Convergence Pro ofs for the COSEM-ML
and COSEM-MAP  Algorithms

Anand Rangargan®, Parmestwar Khurd?,
Ing-Tsung Hsiad® and GeneGindi?

Decenber 2003

Tech. Rep. MIPL-03-1

1Dept. of CISE 2School of Medical Technology 3Depts. of Radiology and Elec. Eng.

University of Florida Chang-Gung University SUNY at Stony Brook
Gainesville, FL, USA 333 Tao-yuan, Taiwan Stony Brook, NY, USA
anand@cise.u°.eu ihsiao@mail.gu.edu.tw f pkhurd,gindig@clio.mil.sunysb.du



TR No. MIPL-03-1 2

1 Intro duction

Statistical reconstruction has becomeincreasingly popular in emission computed tomography (ECT) due to its
ability to accurately model noise and the imaging physics. In addition, information regarding the object can be
incorporated using Bayesian priors. In emissiontomography, a Poissonlog-likelihood projection data model is
widely usedbecausethe photon noiseis independertly Poissonat ead detector bin. Giventhe Poissonlikelihood,
the maximum likelihood (ML) principle is typically invoked as an optimization criterion for statistical reconstruc-
tion. This leadsto a variety of iterative ML algorithms of which the expectation-maximization (EM) algorithm
is perhapsthe most well known. When Bayesian priors are considered,a maximum a posteriori (MAP) principle
is frequertly used as an optimization criterion. There are many log-priors that are corvex and well behaved,
which when added to the corvex Poissonlog-likelihood form a strictly corvex log-posterior objective [1]. There
exist many statistical MAP reconstruction algorithms that can determine the global optimum of suc log-posterior
MAP objectives. The main drawbadk of statistical reconstruction algorithms is that they are slow when used for
clinical studies, especially in comparisonto the commonly used Ttered badprojection algorithm. This is true
regardlessof whether likelihood- or MAP-based approacesare being considered.

The slow convergenceof statistical reconstruction algorithms hasreceived much attention. Recerily, an ordered
subsetseM (OS-EM) algorithm [2], which usesonly a subsetof the projection data per sub-iteration, has become
quite popular in ECT. This lead to an order of magnitude speedup over corventional (non-OS) EM. However,
OS-EM is heuristically motivated and lacks a proof of corvergence.An alternativ e algorithm, termed row-action
maximum likelihood algorithm (RAMLA) was proposedin [3]. RAMLA useda strong under relaxation parameter
within a modi ed versionof OS-EM to prove corvergence.The relaxation parameter hasto satisfy certain proper-
ties to guarantee corvergenceto the true ML solution. In practice, this relaxation schedule must be determined by
trial and error to ensuregood speed. Recerly in [4], the authors have extendedtheir approad to the MAP caseas
well. The new MAP reconstruction algorithm, termed BSREM, corntinuesto usea relaxation parameter to guide
corvergenceto the MAP solution. In [5], a modi ed BSREM algorithm was preseried that cornvergedunder more
generalconditions than BSREM. Another corverger algorithm, termed the OS-SPSalgorithm, wasalso preserted
in [5]. Both the algorithms in [5] again useda user-determinedrelaxation schedule to ensurecorvergence.

In this technical report, we considernew fast iterativ e algorithms for optimizing the ML and MAP objectives
for ECT. These new algorithms are called COSEM-ML and COSEM-MAP. (COSEM = Complete data Ordered
Subset Expectation Maximization.) They make use of a notion of a complete data objective as well as ordered
subsets. These algorithms were introduced in [6, 7]. Unlike other recert fast methods, they do not need a
user-determinedrelaxation schedule. Here, we presen cornvergenceproofs for both algorithms.

2 Statement of the Problem

We will “rst mention someconventions usedin this report. We choseplain letters to denote scalar variables and
scalar-walued functions. Bold and calligraphic quartities represen vectors or matrices or vector-valued functions.
The distinction betweenrandom and non-random quartities will be made clearin context. We considerthe object
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Variable Matrix/v ector notation | Index notation
Projection data instance g fag
Sourcedistribution instance f ffig
Projection matrix H fHjg
Contin uous-valued complete data C fCj g
Sourcedistribution iterate f (kD ffj(k;')g
Complete data iterate ckid fCiEk;')g
Complete data closedform solution COl(f) Gl(f)
Sourcedistribution “xed point f ffig
Complete data xed point ¢ fGg
Auxiliary variable P fPjg
Sum of complete data B fBjg
Sum of projection matrix D fDjg
Lagrange parameter 1 1
Lagrange parameter 0 foig
Lagrange parameter ’ f'ig
Prior parameter - N
Prior weight W fw;jog
Number of sinogram elemeris M M
Number of pixels/v oxels N N

Table 1: Notation and symbols used

a simple Poissonmodel g » Poisson(Hf), whereH is the systemmatrix whoseelemer Hj; is proportional to the
probability of receiving a court in detector bin i that emanatesfrom pixel j, and g is the integer-valued random

this report are summarizedin Table 1. We note that in the context of MAP formulations, f is technically a random
vector. The incomplete data Poissonlikelihood for emissiontomography can be written as

Py P _
Y e Hifig jHijfj)g'.

Gi! (1)

Pr(gjf) =

i

Here, we assumedthat the Poissonmeanis § = Hf and ignore an atne term 5, e.g. § = Hf + %, that is often

addedto accourt for scatter or randoms. As discussedn Sec. 8, it is easyto extend the proof to include the atne
term. We will considerquadratic priors (regularizers) of the form

X X
E prior (f) =i log p(f) = Wjjo(fj i 1:jo)z (2)
Ii%N ()
where p(f) is the probability density function of f, a.k.a. the prior. Here,” > 0 controls the amourt of regulariza-
tion and w;;o are neighborhood weights. The term N (j) is a local neighborhood about j. The weights wjjo 2 W
are positive. For a 2-D problem, a typical neighborhood N (j) comprisesthe eight nearestneighbors of j .
The emissiontomography maximum likelihood (ML) problem is written asthe minimization of an objective
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function
b= arg @ig Einci mL (f) 3)

where the ML objective is given by

_ X X X
Einci mL(f) = i log Pr(gjf) = Hjfji glog Hjfj: (4)
ij i j
In (4), we have ignored terms independert of f. We have used the subscript \inc" to anticipate the use of the
obsened or \incomplete" data, as opposedto the \complete"” data that are usedin EM algorithms [8]. The
maximum a posteriori (MAP) problem may be similarly stated asthe minimization

P= argmin Eic; map (f) (5)

where the MAP obijective is given by

X X X X 5
Einci map (f) = Hij fj i gi log Hij fj + Wjjo(fj i fjo) = Einc; ML (f) + Eprior (f) (6)
i [ i ji°
We have again ignored terms independert of f. Our aim is to derive fast algorithms for the minimizations in (3)
and (5) and to prove their corvergenceto the ML or MAP solutions. We note that (3) and (5) expressthe natural
constraint f | 0. However, we shall use a slightly modi ed constraint f > 0. The reasonfor this is that the
COSEM-MAP and COSEM-ML algorithms allow an initial positive estimate of f; to approac zero as iterations
proceed,but never to equal zero. The well known EM-ML algorithm for ECT hasthis samebehavior.

3 Complete data objectiv e for the ML Problem

The direct minimization of Ej,¢; mL is dixcult. A popular alternative way of carrying out the minimization is by
the well-known ML-EM algorithm for ECT. The corvertional derivation [9, 10] is statistical in nature, but there
exists an alternate meansfor deriving this algorithm via a minimization of a so-called complete data objective
function. This objective function is de ned as follows:

X X X
Eempi mL(CGF;°) = i G logHjfj+  Hjfj+  GlogG

X x ” "'

+ % Gig) @)
[ j

where the subscript \cmp" means\complete”. Here, G; (to be discussedin more detail shortly) is the complete
data, roughly analogousto the complete data as usedin statistical derivations of ML-EM for ECT. It turns out
that G; is real and positive, and that it obeysthe constraint ;G =g In (7), this constraint is imposedvia
Lagrange parameters®;. Note that in (7), we do not include extra Lagrangeterms to imposepositivity on C and
f. This is becausethe COSEM-ML algorithm naturally imposesthis constraint, aswill be seenin Sec. 4. We will
later show that minimizing Ecmp; m. Via our COSEM-ML algorithm yields the solution to the ML problem. We
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will freely intermix notations Ecmp; mL (C f;°) with Ecmp; ML (G f). The latter notation meansthat the constraint
implicitly holds and doesnot appear in the objective in a Lagrange form.

To motivate the complete data objective, in this section, we directly derive (7) using corvexity argumerts and
change of variables transformations. A brief sketch of the approac follows. Using Jensen'sinequality [11], we
show that the original incomplete data negative log-likelihood lies below a new complete data objective function
and touches it for a speci ¢ choice of the new complete data variable. Consequetly, the new complete data
objective when minimized solely w.r.t. the complete data variable (and not the object f) attains its minimum at
the original incomplete data negative log-likelihood. This approad of using Jensen'sinequality to derive a new
complete data objective is strikingly similar to the pioneeringwork of de Pierro [12]. The resulting complete data
objective function is also very similar to new objective functions rst derived in [13] (App endix B) and identical
to the new complete data objective functions derived in [14] and in [15]. In the latter, a constructive derivation
of the new complete data objective is notably absen. Finally, the constrained complete data objective function
derived hereis the sameas (7).

The Jensen'sinequality-based approad to deriving the complete data constrained objective function is as
follows. We beginwith the ariginal negative log-likelihood objective function in (4). In this objective, we selectively
replaceterms involving log i Hi fj.

X X X
Einci m(f) = Hjjfji glog Hjfj: (8)
ij i j
The terms involving j IogP i Hi f; are the onesthat will be transformed in order to obtain the new objective.
Sincej log(9 is a convex function, we have from Jensen'sinequality [11]

X X
i log(  ®xj)- j ® logx; 9

i i
P
where® , 0;8j, ;® = 1landx; > 0;8j. Using (9), we may write
X X Hif
i log Hijfj - | °jj log °Uij : (10)
j j

; %i = 1, 8] and with equality occurring at °jj = % With this inequality in
] ]

place, we may de ne a new objective function containing ° as an independert variable as
X X Hi fi
E(°:f) = Hij fj i g °ij log —— (11)
.. .. i
i ij

P
where °; , 0; 8ij and

with the constraints X
% = 1, 8iand®j , O; 8ij: (12)

j
It is easyto shaw that the new objective function in (11) when minimized solely w.r.t. ° while satisfying the

constraints in (12) attains its minimum at °”° = % If the objective function E(°;f) attained its minimum
J Uiy
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at a point ; 6 °7 where°[ = % then E(°;f) < E(°?;f). But this violates the inequality in (10). (The
] 1]

equality E(°;f) = E(°?;f) is allowed since °® would still be a point at which E (°;f) attained its minimum). At
the minimum, we have

E(°7f) = Eing; m (f): (13)

The new variable ° is not quite the complete data variable usedin the traditional EM algorithm. Howewer, if we

de ne G et gi°jj and rewrite the new objective function in (11) using the new variable C, we get

X X Hf
E(Gf)= Hyfji G log 2 il (14)
i i G
The constraints in (12) get modi ed to
X
G = g; 8 andG , O; 8ij: (15)
j
Using the new constraints, the new objective function in (14) is modi ed to
X X X X
E(Cf)= Hjfji Gj logHjfj +  GjlogGj i g log g (16)

ij ij ij i

P P P

where we have usedthe constraint ;G =gto modify the term i Gi loggi to  ; giloggi. Dropping terms

iFr; (16) which are independert of both f and C and using a Lagrange parameter © to expressthe constraints
] G = g 8i, weget

X
Eempi mL(Cf°) = i GilogHjfj+ Hjfj+ G logG
4 x ” "'
+ % G og) (17)
i j
\Isvhich is the sameas (7). As before, we have introduced a Lagrange parameter © to expressthe constraint
i Gi = g 8i. A closelyrelated completedata objectivewas rst preseried in [13](App endix B) and subsequetly
modi ed into the preser form in [14].
We will now seethat the new constrained optimization problem is designedwithin the "xed-p oint presenation
constraint. Di®erertiating (7) w.r.t. C and setting the result to zero, we obtain a solution for Cin terms of f,
which we call C°!(f).

Q?Ol(f) = Hj fje %ii 1. (18)
P
Summing this solution for C°! over all j in order to enforcethe constraint i G = g, weget
X X . 0.
G = Hyfje’it=g
i i
oy = g ifi g g
) G%(H=g 8i; 8j: (19)
n Hinfn
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Name Objective function Constraints Optimization
p problem
Negative EinchIL (f) :F; Hi f; ' o _ _ -
log-likelihood i iglog | Hjf ff; > 0,89 f = argminf Ein; m ()
gg;zlve;e data Eempi m (GF) = Hgfj fCj > 0% > 0;8ijg | (&F) = argmincy)
3 i C =
log-likelihood R log w7, iG =9 Ecmpi mL (G f)
Incomple_te Qata ip i log ] Iljij f; t, > 0,8 f= argming
MAP objective tpiGloggi g Einc; map ()
+ jjOwjjo(fj injO)2
E copi Cf)y= . Hjf; )
Complete data +ch. Nélgg )Cij P ”QJ fCj > 0,85 > 0,8 g | (CF) = argmincy)
MAP objective AP i G =g Ecmpi G f
) + jjoV\;jjJO(fj i fjo)z j ClJ Gi cmpj MAP( )
E wap (70T 70D =
[ . k;l _ '
slfrpr)ggr]aa?ee -p d’ )IO|9|-fj1+ ijk-ﬁgfj ff; > 0;8jg i = argming
* g oWt i fj( Y D)2 o Es map (f; f(l D k)

MAP objective 2p

fj(k;li 1) i fj((l)(;li 1))2

Table 2: Objective functions, constraints and optimization problems

Inserting the just establishedsolution (19) into (17), we can write the identity

| X X X
Ecmpi ML (C(f);f) = Hij fj i g log
ij i j

Hjj fj + terms independert of f = Einc; mL (f) (20)

whereEinc; ML (f) is the desirednegative log-likelihood objective function in (4) which we souglt to minimize in the
‘rst place. Note that in (20), we eliminate ° in the argumert of Ecmp; L becausethe constraint holds at csol(f).
Thus, we have showvn that minimizing Ecmp; mL (G f) w.r.t. Cyields a solution Csol(f) and that the minimum value
of Ecmp; ML (C ) thus obtained equals Einc; mL (f). Therefore, joint minimization of Ecmp; me (G f) will yield a
Xed point (C%; ), wheref® = f is the solution sough in (3), i.e. the xed point of (3) is presened.

4 COSEM-ML Algorithm

The material in this sectionis closelyrelated to recert work in [16], which wasin turn basedon the work in [17].
Howewer, the presert work wasindependertly derived, with the connectionto [16]realizedlater [18]. The principal
di®erencedetweenthe work in [16] and the material preseried hereare (i) we derive a new complete data ordered
subsetsobjective function which was not the goal of [16], (i) we provide an extensionto the MAP case(in Sec.
5) using a separablesurrogatesapproach while the work in [16] is restricted to ML, (iii) we provided experimental
results (in [6, 7, 19]), whereasthe work in [16] preserts none and (iv) we provide a mathematical \b ook-keeping"
schemethat reducesmemory requiremerts and enhancesspeed so that the COSEM algorithms are about as fast
as OSEM. The objective-function approad in (i) leadsto advantages. For instance, in [19], we showved how a
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faster \enhanced"” COSEM-ML algorithm could be derived basedon E ¢mp; wmL -

Sincefast algorithms in the ordered subsetsvein are the main goal of this paper, we rewrite (17) using subsets
of projection anglesnotation. (This choice of subsetsis appropriate for SPECT, and we use it for illustrativ e
purposes. For PET, a di®eren subsetde nition might be more appropriate. At any rate, the math that follows
doesnot depend on choice of subsets.) Assumethat the set of projection anglesis subdivided into L subsetswith

using this subsetnotation as

X X X X X X X X X
Ecmpi ML (G F;°) = Gj logHjfj +  Hjfj+ GlogG + °%( Gig) (21)
I=1 i2S | ij I=1 i2S | i j
We now embark upon an ordered subsets minimization strategy. As with standard OS-EM and OS-EM-like
approades, the iterations are divided into subiterations using an outer/inner loop structure. In the outer k

correspondsto the update of the completedata fCj; ; 8i 2 S;; 8] g. In ead inner loop (k; ) subiteration, we update
fCij;8i 2 S;; 8jgandffj; 8g.

The update equations can be obtained by directly di®erertiating (21) w.r.t. Gj and f; and setting the result
to zero (while satisfying the constraints on C). Adding iteration superscripts to the resulting relations result in a
grouped coordinate descem algorithm. To perform grouped coordinate descem w.r.t Gj; j = 1,¢¢¢;N i 2 S, we
needthe following expression:

@Ecmpi ML (C; f)

@ =i log(Hjfj)+InG + 1+ 9 (22)

Equating this expressionto zero, we get an update for G; in terms of the Lagrange multipliers:

G = exp(i % i LHjf; (23)
P
The Lagrange multipliers may be eliminated from these expressionsby enforcing the constraint i G o= .
Enforcing the constraint yields:
exp(i ° i 1)= P2 (24)
Hij f;

j
Substituting (24) in (23), we obtain the update:
Hi f;

G =gP—— (25)
n Hinfn
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To perform grouped coordinate descen w.r.t f, we needthe following expression:

_ X X X
@cmpx@ML (C1) _ i G i + Hij (26)
J

Here, we have replaced the subsetindex | in (21) by m since we will be using | as a sub-iteration index later.
Equating this expressionto zero, we get the update:
P, P

R 27)
it

The set of update equationswith the appropriate iteration indices are summarizedbelow

f(kl 1)

k) _ , .
k= g, ;829 8 (28)
q I Hmf(kl 1)
k;l _ K;li
g = ¢ . 8|28|,81 (29)
P q(kl)
f‘(k;l) — m= 1D i2Sm 30
i -, (30)

We clarify the notation used. The symbol qﬁ"”) denotesthe update of the contin uous-valued complete data variable
at detector bin index i and voxel j at outer iteration k and subsetiteration |. The subtlety hereis that at iteration
(k;1), we only update the complete data G; over all detector bins in subsetS; and all voxelsj 2 f1;:::;Ng as
shown in (28). However, the update of the sourcedistribution f-(k " in (30) requires the summation over all the
complete data q"") 8i 2 Sn;8m2fl;:::;Lg;8) 2 fl;:::;Ng. Due to this, we de ne the the \copy" operation

q‘k R C,“( i), ;81 2 S;;8] in the comlg)lete data update as shown in (29).

This implies that the summation ;:1 125 q‘k') can be divided into two disjoint subsets
dk;l) - X C[(_k;l) + X dk;l)
i i
m=1i2Sp 25 i2s) X

— q(kn q(kl. Dy + c#k;n 1, q(_kn)
I23| IZS| I%S|

- Cl(kl) Cl(kl Dy + Cl(kl 1, Cl(kl 1) (31)
i2S i2S iZS,

: 1 P g P qs
since G*M = ki Y. gj 2 S;;8j. Combining the two terms . Kl D and il 1) together into one
) ] i2S ™ i2S M
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P "
term q‘j""' Y we get

Xx X
(k;1) def ki)
Bl € G
m=1i2Sy |2s|

q(kl) q(kl 1)) | q(jk;lil)
q(kl) Cl(kl 1))+ B(kl 1) (32)

I25|

. P g . P . _ ) ) N o
wherij(k"' 1) def i ijk"' Y and Bj(k") et i qﬁk"). The de nition and implementation ofBj(k") is quite important
in our overall COSEM scheme. From (32), we may write

k;l kil kili 1 kili 1
Bk = q( Vi gDy, gk D (33)
IZS|

with the understanding that Bj(kﬂ;o) = Bj(k;"). After all the complete data are updated over all L subsets,we
end up at Cék;") with the corresponding Bj(k;") = q"‘ L) After all L subsetsare updated at iteration k, the
k counter is incremerted and we begin at (k + 1;0). We dene q(k” 0) def q(k L) and B(k+1 i0) def B(k Y. The
iteration (k = O;1 = 0) is a special case.At (k = 0;| = 0), all Careinitialized to (0 9 = gand thereforeB(0 9 = 0.

Similarly, the f update is carried over from k to k+ 1. The update f (k+1:0) % ¢ (k; L). With this changein notation,
the update equationsin (28) and (30) are re-written as

o Hy £ KD

ij o= gl%,&zsﬁsﬂ (34)
in

G = Sj"?“ V.gizs; 8] (35)

k;l _ k| k| k|

i2s
(kil)

. B.
oy = BT oo .
J Dj 8 (3 )

¢ P
where Dj et i Hjj is the voxel sensitivity at voxel j. Note that (37) imposespositivity on f;.

The double loop algorithm is summarized below.
2 The COSEM-ML Algorithm

2 Initialize ff; ©:0) = f/"; 8 2f1;:::;Nggwheref™ 2 (0;1); 8j

. £ (0:0)
2 |nitialize fC(OO) 812Sy;8m2f1;:::;Lgand 8 2 f1;:::;Ngghby q(OO) = g.p%

Hlnfn
) P P .
©0 _ FL 0,0). o
2 |3j = _ 25 q‘J 7 8

m=1

2 Begin k-loop [k 2 f0;1;:::q]

{ qﬁ":o) = q‘j"‘ L) 8ij andk > O:
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{ /9= 1) g andk > 0.
{ 19 =KD g andk > 0.

. Hi f_(k§|i 1) . .
o] C1.(jk,|) = QIW1 8i 2 S|, 8] .
o GV=gli Y 8i2s; 8

FJ kil k;li k;li :
25 (G 1 G D)+ B D g
(ki1

a B =

{ End I-loop
2 End k-loop

We note that for zero bins g; = 0, the corresponding G; will equal zero and would remain zero throughout its
update. Therefore, we eliminate these G; 's from the problem. Also, if one knows a priori that somef; are zero,
then theseare xed to zero and eliminated from the problem. The G; corresponding to thesef; = O will alsobe
zero and are thus eliminated from the problem.

5 COSEM-MAP Algorithm

Consider the complete data MAP objective function, obtained by adding the prior to (21) and using the subset
scheme

X XX X G XX X X 5 X X
Ecmp; map (CF;°) = Hij fj + G log i G+ wijo(fji fjo)°+  °%(C Gi o)
i I=1 i28 j=1 I=1 i25 j=1 jjo° [ j
P, P P (38)
An extra term (i | i2s, sz1 Gj) has also been added which does not change the minima of the new
complete data MAPP objectivepfunction provided the constraints szl G = g;8iandC; > 0; 8ij are satis ed.
Thus [, i2s, j=1Gi = = i25, i, Which is just an additive constart in (38). This minor modi cation
simpli es the convergenceproof in Sec. 6. Note that in (38), we do not include extra Lagrange terms to impose
positivity on Cand f. This is becausethe COSEM-MAP algorithm naturally imposesthis constraint, aswill be
seenin Sec. 5. We now proceedto derive a constrained grouped coordinate descen algorithm for (38). In Sec.

5.1, we considerthe C update and in Sec.5.2the f update.

5.1 Complete data Cupdate for the MAP case

The objective function w.r.t. Calonecan be written from (38). We write down only the terms that are dependert
on Cto get (in ordered subsetsnotation)

X X X X X X X X X X X
Ecmpi map (O = i G log Hjj fj + G log G i G+ % Giag) (9
1=1 i2S | =1 i2S, 1=1 i2 j=1 i i
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P, P P
Except for the (constart) additional term * |, ,5  [L; G, this objective function, when examining only the

terms dependert on C alone, is identical to the earlier COSEM-ML case(21). Consequetly, the update equation
for C remains (for subsetS)) at (k;I)

g (ki 1)

ki) Hij 1, . .

q(j = P D 81 2 S 8 (40)
nHinfn’l

ki) — Kili 1), o . Q-

G = giYisizs; g (41)

5.2 Object f update for the MAP case
s ;

The prior in (6) =P jjoWjjO(fj i fjo)2 introducesa coupling betweendi®erert sourcevoxelsfj. Sincewe seeka
closed-formparallel-update of all voxels, this coupling presens a problem; it is dixcult to derive a parallel update
for all voxels while respecting the positivity constraint and still guaranteeing corvergence. While a positivit y-
preservingsequettial update or a parallel, positivit y-preservinggradient descefrbasedupdate are possibleoptions,
we instead use the method of separable surrogates. For a general corvex prior Ecnx; prior (f), the separable
surrogatesapproac decouplesthe prior and allows for separate,parallel 1-D optimization of all sourcevoxelsf;.
Since this optimization is 1-D, imposition of the positivity constraint is trivial. For the quadratic prior Epyior (f)
consideredin (2), the 1-D optimization becomesa closedform expressionthat implicitly presenespositivity.
Assumethat we are step (k;|) wherek is the outer loop iteration index and | the inner subsetsloop iteration

index. (This notation is identical to the notation usedin the earlier COSEM-ML algorithm.) Separablesurrogate
priors depend on the current estimate f (K!i 1) and are also separablein f. Therefore, they have the generalform
Es prior (fj; f(Ki D) where\s" stands for surrogate. In order to maintain corvergence,we need[20, 21, 22, 23] to
satisfy the following conditions:

X "
Ecnvxi prior (f) ' Esi prior (fj ;f(k'h 1)) (42)

and X
Ecnvx; prior (f(k'II 1)) = Es; prior (fj( o 1);f(k'll 1)) (43)
]
Instead of descendingon the original complete data MAP objective function, we descendon the combination
of the complete data negative log-likelihood and surrogate prior to get an update f (k)

fkh = argmin | xR C}(jk;') log Hj fj + X Hi fj + X Es; prior (Fj; T D) (44)
m=1i2Sy j=1 ij j

with Esg; prior (fj; f(K!1 D) yet to be specied. In (44), we have included only terms thlgt are dependert on f. An
important and subtle point is that the summation over all subsetsis denotedas . _, i2s,, and not L i25 -
At subiteration |, we have C!) and the objective function w.r.t. f requiresa summation over all subsetswhich
is denoted by hﬁl i2s, - Pleasenote that the surrogate prior is constructed anew at ead step (k; 1) which is
why the update q‘j";') appearsin (44). Sincethe surrogate prior objective is always constructed anew at ead step
to be above the original prior objective, a descemh step in f takenw.r.t. the separablesurrogate objective in (44)
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is guararteed to be a descem step in f w.r.t. the original complete data MAP objective.
We now specialize Ecnyx; prior (f) to the quadratic prior of (2) repeated here:

X
Eprior (f) = wijo(fj i fjo)*: (45)
ji°
We construct the surrogateto have the properties in (42) and (43). At step (k;1), assumingthat we have f (i 1)
we obsene that [20, 21]

h [
(fl i ij)Z . % (2f1 i fj(kili 1) i fj((l)(;li 1))2+ (ijol fj(k;li 1) i fj((l)(;li 1))2 (46)
which leadsto the following separablesurrogate objective function w.r.t. f at time step (k; 1)

o X ox oW X
Eg map (f; KD clkiDy = q(,-k") log fj +  Hj f;

m=1i2Sn j=1 ] _

X (Kli 1) . ¢ (ki 1) ki D) . ¢ (i Dy
to w0 T T )R @i £ T £ )2 0 (47)

ji°
Having speci ed the separablesurrogate objective function w.r.t. f which dependson both CD and f(!i 1 we
now derive the update for &), The objective function in (47) is separablew.r.t. f; and the objective function
w.r.t. ead f; canbe written as:
X X - X
kil ekl 1. ~KDY = kil e (ki D) (ki1

Eéi I\%AP (fj,f(k,h 1)1c(k,|)) = | q(l )|0gfj + Hijfj + 5 ijo(ij i fj( i )l fj(o i ))2 (48)

i i jo

wherev; ;o &t (wjjo+ w;q ). Sincethis objective function is a simple, corvex 1-D objectivew.r.t. f;, we cantrivially
nd that fj(k;') which minimizes it. Setting the derivative of Egik;,'v)lAP (fj; &l Dy ckDy wert. f; to zero, we get

B! X . " "
i o+ Dy 2 ype(f (D £ (Y g Ty < g (49)
£ () _ j j j
i j°
«h _ P kn_PL P K:l) , P . o
where B;™" = C,ﬁ = m=l 25, qﬁ as before, with Dj = ; Hjj being the sensitivity as before. We
now solve for fj(k;') in (49) to get

P " " 9—> T T — P
() ) jovjjo(fj(k,h 1) + fj(!'(’ll 1)) i Dj + |2 jovjjo(fj(k,h 1) + fj((l)(’ll l)) i Dj]2+ 16 Bj(k,|) jOvjjO
f\h = —P > (50)
! 8 jijjO

Note that this update fj(k;') is guaranteed to be positive since we take only the positive root when solving the
guadratic equation. The negative root leadsto a spurious negative solution.

2 The COSEM-MAP  Algorithm



TR No. MIPL-03-1 14

. _ 00
2 |nitialize fCéo’o); 81 2S:82f1::::Lgand8j 2 fl;:::;Nggby q(jo*o) = gip%

nHinfn
: P P .
0;0) _ L 0;0). o
2 Bj( ) — s, CI(J ), 8j

m=1

2 Begin k-loop [k 2 f0;1;:::q]

{ g9 =g 8ij andk > 0:

{ ¥ =8l g andk > 0.

{ fj(k;O) - fj(ki 1?'—);8]' andk > 0.

{ Begin l-loop [l 2 f1;:::;Ld]
Hj fj(k;li 1

kil o o
QCé )—giPw,8|28|,8j.

o Cék;l) - q(_k;li 1); 8i2S; 8j

P

k) _ k) . kili 1 kili 1). o
a B =" Lo (@ d .))JrBj(r.),gJ
ki) _ Z_P jov”o(fj(k;li l)+fj(l5;|i l))i D+ [2—P jgvjjo(fj(k;” 1)+fj(|8;|i l))i Dj]2+16_Bj(k§|) P jovijo
a fi = 5 .8 2f1::::Ng
i0Vij
{ End I-loop
2 End k-loop

As before, the zero bins g = 0 and the zero voxels, i.e. the voxels f; known to be zero a priori, are eliminated
from the problem. The corresponding G; and B; may also be removed.

6 Convergence Pro of for COSEM-MAP

In this section, we prove that the minimization of Ecmp; map (C f;°) by the COSEM-MAP algorithm yields a
solution (C*;f®), and that f® = f is the unique solution to the MAP problem as stated in (5).

6.1 Strict convexity of the Ej,; uap Objectiv e

According to ([1], Lemma 1) and ([24], Theorem 1), our objective Ejnc; map (f) is strictly corvex over the set D
under the condition that g"H 1 6 0, where 1 is a vector of 1%. The denition of the setD is the setof f , 0 such
that [Hf]; > Oor g = 08i. Sincef > 0 in our caseand Hj; , 0, we are in a subsetof D. The strict convexity
of Einc; map Will always apply in practice. This is because[5] the condition g"TH1 6 0 is equivalert to H g 6 0,
i.e. the badkprojection of the data is a non-zeroimage. One could invert an H such that H Tg = 0 for non-zero
g, but this H would be highly unrealistic. The strict corvexity guaranteesthat f in (5) is unique.
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6.2 \T ouching" prop erty of Ecmp; mar @nd Einc; map

In Sec. 3, we shoved (20) that the incomplete and the completeversionsof the ML objective \touc h" at C= C°!(f).
Ecmpi ML (CSOI(f);f) = Eincj mL ()

whereasin (19)

cf°'(f) =g 13”7fJ 8i; 8j:
Hlnfn

If we add a prior t0 Ecmp; v and to Einc; mL, then it is easyto shav (by the samestepsusedin deriving (20))
that this \touc hing" property holds for the MAP versions:

Ecmpi MapP (CSOI(f);f) = Einci map () (51)

6.3 Ecmp; map IS bounded from below by Einc; map

In this section, we demonstrate an interesting property on the boundednessof Ecmp; map bY Einc; map , but this
result is not neededin our proof.

We begin by re-writing the incomplete data penalized neggtive log-likelihood objective function in (6) using
the ordered subsetnotation and adding an extra entropy term ;g log g i ;g (which is independert of f) for
reasonsthat will shortly becomeobvious:

X X X Py X X X ,
Einc; map (f) = Hij £ i glog Hjfj+ glogg i g+ wjjo(fj i fjo) (52)
i m=1i2Sn j=1 i i jjo
The additional entropy term doesnot a®ectthe xed points.
First, we shaw that the complete data MAP objective function in (38) is boundedfrom below by Einc; map (f).
Using the fact that x Iog§ i Xx+y, Oforx;y> 0, weget

X Gi X X Hij fj
Ecmpi map (C ) i Einci map (f) = Gi |09W [ G + gipﬁ , 0 (53)
i e I P i ntiinin
. , . H P .
with equality Igccurrlng only at G = P'#,Su We have used the constraint ;G = g8 The extra

entropy term g log g is useful here. Without the extra entropy term, we could not have easily obtained (53).
Therefore, we havethat Ecmp; map (Cf) , Einc; map (f): Consequetly, the completedata MAP objective function
in (38) is bounded from below by the original incomplete data MAP objective function in (6).

We can also derive this boundednesscondition in another way. From Sec. 3, we obsene

CSOl(f) = arg mci:n Ecmp; map (Cf;°) (54)

Then
Ecmpi vap (Cf), mén Ecmp; vap (Cf) = Ecmpi MAP (CSOI(f);f) = Ecmpi map (f) (55)
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wherethe rst equality follows from (54) and the secondfrom (51).

6.4 Convexity of the Ecmp; map (G f) oObjectiv e

We will shov that the complete data MAP objective function (38) is corvex in both C and f. In fact, we
will show that Ecmp; map (G f) is corvex, whether or not the constraints on C hold. Since the prior is corvex
w.r.t. f, we needonly show that the complete data negative log-likelihood is corvex w.r.t. (C;f). If ead term
G log H.QJ—JfJ i G + Hjfj isconvexw.r.t. both G; and Hj; fj, then the complete data likelihood is corvex w.r.t.
(C f) sinceit is a sum of sudh terms. Note that in order to show corvexity w.r.t. G; and fj, it is enoughto shav
convexity w.r.t. G and Hj f;. This is becauseHj is just a constart (independert of f;) and hence, corvexity
w.r.t. both G; and Hj; f; implies corvexity w.r.t. both G; and fj. We needto shaw that

A(x;y) £ xlog 3 i Xty (56)

is convex w.r.t. x andy for x;y > 0. (Here, we assaiate x with Gj andy with Hj f;.) For this, we need
A®x+ (1i ®z;®y+ (Li ®w]i ®AX;y)i (1i ®AzZw) - 0 (57)

for ®2 [0; 1] and x;y; z;w > 0. Substituting (56) in (57), we get

@&+ (1] ®)z
®+ (1i ®w
i (1 ®)[z|og%; zZ+ w]=®x|og[w¢x]+(li ®)zlog|

@+ (1; ®z]log @i (1] ®z+@y+ (1] ®OWj ®[xlog§a X+ y]

@+ (1 ®)z¢w
R+ (1ji ®W z
@+ (1j ®z ¢w_ l’
®y+ (1i ®w z'

®+ (1i W x ]

&+ L@z y
T eyraiowx T EO

.0 (58)

where we have usedthe fact that log x - x i 1. A similar result on the corvexity of the KL-div ergenceinvolving
probabilities is givenin [11]. We have shawvn that the completedata negative log- likelihood and hencethe complete
data MAP obijective function is corvex w.r.t. both Cand f.

6.5 The change in Ecynp; wap at each COSEM-MAP  sub-iteration

We dene ¢ E((:'r‘n:o)l MAP def Ecmp; map (CKHE D £l Dy 4 E oy wap (CKD; £(iD) which is essetially the change
in the objective (38) from step (k;1j 1) to step (k:l). In this section, we Tst show that the C¢!) and f (!

COSEM-MAP updatesare descem stepsin the complete data MAP objective function (38), i.e. ¢ E((:',.‘n'p)I vap » 0

and that useful conditions obtain when ¢ Eéfn'p)l vap = 0.
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Using (38), we obtain

X X X q(k' 1 q(kl) N .
C1<|<| Djog—1____ — q(kl)Iog o t Hi (fj(k,l. b, fj(k,l))
m=1i2Sp j=L Hi; f; Hj f i

|
wijo (F P 52y @ Dy g2 (59)

(ki)
¢ Ecmpi MAP
+
jj°

The basicinequality (46) that is usedin the surrogate transformation of the prior is repeated here:

h [
(fj i fj0)2 . E (ij i fj(k,|| 1) l fj(fl)(Jl 1))2 + (ijol fj(k,ll 1) I fj((|)<,|| 1))2 : (60)
From (60), we get that
i (fj(kYI) i (k |))2 i E[(zfj(kv') i fj(k'll 1) I fj((l;'ll 1))2 + (ZfJ((l)('l) i fj(kyll 1) l fj(fl)(’h 1))2]: (61)
Using (61),(59), we may write
' #
XX R dkl 1) C‘}(k;l) X - .
¢ E((llgﬁ’lp)i MAP q(kl Ylog s ki | C'(k Vlog CORMEAL (fi(k’lI Vi fj(k'l))
m:1izsmj=1h Hij f; Hi £ i _
-X 1 " 1 D)o
E W jo (ij(k,h 1) i fj(k’II 1. I f(kl 1))2 (2f (kil) i fj(k,h 1) i fj((l)('h 1))2
JN
X h (i 1), e(ksli 1), ¢ (kli 1) (kD . (ki 1) (k;li 1) !
tso Wi (2 P FT T T )R @ £ T e )P (62)
ij°

Note that at step (k;1), only the values of fC(k') 8i 2 S;;8j g are changedwith all other valuesof C held xed.

Using this fact, we get

n #
X q(|<| 1) dkl)
(3) kili 1) Kli 1) .~k
¢ Ecmpi MaP s q( log q(kn q( Q( ) log f(kl )
i28|j=l #
xRN gD
N Cl(kl) log f(kl i *+ Hi (f (ki D) f(kl))

m:1|28mjhl
kili 1 kili 1 kili 1 k:l kili 1 kili 1
E W]jo (Zf( )|f( )If( ))2 (Zf( )If( )If( ))2
ij°

- X h . N N i
oo wo (@t (kili 1) . fj(k,l.l)i f(kl Dy2, (2t & (k1) . fj<k,|. b, fj(g,l. Dy2 . (g3

ij°
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H: f(kI 1)

From the update equation (40) for ¢k which is qﬁ":" =g P% 8i 2 S; 8, we get

kil)
q(kl 1) . q(kl))log Cj(kl 5= q(kl 1. q(kl))log P%i (64)
In

Using (64), we may write

mn #
. P W C14|<| 1)
(k) Kili 1) kili 1) . KD g
¢Ecmpi MAP i2S q( log q(|<|) CI( q( )IOQPW
j:]_ n#
X X X" f(k')
kil kili 1 kil
+ G )Iogf(k,1)+H.,(f‘ Vi £y

m=1i2Sy, j=1

wijo (26 (KD 1D g DYz o (D g Gl D) (el 1))2

2
jio°
- X

ji°

i
f(kl 1. | fj(k,h 1. i f(kl 1))2 (2f (K1) . i fj(k.h 1 i fj(g’ll 1))2 . (65)

P — . .
Also, from the fact that the constraint ;G =g is always satis ed, we have the identity

kili 1 kil g
d i G ))Iogpm 0 (66)
i2Sj=1 in
Using (65) and (66), we may write
" #
X W N (kili 1) x x X f(kl)
¢E<(:ﬁq|lo). MAP s qjk’h Ylog q oyt dkl)mg (kl oy + Hii (f; dali D f(kl))
i2s j=1 A C,( m=1i2Sm j=1 f
- X
kili 1 kili 1 kilj 1 kil kili 1 kili 1
E Wjjo (Zf( )If( )lf( ))2 (2f( )If( )If( ))2
ji°
-—X

[

+ E WJJO (2f (kili 1) . fj(kili 1) i f(kl 1))2 (2f (kil) . fj(k;li 1) I fj((l)(ﬂi 1))2 : (67)
jj°

We will now shaw that the rst term on the right of (67) can be expressedas a non-negative I-div ergenceof the

form x Iogy i X+y. Slnce q"" V= kl) = g, we may write

k;li 1) N k;li 1) 5 _
q(kI 1) Iog (‘I;(kl) — CI(kI 1) Iog q;(kl) q(jk,l, 1) + Cék'l)] ) 0 (68)
j=1 j=1

with equality occurring only if q(k D= dk' b, ;81285 8.
The update equation (50) for f in COSEM-MAP is chosensuch that the objective function (47) is minimized.
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For convenience,we repeat (47) here:

XX oW X
Es map (F; D ckly = GVlogfj + Hy ]
m=1i2Sy j=1 ij
- X
+o Wi (2f) | e I P RN CAITIR T I o 1))2 : (69)
jjo

Apart from the terms forming the I-divergence,the remaining terms on the right of (67) can be seento be

Es MaP (f(k:li 1);f(k;|i 1);c(k:|)) i Eg map (f(k;l);f(k;li 1);c(k;|;2

X X X f(k')

k;l K;li k;l
= q( )Iog (kl 5 + Hjj (f( 1)| f( ))
m=1i2Sy j=1 f
_X

2 0
% n i
+ 5 w0 (2f (kili 1) . fj(k:|i 1) i f(kl 1))2 (2f (K1) fj(k;|i 1) i fj(('fﬂi 1))2 0 (70)

ij°

h
wijo (26 (KD KD 0l D)z o () g (i D) g 1))2

with equality occurring if f(k!) = f(kli 1) This is due to the fact that the update equation in (50) is guararteed
to minimize Eg; map (f; (Kl D; kD). Consequetly, the changein the complete data MAP objective function at
step (k; 1) is

X X q(kl 1)
(k:h kili 1) kili 1) ki)
¢ Ecmpi map Cf log q(l T Cé ]
i2Sj=1 q(
+Eg MAP (f(k;li 1);f(k| l),dk;l)) i Es map (f(k;l);f(k§|i l);c(k;l))
. 0 (71)

with equality occurring if and only if GV = ' ¥; 8i 2 5;; 8] and £ = £ 1 Y, gj:
The changein the complete data objective function betweensteps(k i 1;L) and (k;L) is

¢ Eélr(rzp. wap = Ecmp; map (CKIER g0y 4 B map (CRB); KDY k> 0
X
ki
¢ E((:mp)| map - O (72)
=1

¢ Eéﬁq)p vap becomesequal to zero if and only if q‘j";" = q“" V.8 2 5;8 2 f1;:::;Lg; 8 and fj(k;') =
f(kl D.gj: 8121 Lg

Dene k® asthe iteration at which ¢ E((:E:gi wap = 0. Then €% = i) = gge= k™1 L' . we similarly
get {0 = £(<°2) = gge= L) Lf f2 e automatically have f(K°*1:0 = f(kiL) and ck°+1:0) = (k") which
meansthat nothing can change oncewe have reached k”.
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>Fom the COSEM-MAP update (40), we get:

k1) Hy £ Y Hi f}°
- o) I i Lo Cedtl A= i
G = Cﬁ S9P— i 8i; 8j; 81 2 f1;¢0¢;Lg= gll:ﬁ (73)
n Hlnfl’] n INntn
Therefore, from (19), we get
C = co(f) (74)

From the deniton of CO(f) in Sec. 3, we may seethat (74) is equivalert to the two conditions
I cEcmpi maP (C;f;o)j(C";f") =0andr o Ecmpi MAP (C;fio)j(cﬂ;f“) = 0.
Now, we will show that r tEcmp; map (Cf;°)j(c=;f=) = 0. We needto show that
P

. C;f,o ) . " _ X a a .
@E cmp; '\gf’( )J(C:,;fu) = f'-nl +Dj + 2 vijo(f i f0) =0 8 (75)
] ] J%2N (j)
Sincethe f updates are chosento satisfy (49), we may write
P e
G, Dj + 2 vijo(f KV i £ ITHD £ (7D = o g (76)

G o
j JO2N (j)
Sincef "1 = £(%2) = ¢ee= L) = £2, we may seethat (75) follows from (76).
Thus, we have shown that the full gradient of Ecmp; map (Cf;°) at (C;f7%) is zero, i.e.
r Ecmpi map (G f;°)j(coife0) = 0.

6.6 Convergence to the xed point of Einc; map

De ne j asthe set (possibly singleton) of global minima of Ecmp; map (G f). We may argue that (C*;f") 2 |
as follows: ¢ Eé'r‘n'p)| vap — Ois equivalert to the fact that dj"?') and fj(k;') are no longer changing. We note that
an algorithm can lead to a repeating (qﬁk;');f-(k;')) that is not an elemen of j. But this cannot happen because
the COSEM-MAP algorithm is a grouped coordinate descem algorithm, and becauseE ¢mp; map is corvex. The
COSEM-MAP algorithm would corntinue to descendalong coordinate directions whenewer possible. Hence, if one
approadesa condition where(q(jk;');f-(k;')) are repeating, then theseare in j. Hence,(C*;f") 2 j.

We now shaw that f® is a global minimum of Einc; map (f). We prove this by cortradiction. Assumean f
such that Einc; map (f7) > Einc; map (f). SinceC’ = col(£2), we have by the touching property in Sec. 6.2 that
Ecmp; mMAP (COl(F®); f°) = Einci map (f%). This implies

Ecmpi map (CU(F%); %) = Einc; map (F°) > Ein; map (f) = Ecmp; map (CO(F); f); (77)

but this is a cortradiction because(C°(f7);f") 2 i is a global minimum of Ecmp; map - In fact, £ is the unique
global minimum f of Einci map (f), becauseEinc; map (f) is strictly corvex, aswe establishedin Sec. 6.1.

This completesthe proof, in that we have establishedthat f°, obtained from the COSEM-MAP algorithm, is
indeed equal to fin (5), which is the result we have sough. Thus, minimizing the complete data objective (38)
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(in our case,by the COSEM-MAP algorithm) yields a solution (C*; %), wheref® = f, our sougt-after solution in
().

6.7 Strict convexity of Ecmp; map

Though this result is not needed,we now demonstrate the interesting consequencehat Ecmp; map (C f;°) is, in
fact, strictly corvex. First we show that 8(C;f) 2 j;C = C¥!(f). This follows from the fact that 8(Cf) 2 i,
I cEcmpi map (G ;°) = 0 andr o«Ecmp; map (Cf;°) = 0. Pleaserefer to Sec. 3 for details.

Next we will shov that j is a singleton set. Let (C%f9 2 j wheref®6 f°. Then C°= C°(f9. By the
denition of i, Ecmp; map (CO(f9; 19 = Ecmp; map (C(f%);f%). Henceby the touching property in Sec. 6.2, we
get Einci map (f9 = Einc; map (f®) which cortradicts the fact that f° is the unique global minimum of Einc; map -
So, sinceEcmp; map hasbeenshawn to be corvex (in Sec.6.4) and it hasa unique minimum, it is strictly corvex.

7 Convergence Pro of for COSEM-ML

This proof di®ers somewhat from the proof in Sec. 6 becausewe do not know whether the ML problem has a
unique solution. In this section, we prove that the minimization of Ecmp; mL (G, f;°) by the COSEM-ML algorithm
yields a solution (C*;f®), and that f® = f is a solution to the ML problem in (3).

7.1 \T ouching" property of Ecmp; m. and Einc; mo

In Sec. 3, we shaved (20) that
Ecmpi ML (CSOl(f);f) = Eincj mL ()
whereasin (19)
o) = g P g g:
n Hinfn
7.2  Ecmp; mu is bounded from below by Einc; mo

In this section, we mertion an interesting property, but it is not neededin our proof. This follows from the results
in Sec.6.3. If we remove the prior from the expressionsin Sec. 6.3, we easily obtain that (53) appliesto the ML
case. The proof then follows.

7.3 Convexity of the Ecmnp; m. (C ) oObjectiv e
This follows from the results in Sec. 6.4. In particular, Ecmp; map = Ecmp; ML + Eprior- Eprior iS corvex and in
Sec. 6.4, we shaved that Ecmp; ML Was Cornvex.

7.4 The change in Ecynp; v at each COSEM-ML  sub-iteration

Wedene ¢ Eétn;:))i ML def Ecmp; mL (CHNE D50l Dy 4 E o0 v (CKD; (KDY which is essetially the changein the

objective (21) from step (k; 1 1) to step (k;1). In this section,we st shaw that the C&D and f (k) COSEM-ML
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updates are descen stepsin the complete data ML objective function (21), i.e. ¢ Eéﬁqllo)l mL » 0, and that useful
conditions obtain when ¢ Eélr(n|p)| me = 0.

Using (21), we obtain

n

XxX X X q(kh 1) q(kl)

(k:h _ kili 1) ki) (kli 1) . ¢ (KDy.

¢ECmpl ML = ) q Iog|_| f(kl 5 i q‘ Iog (kI) + Hij (fj b fj ): (78)
m=1i2Sy j=1 ij i

Note that at step (k; 1), only the valuesof fC(k ). ;8i 2 Sy; 8j g are changedwith all other valuesof C held xed.
Using this fact, we get

" #
X C[(kl 1) Cl(kl)
kil kili 1 kili 1 kil
¢ Ec(:mp)| ML q( )IOQ ot (Q( )i d ) Iog 0. ¢ (KT 1)
i25 j=1 (:I( f#
X R £l
k;l kil 1 k;l
+ q( )Iog f(kl - £ H; (f( ) j( ))
m=1i2Sy j=1 j
ki N _ Hy £ . ai
From the update equation (34) for which is q‘ =g Pw, 8i 2 S;8j, we get
¢ o
Kli 1) .~k Kli 1) . Kk
q( d ) log f(kl D d Cl( ) log i f ¢ GIBE (79)
Using (79), we may write
" #
kil 1)
kil P X kil 1 Q( kil 1 kil Y]
¢ Eémp). ML > i2S C|( )IOQ k;l) + (CI( i q( ))Iog P (k;li 1)
j:l q( H nf#
X R £l
+ q(k ! log f (kI ) + Hj (f (k;li 1) . : f(k |)) . (80)

m=1i2Sy j=1

P - , . , .
Also, from the fact that the constraint ;G =0 is always satis ed, asin Sec. 6.5, we again have the identity

Cl(kl 1) . Cl(kl)) log e oD -0 81)
i2Sj=1 Inf
Using (80) and (81), we may write
" #

X X KD e X X _ £ (kD i .

¢ E((:'r‘n'p)I ML C,(kI b log C}( ) q(j"") log ﬁ + Hj; (fj(k‘II D i fj(k")) : (82)
o L o Kl
i2Sj=1 CI( m=1i2Sy, j=1 i

We will now shaw that the rst term on the right of (82) can be expressedas a non-negative I-divergenceof the
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form xlogX | x+y. Since ckli D = i kD = g, we may write
gyi y. i Y = 4% =0 y

STV kili 1) N .
q(kl Ylog Cl(q(kl) =[G Plog q;(kl) G Vg, o (83)
j=1 i=1

with equality occurring only if qﬁ";') = q‘j";" D-8i2s:8§.
We may obsene that the update equation (30) for f in COSEM-ML is chosensud that the following objective
function is minimized:
_ X x X _ X
Egm(F;00) = GV logf; + Hyfj: (84)
m=1i2Sn j=1 i

Apart from the terms forming the I-divergence,the remaining terms on the right of (82) can be seento be

EsimL (f(k;li 1).dk;l)) i Es ML (f(k;l);c(k;l)&

XX X f(kl)
= C|(k|) Ing(kI ) + Hj (f(kl 1)l f(kl)) >0 (85)

m=1i2Sy j=1

with equality occurring if &) = f(kili 1) " Thjs is due to the fact that the update equation in (30) is guararteed to
minimize Eg w (f; C1). Consequetly, the changein the complete data ML objective function at step (k;1) is

X X q(kl 1)

(k;sh kili 1) kili 1) k:l)
¢ Ecomplete ML s CI( I Iog kD Clﬁ I + Cﬁ ]
i2Sj=1 CI(

+Eg ML (f(k;li 1); ck I)) i Esim (f(k;l); C(k;l))
0 (86)

5

with equality occurring if and only if q(k D= ka' b, ;812 S; 8 and f(k " = f(kI b, ; 8j:
The changein the complete data objective function betweensteps(k i 1 L) and (k;L) is

k def . - , ,
¢ Eém)pi v = Ecmpy me (CKEER L0y 4 B (CRB) (D) k> 0
X
k;l
= ¢EGD w . 0 (87)
1=1

¢ W becomesequal to zero if and only if q‘j";') = C,(k" b. ;81 2 ;8 2 f1;:::;Lg; 8 and fj(k;') =

cmpi ML
D gj: 812 f1;000; Lg:
As in Sec. 6.5, dene k” asthe iteration at which ¢ E((:'r(ng wL = 0. Then GK°D = gk°2) = goe= ck*L) L =,

We similarly get fKiD = £(*2) = goe= F°L) L' = \we automatically have f(K*+1:0) = f(K*iL) gnd ck*+1:0) =
ck*L) which meansthat nothing can change oncewe have reached k®.
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From the COSEM-ML update (34), we onceagain get:

ki) Hy £ Y Hi f}°
— N - A A J Qi . . - A J
G=G""=gp e p 8 8 8l 2 fLeeeLg= g Pl (88)
n Hlnfl’] n INntn
Therefore, from (19), we get
c = o) (89)

From the deniton of CO(f) in Sec. 3, we may seethat (74) is equivalert to the two conditions
r cEempi ML (G T;°)i(costey = 0 andr o Ecmp; ML (G °)j(costo) = 0.

Since the f updates are chosen to zero the expression for %}L(Cf) in (26), we note that
I tEcmp; ML (C;fio)j(cﬂ;f“) = 0.

Thus, we have shown that the full gradient of Ecmp; mo(Cf;°) at (C;f°) is zero, i.e.

I Ecmpi ML (C;f;o)j(c*’;f“P) = 0.

7.5 Convergence to a xed point of Ej¢; wL

De ne j asthe set (possibly singleton) of global minima of E¢mp; mL (C;f). We may arguethat (C*;f%) 2 j as
follows: ¢ Eéﬁqlp)l v = O is equivalent to the fact that q‘j";') and fj(k;') are no longer changing. We note that an
algorithm can lead to a repeating (q(jk;');f-(k;')) that is not an elemen of j. But this cannot happen because
the COSEM-ML algorithm is a grouped coordinate descem algorithm, and becauseEcmp; map is corvex. The
COSEM-ML algorithm would cortinue to descendalong coordinate directions wheneer possible. Hence, if one
approadiesa condition Where(q(jk;');f.(k;')) are repeating, then theseare in j. Hence,(C*;f") 2 j.

We now show that f° is a global minimum of Ejnc; mi (f). We prove this by cortradiction. Assumean f
sudh that Eine; ML (f%) > Eing; mL (). Since C* = C!(f®), we have by the touching property in Sec. 6.2 that

Ecmpi ML (COl(F?); %) = Einc; mL (f%). This implies
Ecmpi mL (CO(F); %) = Einci ML (f%) > Eine; wL (f) = Ecmpi mL (CO(F); f); (90)

but this is a cortradiction because(C°(f7);f") 2 i is a global minimum of E¢mp; mL. Thus, minimizing the
complete data objective (7) (in our case,by the COSEM-ML algorithm) vyields a solution (C*; %), wheref® = f,
our sough-after solution in (3).

8 Conclusions

We have derived new corvergert complete data ordered subsetsalgorithms for ML reconstruction (COSEM-ML)
and MAP reconstruction (COSEM-MAP) in emissiontomography. We have achieved our original goal, namely
that COSEM-ML and COSEM-MAP corvergeto the xed points of Ejnc; m. and Einc; map respectively. However,
there is no proof that the COSEM-ML and COSEM-MAP algorithms optimize Einc; mL (f) and Einc; map (f)
monotonically. In many simulations, we have always obsened monotonic corvergence,however.

It is straightforward to include randoms or scatter via an atzne term % (correspondingto § = Hf + %) in the
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COSEM-ML and COSEM-MAP algorithms. We can shawv that we only needto modify the complete data update
equationssothat % is addedto the forward projection in the denominator.

We also note that the COSEM-ML and COSEM-MAP algorithms are in a form suitable for reconstruction
from list-mode data. List-mode versionsof the COSEM-ML and COSEM-MAP algorithms may be derived either
by applying transformations asin [25] or by adopting the approad in [26].

For ML and MAP, preliminary results indicate that COSEM-ML and COSEM-MAP are much faster than
ML-EM and the MAP-EM algorithm of [20]. However, COSEM-ML is somewhatslower than RAMLA [6], while
COSEM-MAP is somewhat slowver than BSREM [7]. Unlike RAMLA and BSREM, our COSEM algorithms do
not need a user-sgeci ed relaxation schedule. We are exploring [19] whether COSEM speed enhancemelts are
possiblewithout compromisingits corvergenceproperties.
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