefor BSREM was

chosenas:

�
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���
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���
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>��
�

�
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�
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(42)

with
�

� 	�� 


�

. This scheduleobeys the constraintsin [3]. The scheduleand
�

� werechosento attain fairly rapid

convergenceat early iterations.Anecdotalreconstructionsfor eachalgorithmareshown in Fig. 1 at iteration30, at

which point, they arevisually quite similar.

We plot
�����

vs. $ for eachreconstructionin Fig. 2. We note that conceptof “speedcomparison”is hard to

de�ne. For BSREM, a particularchoiceof relaxationscheduleandsubsetnumber
�

can lead to fast convergence

at the �rst few iterationsand very slow convergencethereafter. A different choiceyields slower convergenceat

early iterations,but a lower valueof
�����

at higher iterations.For Fig. 2, we chose
�

	

�

for both BSREM and

COSEM-MAP and (42) with
�

�
	�� 


�

for BSREM to demonstratea reasonablyrepresentative speeddifference.

At early iterations,the speedof COSEM-MAP lies betweenthat of BSREM and EM-MAP, and by iteration 25,

the
�����

's of COSEM-MAP and BSREM crosseachother. We also plot in Fig. 3
�����

��� " for COSEM-MAP

under the samephysicaleffects, < and �

� , but with varying numbersof subsets(L= 4, 8, 16, 32, 64). After an
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initial speedupat
�

	�	 , further speedupwith increasing
�

is modestand is not as good as that observed with

conventionalOS-typealgorithms.

For ML, we comparedthe performanceof EM-ML, RAMLA andCOSEM-ML. The object, imagingconditions

andinitial estimate�

� werethesameasin theMAP case.For RAMLA, we usedtherelaxationschedule(42),which

is consistentwith [2]. For a representative speedcomparison,we chose
�

	

�

for both RAMLA andCOSEM-ML,

and
�

� 	 � 


�

for RAMLA. Fig. 4 shows that thespeedof COSEM-ML lies betweenthatof RAMLA andEM-ML.

We alsoplotted
� ���

� $ " for COSEM-ML for varioussubsetnumbers(
�

	 	 �

�

����� � �

�

� � 	 ) in Fig. 5. COSEM-ML

alsoshowed a slow speedincreasewith
�

.

IX. DISCUSSSION

We have derivednew convergentcompletedataorderedsubsetsalgorithmsfor ML reconstruction(COSEM-ML)

andMAP reconstruction(COSEM-MAP)in emissiontomography. It is straightforwardto includerandomsor scatter

via an af�ne term �

� , correspondingto � � ����� ��������� � � 4��

�

" , in the COSEM-ML andCOSEM-MAPalgorithms.

We can show that we only needto modify the completedataupdateequationsso that �

� is addedto the forward

projectionin the denominator.

So far, it is unknown whetherCOSEM convergesmonotonically. (By monotonic,we meanthat the objective

decreasesat eachouter loop iteration $ .) For the caseof ML estimationof the parametersof a mixture model

usingan incrementalEM algorithm,a mild non-monotonicbehavior wasexperimentallyobserved[9]. However, the

mixtureproblemis non-convex, whereasfor our simplerconvex ECT problem,onemight hopefor monotonicity. In

our many simulationsusingCOSEM-MAPandCOSEM-ML with clinically realistic imagingparameters,we have

not yet observed non-monotonicity. Even undervariousextremeconditions(including low countsandhigh subset

number)that we thoughtmight inducenon-monotonicbehavior, we have always observed the reconstructionsto

be monotonic.Furtherwork is neededregardingthis issue.

The COSEM-ML algorithm for emissiontomographywas independentlyderived by Gunawardana[9], though

no experimentalresultswere shown. The work in [9] was in turn relatedto the work in [5]. We discussa few

differencesbetweenthework hereandthat in [9]. In [9], thecompletedatavariableis ' ������	�� " , with � aninteger

valuedrandomvariableasusedin statisticalderivations[10], [11], andthe completedataenergy function is of the

form
�

�?' ����� 		� " � ��" . Hence,thecompletedatais a probabilitymeasureover all possible(allowed)con�gurations

of the completedatarandomvariable � . The completedataenergy function in [9] consistsof a Kullback-Leibler

divergencebetweena known distribution and the unknown '������ 	
� " . We have shown in this paperthat it is

unnecessaryto considera completedatavariablewhich is a probability measureover all possiblecon�gurations

of � . It turns out that for ECT, a continuous-valuedcompletedatavariable U is suf�cient for our purposesand

resultsin a valid incrementalEM algorithm.For the ECT problem,our representationof completedataresultsin

more accessibleand transparentderivations.We also provide an extensionof the COSEM-ML convergenceproof

to the MAP caseusinga separablesurrogatesapproach.

The results in Sec.VIII show that while COSEM doesnot require a user-speci�ed relaxationschedule,it is
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generallyslower than its relaxation-basedcounterpartsin early iterations.Thoughthe simulationsin Sec.VIII are

not very extensive, it hasbeenour experiencethat the resultsare quite typical, and that the speedgap relative to

relaxation-basedmethodscannotbe closedby simply choosinga better
�

or initial condition.It would, of course,

be desirableto be able to speedup COSEM while maintainingits convergencepropertyand lack of dependence

on a relaxationschedule.In separatepublications[23], [24], we have, in fact, demonstratedthat this is possible

(albeit so far for the ML caseonly) with an “enhanced”COSEM-ML (ECOSEM-ML) algorithm.The convergence

proof in [24] relied upon the convergenceproof of COSEM itself. This COSEM convergenceproof (which had

previously appearedonly in our technicalreport[25]) hasbeena maingoal of thepresentpaper. In ECOSEM-ML,

thebasicstrategy is to applyan automaticallycomputedparameterthat controlsa trade-off betweena COSEM-ML

updateanda fasterOSEM updateat eachsub-iteration,while maintainingconvergence.ECOSEM-ML is designed

to monotonicallydecrease
� �TS 6 ��� �

. Simulationsresultsfor ECOSEM-ML, available in [24], show the speedof

ECOSEM-ML to approachthat of optimizedRAMLA at early iterations.It turns out that the ECOSEMidea is

extendableto the MAP case.

In sum, we have presentedCOSEM-ML and COSEM-MAP convergenceproofs for ECT basedon our notion

of a completedataenergy. The COSEMalgorithmsneedno user-speci�ed relaxationscheduleasdo RAMLA, the

variousversionsof BSREMandrelaxedOS-SPS.Thequestionof COSEMmonotonicityremainsopen.Simulations

show that the early-iterationspeedof COSEM is slower than that of other provably convergent,relaxation-based

MAP andML algorithms.However, fasterenhancedversionsof COSEM,competitive in speedwith RAMLA and

BSREM, appearpossible.

APPENDIX

Using (24), we obtain
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 (43)

Note that in the �rst term of (43), we have replacedthe subsetindex � by � , aswe did in (17). From (25), we get
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Note that at step �%$ �&� " , only the valuesof 
�U
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� are changedwith all other valuesof U held �x ed.
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From the updateequation(19) for U
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From the fact that the constraint
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The �rst term on the right of (48) canbe expressedasa KL divergenceof the form �
"%$&	

� �
!

�
4 � . To seethis,
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with equalityoccurringonly if U
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The remainingtermson the right in (48) canbe seenfrom (26) to be
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with equality occurring if and only if �
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C . This is due to the fact that the updateequationin (28)
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Fig. 1. The 2D 64x64phantomis shown in (a), while the anecdotalreconstructionsaredisplayedin (b) EM-MAP, (c) COSEM-MAP, and(d)

BSREM. All reconstructionsaredisplayedat ���

�	�

iterations.
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Fig. 2. Normalizedobjective differencefor reconstructionsusingEM-MAP, COSEM-MAP, andBSREM at L=8.
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Fig. 3. Normalizedobjective differenceplots of EM-MAP, andCOSEM-MAPwith varioussubsets,L=4, 8, 16, 32, and64.
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Fig. 4. Normalizedobjective differencefor reconstructionsusingEM-ML, COSEM-ML, andRAMLA at L=8.
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Fig. 5. Normalizedobjective differenceplots of EM-ML, andCOSEM-ML with varioussubsets,L=4, 8, 16, 32, and64.


