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1 Introduction

Statistical reconstruction has become increasingly popular in emission computed tomography (ECT) due to its
ability to accurately model noise and the imaging physics. In addition, information regarding the object can be
incorporated using Bayesian priors. In emission tomography, a Poisson log-likelihood projection data model is
widely used because the photon noise is independently Poisson at each detector bin. Given the Poisson likelihood,
the maximum likelihood (ML) principle is typically invoked as an optimization criterion for statistical reconstruc-
tion. This leads to a variety of iterative ML algorithms of which the expectation-maximization (EM) algorithm
is perhaps the most well known. When Bayesian priors are considered, a maximum a posteriori (MAP) principle
is frequently used as an optimization criterion. There are many log-priors that are convex and well behaved,
which when added to the convex Poisson log-likelihood form a strictly convex log-posterior objective [1]. There
exist many statistical MAP reconstruction algorithms that can determine the global optimum of such log-posterior
MAP objectives. The main drawback of statistical reconstruction algorithms is that they are slow when used for
clinical studies, especially in comparison to the commonly used filtered backprojection algorithm. This is true
regardless of whether likelihood- or MAP-based approaches are being considered.

The slow convergence of statistical reconstruction algorithms has received much attention. Recently, an ordered
subsets EM (OS-EM) algorithm [2], which uses only a subset of the projection data per sub-iteration, has become
quite popular in ECT. This lead to an order of magnitude speedup over conventional (non-OS) EM. However,
OS-EM is heuristically motivated and lacks a proof of convergence. An alternative algorithm, termed row-action
maximum likelihood algorithm (RAMLA) was proposed in [3]. RAMLA used a strong under relaxation parameter
within a modified version of OS-EM to prove convergence. The relaxation parameter has to satisfy certain proper-
ties to guarantee convergence to the true ML solution. In practice, this relaxation schedule must be determined by
trial and error to ensure good speed. Recently in [4], the authors have extended their approach to the MAP case as
well. The new MAP reconstruction algorithm, termed BSREM, continues to use a relaxation parameter to guide
convergence to the MAP solution. In [5], a modified BSREM algorithm was presented that converged under more
general conditions than BSREM. Another convergent algorithm, termed the OS-SPS algorithm, was also presented
in [5]. Both the algorithms in [5] again used a user-determined relaxation schedule to ensure convergence.

In this technical report, we consider new fast iterative algorithms for optimizing the ML and MAP objectives
for ECT. These new algorithms are called COSEM-ML and COSEM-MAP. (COSEM = Complete data Ordered
Subset Expectation Maximization.) They make use of a notion of a complete data objective as well as ordered
subsets. These algorithms were introduced in [6, 7]. Unlike other recent fast methods, they do not need a

user-determined relaxation schedule. Here, we present convergence proofs for both algorithms.

2 Statement of the Problem

We will first mention some conventions used in this report. We chose plain letters to denote scalar variables and
scalar-valued functions. Bold and calligraphic quantities represent vectors or matrices or vector-valued functions.
The distinction between random and non-random quantities will be made clear in context. We consider the object

to be an N-dim lexicographically ordered vector f with elements f;,j = 1,..., N. We model image formation by
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Variable Matrix/vector notation | Index notation
Projection data instance g {gi}
Source distribution instance f {fi}
Projection matrix H {H;;}
Continuous-valued complete data C {Ci;}
Source distribution iterate £(k.D) {f;k’l)}
Complete data iterate C kb {CZ-(]]?’Z)}
Complete data closed form solution C=L(f) ij‘?l(f )

1fi}
{Cij}
{Pi;}
{B,}
{D;}
1
{vi}
{mj}

Source distribution fixed point

Complete data fixed point
Auxiliary variable

Sum of complete data

Sum of projection matrix

Lagrange parameter

Lagrange parameter

Lagrange parameter

NS SN = e e

Prior parameter B
Prior weight {wjj}
Number of sinogram elements M
Number of pixels/voxels N

Table 1: Notation and symbols used

a simple Poisson model g ~ Poisson(Hf), where H is the system matrix whose element H;; is proportional to the
probability of receiving a count in detector bin ¢ that emanates from pixel j, and g is the integer-valued random
data vector (sinogram) whose elements are g;, i = 1,..., M. Other physical quantities used in the remainder of
this report are summarized in Table 1. We note that in the context of MAP formulations, f is technically a random

vector. The incomplete data Poisson likelihood for emission tomography can be written as

e~ =i Huli (S0 Hj f)%
g;! '

Pr(g|f) =[] (1)

i

Here, we assumed that the Poisson mean is g = Hf and ignore an affine term s, e.g. g = Hf + s, that is often
added to account for scatter or randoms. As discussed in Sec. 8, it is easy to extend the proof to include the affine

term. We will consider quadratic priors (regularizers) of the form

Eprior(f) - - 10g p(f) = BZ Z wjj’(fj - fj’)2 (2)

J JEN()

where p(f) is the probability density function of f, a.k.a. the prior. Here, 5 > 0 controls the amount of regulariza-
tion and w;j; are neighborhood weights. The term N(j) is a local neighborhood about j. The weights w;;; € W
are positive. For a 2-D problem, a typical neighborhood N (j) comprises the eight nearest neighbors of j.

The emission tomography maximum likelihood (ML) problem is written as the minimization of an objective
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function

")

= in Fine_ f 3
arngleg inc ML( ) ( )

where the ML objective is given by

Eine-mL(f) = —log Pr(glf) = Zszfj Zgi logz Hij f;- (4)
( J

In (4), we have ignored terms independent of f. We have used the subscript “inc” to anticipate the use of the
observed or “incomplete” data, as opposed to the “complete” data that are used in EM algorithms [8]. The

maximum a posteriori (MAP) problem may be similarly stated as the minimization

=)

a1g1n>1n inc MAP( ) ( )

Emevap(f) =Y Hijfj =Y _gilog Y Hijfj+ B> wijy(fi = £i1)* = Einewv(f) + Eprior(f) (6)
i i j 7

We have again ignored terms independent of f. Our aim is to derive fast algorithms for the minimizations in (3)
and (5) and to prove their convergence to the ML or MAP solutions. We note that (3) and (5) express the natural
constraint f > 0. However, we shall use a slightly modified constraint f > 0. The reason for this is that the
COSEM-MAP and COSEM-ML algorithms allow an initial positive estimate of f; to approach zero as iterations
proceed, but never to equal zero. The well known EM-ML algorithm for ECT has this same behavior.

3 Complete data objective for the ML Problem

The direct minimization of Ej,._ i, is difficult. A popular alternative way of carrying out the minimization is by
the well-known ML-EM algorithm for ECT. The conventional derivation [9, 10] is statistical in nature, but there
exists an alternate means for deriving this algorithm via a minimization of a so-called complete data objective

function. This objective function is defined as follows:

Eemp-wn(C,f,0) = — Z Cijlog Hijf; + Z Hijfj+ Y Cijlog Cij

ij

+ Z v Z ng gz (7)

where the subscript “cmp” means “complete”. Here, C;; (to be discussed in more detail shortly) is the complete
data, roughly analogous to the complete data as used in statistical derivations of ML-EM for ECT. It turns out
that C;; is real and positive, and that it obeys the constraint Zj Cij = gi- In (7), this constraint is imposed via
Lagrange parameters v;. Note that in (7), we do not include extra Lagrange terms to impose positivity on C and
f. This is because the COSEM-ML algorithm naturally imposes this constraint, as will be seen in Sec. 4. We will
later show that minimizing Eepnp—mr, via our COSEM-ML algorithm yields the solution to the ML problem. We
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will freely intermix notations Ecmp—mr(C, £, v) with Eemp—wmr(C, f). The latter notation means that the constraint
implicitly holds and does not appear in the objective in a Lagrange form.

To motivate the complete data objective, in this section, we directly derive (7) using convexity arguments and
change of variables transformations. A brief sketch of the approach follows. Using Jensen’s inequality [11], we
show that the original incomplete data negative log-likelihood lies below a new complete data objective function
and touches it for a specific choice of the new complete data variable. Consequently, the new complete data
objective when minimized solely w.r.t. the complete data variable (and not the object f) attains its minimum at
the original incomplete data negative log-likelihood. This approach of using Jensen’s inequality to derive a new
complete data objective is strikingly similar to the pioneering work of de Pierro [12]. The resulting complete data
objective function is also very similar to new objective functions first derived in [13] (Appendix B) and identical
to the new complete data objective functions derived in [14] and in [15]. In the latter, a constructive derivation
of the new complete data objective is notably absent. Finally, the constrained complete data objective function
derived here is the same as (7).

The Jensen’s inequality-based approach to deriving the complete data constrained objective function is as
follows. We begin with the original negative log-likelihood objective function in (4). In this objective, we selectively

replace terms involving log > . Hi; f;.
Bine-mn(f) =Y Hijfi — > gilog  Hi;f;. (8)
ij i j

The terms involving — log Zj H;; f; are the ones that will be transformed in order to obtain the new objective.

Since —log(-) is a convex function, we have from Jensen’s inequality [11]
—log(z ajr;) < —Zaj log x; 9)
J J

where a;; > 0, Vj, Z]- a; =1 and x; > 0, Vj. Using (9), we may write

Hijf;

Yij

—logZHijfj < —Z%‘j log (10)
J J

where v;; > 0, Vij and ) ;% = 1, Vj and with equality occurring at 7;; = % With this inequality in

place, we may define a new objective function containing v as an independent variable as

H;i f:
E(y,f) =Y Hijfj — Y givijlog — (11)
ij ij Vij
with the constraints
Z’yij = 1, Vi and%j > 0, \V/’Lj (12)

J

It is easy to show that the new objective function in (11) when minimized solely w.r.t. ~ while satisfying the
Hijf;

constraints in (12) attains its minimum at }; = D —. If the objective function E(7, f) attained its minimum
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at a point 7 # 7f; where v}; = %, then E(%,f) < E(~*,f). But this violates the inequality in (10). (The
J AR
equality E(¥,f) = E(~*,f) is allowed since v* would still be a point at which E(v,f) attained its minimum). At

the minimum, we have

E(’Y*7 f) = Einc—ML(f)- (13)

The new variable 7 is not quite the complete data variable used in the traditional EM algorithm. However, if we

define C;; def gi7ij and rewrite the new objective function in (11) using the new variable C, we get
E(C,f) = ZH”fj _ZCU log gzcifj (14)
ij ij K

The constraints in (12) get modified to

> Cij = gi, Viand Cyj > 0, Vij. (15)
J

Using the new constraints, the new objective function in (14) is modified to
£) =Y Hijfj — Y Cijlog Hijfj + Y CijlogCij — > gilog g; (16)
ij ij ij i

where we have used the constraint Zj Cij = g; to modify the term Zij Cijlogg; to >, gilog g;. Dropping terms

n (16) which are independent of both f and C and using a Lagrange parameter v to express the constraints
> Cij = gi, Vi, we get

ECmp—ML(Cy f: v = - Zcz] log Hzgf] + Z Hl]fj + ZCZJ log ng

]

+ZV’ ZCU 9i) (17)

which is the same as (7). As before, we have introduced a Lagrange parameter v to express the constraint
> ;Cij = gi, Vi. A closely related complete data objective was first presented in [13] (Appendix B) and subsequently
modified into the present form in [14].

We will now see that the new constrained optimization problem is designed within the fixed-point preservation
constraint. Differentiating (7) w.r.t. C and setting the result to zero, we obtain a solution for C in terms of f,
which we call C*°!(f).

Ciol(f) = Hyjfje . (18)

Summing this solution for C%! over all j in order to enforce the constraint Zj Cij = gi, we get
ZCSOI = D Hyfie " =y
J

sol _ Ufj . .
= Ci(f) = E Hoo Vi, Yj. (19)
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Name Objective function Constraints grziilzatlon
Negative Bine—mi(f) = > Hij f; . ; f — i
log-likelihood — Y, gilog Y Hij f; 145> 0,vi} £ = argming Eine—.(f)
S:g?glf;e dnte Eemp-n1(C,f) = 25 H”fﬂ {Cij >0, f; >0,Vij} | (C,f)=argmingy,
log-likelihood + 325 Cislog 5., 2. Cii = 9 Bemp-w(C, )

Eine—map(f) = Eij Hij f; A
Incomplete data =i 9ilog ) ; Hij f; {f; >0, vj} f = arg ming
MAP objective +2:9ilog gi — >, 9i T Eine—map(f)

+8 3w (fi = fir)?

Eemp-map(C,f) =, Hij fj .
Complete data +Zp C~1(() )2-]- Z_:]E: jC] {Ci; >0, f; >0,Vij} (C,f) = argminc g
MAP objective ij 1 08 ;[ AN >2;Cij = gi Eemp—map(C,f)
+08> 0wy (f — fir)

Es MAP(f f(klfl) C(k l))

(k1)
Sﬁii?ﬂf 2G5 1oklfjl)+ Zfi zH Zf)f] {f; >0, Y4} 780 = argmine
i > Cplkel—1) (k)
MAP objective + > wig (2f5 — f fi” )? Es niap(f; £ ), c(k:)

(el — kel—
+ Z]jl Wy’ (Qf]’ - f D f](/ 1))2

Table 2: Objective functions, constraints and optimization problems

Inserting the just established solution (19) into (17), we can write the identity

Ecmp_ML(CSOI( Z H;;fi — Zgz log Z H;jfj + terms independent of £ = Ej,c_wr(f) (20)
ij i j

where Ejyc—mr(f) is the desired negative log-likelihood objective function in (4) which we sought to minimize in the
first place. Note that in (20), we eliminate v in the argument of E¢mp—wmr, because the constraint holds at Col(F).
Thus, we have shown that minimizing Eemp—mr(C, f) w.r.t. C yields a solution C5°'(f) and that the minimum value
of Eemp—mr(C, ) thus obtained equals Einc—wmr(f). Therefore, joint minimization of Eemp—mr(C,f) will yield a
fixed point (C*,f*), where f* = f is the solution sought in (3), i.e. the fixed point of (3) is preserved.

4 COSEM-ML Algorithm

The material in this section is closely related to recent work in [16], which was in turn based on the work in [17].
However, the present work was independently derived, with the connection to [16] realized later [18]. The principal
differences between the work in [16] and the material presented here are (i) we derive a new complete data ordered
subsets objective function which was not the goal of [16], (ii) we provide an extension to the MAP case (in Sec.
5) using a separable surrogates approach while the work in [16] is restricted to ML, (iii) we provided experimental
results (in [6, 7, 19]), whereas the work in [16] presents none and (iv) we provide a mathematical “book-keeping”
scheme that reduces memory requirements and enhances speed so that the COSEM algorithms are about as fast

as OSEM. The objective-function approach in (i) leads to advantages. For instance, in [19], we showed how a
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faster “enhanced” COSEM-ML algorithm could be derived based on Eemp—mr.-

Since fast algorithms in the ordered subsets vein are the main goal of this paper, we rewrite (17) using subsets
of projection angles notation. (This choice of subsets is appropriate for SPECT, and we use it for illustrative
purposes. For PET, a different subset definition might be more appropriate. At any rate, the math that follows
does not depend on choice of subsets.) Assume that the set of projection angles is subdivided into L subsets with
the projection data in each subset denoted as {g;, Vi € S;} with [ € {1,...,L}. Corresponding to this division
of the incomplete data, we also have a division of the continuous-valued complete data C which is denoted by
{Cij, Vi € S;,Vj} with [ € {1,...,L} as before. The complete data objective function in (17) can be re-written

using this subset notation as

Eemp-mr(C,f,v) = ZzzcwlogH”f]—l—ZHUf]+ZZZC”10gCU—i—ZVZZCZ] gi). (21

I=114€S; j I=1i€S; j

We now embark upon an ordered subsets minimization strategy. As with standard OS-EM and OS-EM-like
approaches, the iterations are divided into subiterations using an outer/inner loop structure. In the outer k
loop, we assume that all subsets have been updated, whereas in the inner [ € {1,..., L} loop, each subiteration [
corresponds to the update of the complete data {C;;, Vi € S;, Vj}. In each inner loop (k,[) subiteration, we update
{Ci;,Vi € S;, Vj} and {f;, Vj}.

The update equations can be obtained by directly differentiating (21) w.r.t. C;; and f; and setting the result
to zero (while satisfying the constraints on C). Adding iteration superscripts to the resulting relations result in a
grouped coordinate descent algorithm. To perform grouped coordinate descent w.r.t C;5, j =1,--- ,N i € 5, we

need the following expression:

8-EcmprL (C, f) _
ac;;

— log(Hijfj) + 1nCij +1+vy (22)
Equating this expression to zero, we get an update for C;; in terms of the Lagrange multipliers:

Cij = exp(—yz- — l)Hl]fj (23)

The Lagrange multipliers may be eliminated from these expressions by enforcing the constraint Zj Cij = 9.
Enforcing the constraint yields:
9i
exp(—v; — 1) = =——— (24)
' > Hijfj

Substituting (24) in (23), we obtain the update:

Hi; f;

CZ] - glz Hmfn
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To perform grouped coordinate descent w.r.t £, we need the following expression:

aEcmp ML C f Z Z CU + ZH’L] (26)
of; I

m=1i€Sy,

Here, we have replaced the subset index [ in (21) by m since we will be using [ as a sub-iteration index later.

Equating this expression to zero, we get the update:

L
Y om=12ies,, Cij
> Hij

The set of update equations with the appropriate iteration indices are summarized below

fi=

» VJ (27)

. f(k:l 1)

e = W Vie S, Vj (28)
cl = el vig 8, v (29)
f](k,l) S > ieSnm Ci(f’l) i (30)

> Hij

We clarify the notation used. The symbol Ci(f’l)

denotes the update of the continuous-valued complete data variable
at detector bin index 7 and voxel j at outer iteration k and subset iteration [. The subtlety here is that at iteration
(k,1), we only update the complete data C;; over all detector bins in subset S; and all voxels j € {1,...,N} as
shown in (28). However, the update of the source distribution f ;k’l) in (30) requires the summation over all the
complete data Ci(]’-g’l),Vz' € Sm,Ym € {1,...,L},Vj € {1,...,N}. Due to this, we define the the “copy” operation
ok _ plki=1)

i i
This implies that the summation 251;1 >

,Vi ¢ S;,Vj in the complete data update as shown in (29).

S, C( ! can be divided into two disjoint subsets

L
>yt - ey

m=1iESm ies, i€
_ Z(C(gkl) C(kl 1) +ch1 1) +Zcm)
1€S] 1€S] zgéSl
_ Z(Cz(‘jk‘,l) o CZ-(]’?J 1) + Z C (k,1-1) + ZC (k,-1) (31)
iGSl ZGSZ z§éSl

since Ci(f’) C(kl 2 Vz ¢ Sp,Vj. Combining the two terms .o Ci(f’l Y and > igs C(kl 2 together into one
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term », cFY e get

i “ij
(k1) def L (k1) (ki) kl ) (k-
o) del ) o 1 1)
BiUE N Ny cp = ) (C +ZC
m=1i€S, iESl
= Y~ +B](.k’l_1) (32)
1€S]

where B(kl 1) def > C (k11 and B (kit) def ch (kD) The definition and implementation ofB( D s quite important

in our overall COSEM scheme. From (32), we may write

k,l k,l k,l— k,l—
B =S — Yy 4 Y (33)

] %]
€S

with the understanding that B§k+1’0) = B](-k’L). After all the complete data are updated over all L subsets, we
end up at ijk L) With the corresponding Bj(k’L) => Cl(]k L) After all L subsets are updated at iteration k, the
k counter is incremented and we begin at (k + 1,0). We define CZ-(J’-CH’O) = C(l’C L) and BJ(»kH’O) &t B( D) The
iteration (k = 0,1 = 0) is a special case. At (k =0,l = 0), all C are initialized to CZ-(J(-) 9 = 0 and therefore BJ( 9~ .
Similarly, the f update is carried over from k to k + 1. The update f(++1.0) df ¢(k,L) | With this change in notation,

the update equations in (28) and (30) are re-written as

o fkl 1)

k,l . ZJ . .

et = —Z o T Vi € S;, V7, (34)
k,l kl—

el = el vig 5, v (35)
k,l k,l k-1 J—1

B = N el — ey 4 BIHY g (36)

€S

(k1) J .

where D; def >; Hij is the voxel sensitivity at voxel j. Note that (37) imposes positivity on f;.
The double loop algorithm is summarized below.
e The COSEM-ML Algorithm

Initialize {f\"” = f, vj € {1,...,N}} where fi"* € (0,00), Vj

[ ]
Initialize {C*"), Vi € Sy, Vm € {1,...,L} and Vj € {1,...,N}} by ¢ il
e Initialize {C;;"", Vi € Sy, Vm € {1,..., L} and Vj € {1,.. }} by —glm

0,0 0,0) .
B]( ):Zm 1Zz€SmCz(J 7V

Begin k-loop [k € {0,1,...}]

— ™0 — oD yiiand k > 0.

v v
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- B = B vjandk > 0.

— S0 = pEED g and k> 0.

— Begin l-loop [l € {1,...,L}]

f(kz 1)
W, Vi € Sl, VJ

« eV =Y vig 8, vy
k,l k,l k,l—1 k,l—1 .
« B! )ZZZ-esl(ij F ey 4 B

2

* Ci(f’l) =

(k1)

kl) _ B; .
*fg( ):#j,VJE{l,...,N}-
— End [-loop

e End £-loop

We note that for zero bins g; = 0, the corresponding C;; will equal zero and would remain zero throughout its
update. Therefore, we eliminate these C;;’s from the problem. Also, if one knows a priori that some f; are zero,
then these are fixed to zero and eliminated from the problem. The C;; corresponding to these f; = 0 will also be

zero and are thus eliminated from the problem.

5 COSEM-MAP Algorithm

Consider the complete data MAP objective function, obtained by adding the prior to (21) and using the subset

scheme

Ecmp MAP C f, V ZH’LJfJ

L N
ij ZZZ z]‘i'ﬁzw]] f] +Zyz Zczj_gz
j=1 Ji’

I=11i€8; j=1 =11€8;j
(38)
An extra term (— Y&, > ies Z;VZI Cij) has also been added which does not change the minima of the new
complete data MAP objective function provided the constraints Zjvzl Cij = gi,Viand C;; > 0, Vij are satisfied.
Thus S5, > ies, Z;VZI Cij = 1, > _ics, 9i» Which is just an additive constant in (38). This minor modification
simplifies the convergence proof in Sec. 6. Note that in (38), we do not include extra Lagrange terms to impose
positivity on C and f. This is because the COSEM-MAP algorithm naturally imposes this constraint, as will be

seen in Sec. 5. We now proceed to derive a constrained grouped coordinate descent algorithm for (38). In Sec.

5.1, we consider the C update and in Sec. 5.2 the f update.

5.1 Complete data C update for the MAP case

The objective function w.r.t. C alone can be written from (38). We write down only the terms that are dependent

on C to get (in ordered subsets notation)

ECmp—MAP Z Z Z ng log Hz]f] + Z Z Z Cz] log ng Z Z Z ng + Z v Z - gz') (39)

I=113€S; j l=14€S; j =145 j=1
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Except for the (constant) additional term 377 dies Zjvzl Cij, this objective function, when examining only the
terms dependent on C alone, is identical to the earlier COSEM-ML case (21). Consequently, the update equation
for C remains (for subset S;) at (k,1)

(ki—1)
Cff’l) - c}g’?’l‘l), Vi ¢ S, Vj. (41)

5.2 Object f update for the MAP case

The prior in (6) <ﬂ > wi (fi — fj/)Q) introduces a coupling between different source voxels f;. Since we seek a
closed-form parallel-update of all voxels, this coupling presents a problem; it is difficult to derive a parallel update
for all voxels while respecting the positivity constraint and still guaranteeing convergence. While a positivity-
preserving sequential update or a parallel, positivity-preserving gradient descent-based update are possible options,
we instead use the method of separable surrogates. For a general convex prior Ecnvx_prior(f), the separable
surrogates approach decouples the prior and allows for separate, parallel 1-D optimization of all source voxels f;.
Since this optimization is 1-D, imposition of the positivity constraint is trivial. For the quadratic prior Epior(f)
considered in (2), the 1-D optimization becomes a closed form expression that implicitly preserves positivity.
Assume that we are step (k,l) where k is the outer loop iteration index and ! the inner subsets loop iteration
index. (This notation is identical to the notation used in the earlier COSEM-ML algorithm.) Separable surrogate
priors depend on the current estimate f*~1) and are also separable in f. Therefore, they have the general form
Es prior(f5; £*=D) where “s” stands for surrogate. In order to maintain convergence, we need [20, 21, 22, 23] to

satisfy the following conditions:
Ecnvx—prior(f) < Z Es—prior(fj; f(kl_l)) (42)
J

and
_ k,l— _
Ecnvx—prior(f(k’l 1)) = Z Es—prior(fj(' ' 1); f(k,l 1)) (43)
J
Instead of descending on the original complete data MAP objective function, we descend on the combination

of the complete data negative log-likelihood and surrogate prior to get an update f*:)

L N
. k1 _
£5D — argmin — g E E Ci(j )log H;f; + E H;;f; + E Ee prior(fj; £F17Y) (44)
ij J

>0
m=14€Sy, j=1

with Es_prior(fj; f (k’lfl)) yet to be specified. In (44), we have included only terms that are dependent on f. An

important and subtle point is that the summation over all subsets is denoted as Zan:I > ics,,and not Zlel > ies;

At subiteration I, we have C*!) and the objective function w.r.t. f requires a summation over all subsets which
is denoted by an:l > ics,.- Please note that the surrogate prior is constructed anew at each step (k,1) which is

why the update Cl-(f’l)

to be above the original prior objective, a descent step in f taken w.r.t. the separable surrogate objective in (44)

appears in (44). Since the surrogate prior objective is always constructed anew at each step
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is guaranteed to be a descent step in f w.r.t. the original complete data MAP objective.

We now specialize Ecpyx—prior(f) to the quadratic prior of (2) repeated here:
Eprior( Z wjj . (45)

We construct the surrogate to have the properties in (42) and (43). At step (k, 1), assuming that we have f(*!=1)

we observe that [20, 21]

(fj—fj’)2 < [(2]"] f]kl 1) f(/k,l—l)) +(2f — fkl 1) fjglk,l—l))g (46)

which leads to the following separable surrogate objective function w.r.t. f at time step (k, )

Beauan(6 £, CR) = 3T S S e og g+ Y My
i

m=14i€S,, j=1

42 Zwﬂ [ 2f; — kl 1) f;lk,l—l))Q + (2fj/ _ f](k,l—l) _ f](lk,l—l))g] . (A7)

Having specified the separable surrogate objective function w.r.t. £ which depends on both C*) and £*1=1) we
now derive the update for £(*9). The objective function in (47) is separable w.r.t. f; and the objective function

w.r.t. each f; can be written as:

EED O (f; £0D kD) Zc Dlog f;+ Y Hyfy +§Zvjj/(2fj O S e ER O L)
i '

where v/ def (wjjr +wjr;). Since this objective function is a simple convex 1-D objective w.r.t. f;, we can trivially

(k,1)

find that f;" which minimizes it. Setting the derivative of E(]g “vap (s S AN CON R fj to zero, we get

(k:l)

(k1) plkd=1)  p(kJ=1)y _
f( ~G T D +2ﬂ2vﬂ @ = T - ) =0 (49)
j
where B(kl ZZC (kD) Zan:I > ies,, Cz(f’l) as before, with D; = ), H;; being the sensitivity as before. We
now solve for fj in (49) to get

Qﬂzj/ Ujj/(f](k,l—l) +fjglk,z_1)) D+ \/[25 Zj’ vjjl(f](k,l—l) +f](/k,l—l)) _Dj]z +16/8B](k,l) Zj’ vjj
863 vy '

f](k,l) _

Note that this update f](k’l) is guaranteed to be positive since we take only the positive root when solving the

quadratic equation. The negative root leads to a spurious negative solution.

e The COSEM-MAP Algorithm
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Initialize {f](om = fi", V) e {1,..., N}} where f™* € (0,00), Vj
Hij

Initialize {C\;"”), Vi € 5, Vi € {1,...,L} and ¥j € {1,...,N}} by c" = i

0,0 0,0) .
B]( ):Zm IZZGSm z(] 7VJ

Begin k-loop [k € {0,1,...}]

— ¢V =M vijand k > 0.

ij
(k0) _ p(k-1.L)

_Bj J

— SO = D i and k > 0.
— Begin [-loop [l € {1,...,L}]

f(kl 1)
—gW,WGSz,W
£ UV =Y vig 8, v

« B =30 o (cFY — ey 4 B g

J v

Vjandk > 0.

* Ci(f’l)

oy 2B 0 U100 D [958 0y 1 g 8D 1685 S
« f50 = T Vief{l,...,N}

— End [-loop

e End k-loop

As before, the zero bins g; = 0 and the zero voxels, i.e. the voxels f; known to be zero a priori, are eliminated

from the problem. The corresponding C;; and B; may also be removed.

6 Convergence Proof for COSEM-MAP

In this section, we prove that the minimization of Ec¢mp—map(C,f,v) by the COSEM-MAP algorithm yields a
solution (C*,f*), and that f* = f is the unique solution to the MAP problem as stated in (5).

6.1 Strict convexity of the F;,._\ap objective

According to ([1], Lemma 1) and ([24], Theorem 1), our objective Ej,._nmap(f) is strictly convex over the set D
under the condition that g7 H1 # 0, where 1 is a vector of 1’s. The definition of the set D is the set of f > 0 such
that [Hf]; > 0 or g; = 0 Vi. Since f > 0 in our case and H;; > 0, we are in a subset of D. The strict convexity
of Eine_map will always apply in practice. This is because [5] the condition g” H1 # 0 is equivalent to H''g # 0,
i.e. the backprojection of the data is a non-zero image. One could invent an H such that H”g = 0 for non-zero

g, but this H would be highly unrealistic. The strict convexity guarantees that fin (5) is unique.
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6.2 “Touching” property of E.,,—map and Ei,c_nmap

In Sec. 3, we showed (20) that the incomplete and the complete versions of the ML objective “touch” at C = C*°!(f).
Eemp-ML(C*'(£),f) = Ee_mw(f)

where as in (19)

cg;?l(f) = Vi, Yj.

If we add a prior to E¢mp—mr and to Eine—wmr, then it is easy to show (by the same steps used in deriving (20))
that this “touching” property holds for the MAP versions:

Ecmp—MAP (CSOl(f)a f) = Einc—MAP(f) (51)

6.3 Ecmp-map is bounded from below by Ei,._nap

In this section, we demonstrate an interesting property on the boundedness of Ecnp—vap by Einc—map, but this
result is not needed in our proof.

We begin by re-writing the incomplete data penalized negative log-likelihood objective function in (6) using
the ordered subset notation and adding an extra entropy term ) . g;log g; — >, ¢; (which is independent of f) for

reasons that will shortly become obvious:

Einc—map(f) = ZHijfj Z Z i IOgZHzgfg + Zgz log g; — Zgz + 52%; ) (52)
ij

m=14i€S,,

The additional entropy term does not affect the fixed points.
First, we show that the complete data MAP objective function in (38) is bounded from below by Ejnc—map(f).
Using the fact that xlog% —xz+4+y>0forx,y >0, we get

ECmp—MAP <07 f) - EinC—MAP Z CZ] 10g HU i Z Cz] + Z Z }f]fjf > 0 (53)
Z znfn 7‘] man

with equality occurring only at C;; = gi%ﬁij. We have used the constraint Zj Cij = 9i, Vi. The extra
entropy term ) . g;log g; is useful here. Without the extra entropy term, we could not have easily obtained (53).
Therefore, we have that Ecyp—map(C, ) > Eine—map(f). Consequently, the complete data MAP objective function
in (38) is bounded from below by the original incomplete data MAP objective function in (6).

We can also derive this boundedness condition in another way. From Sec. 3, we observe
C*(f) = arg mcin Ecmp—mar(C, £, v) (54)

Then
EcmprAP (C7 f) > Hgn EcmprAP (Ca f) = EcmprAP (CSOl(f)a f) = EcmprAP (f) (55)
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where the first equality follows from (54) and the second from (51).

6.4 Convexity of the E.,, map(C,f) objective

We will show that the complete data MAP objective function (38) is convex in both C and f. In fact, we
will show that Eemp—map(C,f) is convex, whether or not the constraints on C hold. Since the prior is convex
w.r.t. f, we need only show that the complete data negative log-likelihood is convex w.r.t. (C,f). If each term
Cijlog % — Ci; + H;j fj is convex w.r.t. both C;; and H;;f;, then the complete data likelihood is convex w.r.t.
(C,f) since it is a sum of such terms. Note that in order to show convexity w.r.t. C;; and f;, it is enough to show
convexity w.r.t. C;; and H;jf;. This is because H;; is just a constant (independent of f;) and hence, convexity

w.r.t. both C;; and H;; f; implies convexity w.r.t. both C;; and f;. We need to show that
def x
¢(z,y) = wlog , ETy (56)
is convex w.r.t.  and y for z,y > 0. (Here, we associate = with C;; and y with H;;f;.) For this, we need
dlar+ (1 — a)z,ay + (1 — a)w] — ad(z,y) — (1 — a)d(z,w) <0 (57)

for a € [0,1] and z,y, z,w > 0. Substituting (56) in (57), we get

ar+ (1 —a)z

[ax + (1 — a)z]log PP

—azrx— (1 —a)z+ay+ (1 — a)w — ajrlog E—;zc—l—y]
)

—(1—a)[zlog%—z%—w]:axlog[%-%]+(1—a)zlog[%-%]
ar+(1—-a)z y s ar+(1—-a)z w
s o ay+(1—aw = 1]+(1 ) [ay%—(l—a)w z !
<0 (58)

where we have used the fact that log + < 2 — 1. A similar result on the convexity of the KL-divergence involving
probabilities is given in [11]. We have shown that the complete data negative log- likelihood and hence the complete

data MAP objective function is convex w.r.t. both C and f.

6.5 The change in E.,, map at each COSEM-MAP sub-iteration

We define AEC(mp) MAP o cmprAP(C(k’l_l),f(k’l_l)) - Ecmp,MAp(C(k’l),f(k’l)) which is essentially the change
in the objective (38) from step (k,I — 1) to step (k,l). In this section, we first show that the C(*!) and f(!)

COSEM-MAP updates are descent steps in the complete data MAP objective function (38), i.e. AE gﬁ;g_M ap = 0,

and that useful conditions obtain when AEéfring ap = 0.
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Using (38), we obtain

(k;l 1) (k 1)
k,l) k,l—1) k 1—1) k,l
A'Eénlp MAP - Z Z Z [ ( 1Og k l,l) - Cz(] ) log kl + Z Hl] fj( ))
m=1ieS,, j=1 z]f Z]f i
k-1 k,l—1) k,l k,l
+83wyy [0 = ) = (R = pE)2). (59)

The basic inequality (46) that is used in the surrogate transformation of the prior is repeated here:

() — ) < % [(ij _ f](k,lfl) B f](kz D)2 4 (af, — f (k,1—1) f](/k,lfl))Q ' (60)
From (60), we get that
1 _ _
B R e (0 e A R O A TR AN (61)

Using (61),(59), we may write

L (k'l 1) (k 1)
k,l) k,l—1) kl 1) k,l
AEémp MAP = Z Z Z [C( log szfl) —CZ(] Vog —L s fkl +ZHU f; )
m=14ieS,, j=1 l] 1] ij

+§ijj, {(Qf;k,l—l) _fjgk,l—l) f(kl 1) (2f fk:l 1) fj(/k,l—l)) }
Vi

F2S g [T - D - DR gD D DR (6
Vi

Note that at step (k,l), only the values of {CZ-(;C’Z),VZ‘ € S;,Vj} are changed with all other values of C held fixed.
Using this fact, we get

Tl
Hijf](

(kD) al (kid— C(k’l Y (ki=1) (k) (0

1) ij J1-1 , ij
AEcmp MAP = Z [ C(k’l) + (Czj _Cij )10g _ )]
i€S; j=1 i
L
+>
m=14i€S, J

(k1) f(kl) (k,i—1) (k1)
zz[ o gy 400 00
= 1 ]

J

B k- kl— kl— kD) (ki kl—
g 2wy [T [T [ - @0 gD gDy
Ji’

I6] 1 i 1 7 1 I
g Doy @ = gD I @) D O] ()
JJ’
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f(kl 1)
i %,Vz € S;,Vj, we get

From the update equation (40) for (%! which is Ci(f’l)
Z Hzn n

i k-1 Kl i
§ :(Ci("fal—l) o Cl(k,l)) log % § (C( ) C(7 )) log # (64)
j ! ! z]f ) j Y Zn Hip T(L 1)

Using (64), we may write

k.l al k-1 ety k-1 k,l i
AEEH{ )—MAP > > ies, Z [C'("_ )log . + (C(*’_ ) —C§4’))log —l]

P ~ ij Ci(f’l) ij j > Hmfék,lfl)

f(kl k-1 k,l
£330 e Sy 4 - )
m=14i€Sy,, j=1 f]

ﬁ k-1 k,l—1 k-1 k.l k-1 kl—1
5 gy [@AHTY = gD (T R0 gD gDy
Ji’

B 1 I 1 I
g Dy @ = gD — Y (@) — gD 0] ()
Jg’

Also, from the fact that the constraint y Cij = gi is always satisfied, we have the identity

ZZ (hi=1) _ Um%:u (66)

k-1
i€S; j=1 ZnHmfn

Using (65) and (66), we may write

(k) (ki—1) C(kl R al f(kl) (ki-1) ok
AEyp-map 2 ZZC oD + Z Z Ylog G T HaT T = )]
i€S; j=1 Z] m=1ieSy,, j=1 f]
g k-1 k-1 k-1 (k. k-1 k-1
g D wgy [T Y < TR o g ey
73’
B kl— kl— kl— k.l ki .
5 D gy (@AY = Y < DR 0 — D g0 ()
Ji’

We will now show that the first term on the right of (67) can be expressed as a non-negative I-divergence of the

form xlog% —x +y. Since Z] CZ(]’” 1) Z] C (k1) _ — g;, we may write
(ki—1) C(kl vy (k,l—1) ity (ki=1)  A(kd)
— "W 7 [ .
Zc T = ZI[C”’ log gy —Cij”+Cy 120 (68)
ij J=

with equality occurring only if C(k - Ci(f’l_l), Vi € Sy, Vj.

The update equation (50) for f in COSEM-MAP is chosen such that the objective function (47) is minimized.
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For convenience, we repeat (47) here:

Eo yap(f£H7D ety = Z 3 Zd’“ Dog f; + ZHijfj

m=11€Sy, j=1

»5 (k-1 k-1 k-1 Jel—1
g 2w [y — £ fS DRRRCT A G ol I ()
Apart from the terms forming the I-divergence, the remaining terms on the right of (67) can be seen to be

By aiap(EF17D #0600 00y By (£ D), 00D

& (kD) f(k Y (k,1—1) (k)
“3 T3 el )
J

m=1i€eSy,, j=1

8 A .
+§ijj, [(ij(kz D O gl (o 0 gl g 1))2}
a7’

ﬁ W Lo o= JA—
0y [(RpHY - D gk i) i) g o)
Ji’

with equality occurring if f(:-) = g(ki=1),

This is due to the fact that the update equation in (50) is guaranteed
to minimize FEs_yap(f; f (k’lfl),C(k’l)). Consequently, the change in the complete data MAP objective function at

step (k,1) is

N =D
AE((:I]ZQ—MAP > Z Z[Ci(j]‘c’l_l) log Z;J(k,l) - Ci(]]-c’l_l) + Cf;:.l)]
icS; j=1 ij
B pap (FRID g R0 oD) _ g e, plhi=1) ok
> 0 (71)

with equality occurring if and only if C(k D= Ci(f’l_l), Vi € Sy, Vj and f](k’l) = f;k’l_l), vj.

The change in the complete data obJective function between steps (k — 1, L) and (k, L) is

AEc(ﬁl)p vap E Ecmp—MAP(C(k_l’L) fEDD) — Bomp-map(CHH), D) k>0

(K,
ZAEcmp) MAP = >0 (72)

AEérkn)p Map becomes equal to zero if and only if Cz-(f’l) = Ci(j]?’l_l), Vi € S, vVl € {1,...,L}, Vj and f;k’l) =
FD v e {1, LY,

Define £* as the iteration at which AEgmg vap = 0. Then Cch ) = ¢k — ... = c(k"D) X ox e similarly
get £51) = £(°2) — ... = £(k7.1) def pe We automatically have f*"+1.0) — £(:".L) apnq (" +1.0) = c(K"L) which

means that nothing can change once we have reached k*.
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JFrom the COSEM-MAP update (40), we get:

fk*l & zgf*
Vi, Vj, Yl e {1, - L} =

o _ okl _ H;;

Z Hmfnk*l 2 (73)

Therefore, from (19), we get
CF = CSOl(f*) (74>

From the definition of C*°'(f) in Sec. 3, we may see that (74) is equivalent to the two conditions
VeEemp—map(C, £, V)|(C*7f*) =0 and V, E¢mp-mar(C, f, V)|(C*,f*) =0.
Now, we will show that V¢Ecmp—map(C, f, V)‘(c*yf*) = 0. We need to show that

aECmp—MAP (C7 f: V) Zz ng

: ey = — =52+ D +28 Y wip(fi — £5) =0V (75)
af; i

J'EN ()

Since the f updates are chosen to satisfy (49), we may write

pONGUR (k50) ok 0—1)  p(k*i-1)

£t ij e . .

S +D;+26 3w (2f) — I ) =0V (76)
j J'EN()

Since f*"1) = £("2) — ... = £(K"L) — f* e may see that (75) follows from (76).

Thus, we have shown that the full gradient of FEc¢np,—map(C,f,v) at (C*,f*) is zero, ie.
vEcmp_MAP (C’ f, V)‘(C*7f*7’/) - 0.

6.6 Convergence to the fixed point of Ei,._nap

Define I' as the set (possibly singleton) of global minima of Ecmp—map(C,f). We may argue that (C*,f*) € T’
as follows: AEém;) vap = 0 is equivalent to the fact that CZ(]k ) and fj(k’l) are no longer changing. We note that
an algorithm can lead to a repeating (Ci(f’l), f;k7l)) that is not an element of I'. But this cannot happen because
the COSEM-MAP algorithm is a grouped coordinate descent algorithm, and because Ecpnp—map is convex. The
COSEM-MAP algorithm would continue to descend along coordinate directions whenever possible. Hence, if one

¢k ,f ) are repeating, then these are in I'. Hence, (C*,f*) € T

approaches a condition where (
We now show that f* is a global minimum of Ei,c.—map(f). We prove this by contradiction. Assume an f
such that Fipc_nmap(f*) > EinC,MAp(f'). Since C* = C*°!(f*), we have by the touching property in Sec. 6.2 that

Ecmp—MAP (CSOl<f*), f*) = Einc—MAP<f*)- ThlS implies
Eemp—map(C(£),£*) = Eine—map(£*) > Eme—mar(f) = Eemp-nap (C(F), ), (77)

but this is a contradiction because (C*°'(f*),f*) € T is a global minimum of Ecmp—map. In fact, £* is the unique
global minimum f of Eie_MapP (f), because Finc—map(f) is strictly convex, as we established in Sec. 6.1.
This completes the proof, in that we have established that £*, obtained from the COSEM-MAP algorithm, is

indeed equal to f in (5), which is the result we have sought. Thus, minimizing the complete data objective (38)
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(in our case, by the COSEM-MAP algorithm) yields a solution (C*, f*), where f* = f, our sought-after solution in

(5).

6.7 Strict convexity of F.n,_nmap

Though this result is not needed, we now demonstrate the interesting consequence that Eepmp-—mapr(C,f,v) is, in
fact, strictly convex. First we show that V(C,f) € T',C = C*°\(f). This follows from the fact that V(C,f) € T,
VeEemp-map(C,f,v) =0 and V, Ecnp—map(C, £, v) = 0. Please refer to Sec. 3 for details.

Next we will show that T is a singleton set. Let (C’,f’) € T' where f' # f*. Then C' = C*°(f'). By the
definition of T, Ecmp,MAp(CSOI(f’),f’) = Eemp—MAP (C°'(£*), £*). Hence by the touching property in Sec. 6.2, we
get Eine—mapr(f’) = Eme—map(f*) which contradicts the fact that £* is the unique global minimum of Ein._nvap-

So, since E¢mp—map has been shown to be convex (in Sec. 6.4) and it has a unique minimum, it is strictly convex.

7 Convergence Proof for COSEM-ML

This proof differs somewhat from the proof in Sec. 6 because we do not know whether the ML problem has a
unique solution. In this section, we prove that the minimization of Ecmp—mr(C, £, v) by the COSEM-ML algorithm
yields a solution (C*,£*), and that £* = f is a solution to the ML problem in (3).

7.1 “Touching” property of E.n, v, and Ei,c_wmrL

In Sec. 3, we showed (20) that
EcmprL(CS()l(f)v f) = EinchL(f)

where as in (19)

sol(py — g W oy
Ci(f) =g S Hf, Vi, Vj.

7.2  FEgmp-wr, is bounded from below by Fi,c_w,

In this section, we mention an interesting property, but it is not needed in our proof. This follows from the results
in Sec. 6.3. If we remove the prior from the expressions in Sec. 6.3, we easily obtain that (53) applies to the ML

case. The proof then follows.

7.3 Convexity of the E ,,—m1(C,f) objective

This follows from the results in Sec. 6.4. In particular, Ecmp—MaP = Femp—ML + Eprior- Fprior is convex and in

Sec. 6.4, we showed that E.n,—m1, was convex.

7.4 The change in £, nv1, at each COSEM-ML sub-iteration

We define AE(SZ’Q_ML o Cmp—ML(C(k’l_l), f(k’l_l)) — Eemp—ML (C(k”l), f(’“l)) which is essentially the change in the

objective (21) from step (k,I—1) to step (k,). In this section, we first show that the C*! and f*!) COSEM-ML
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updates are descent steps in the complete data ML objective function (21), i.e. AEc(ﬁingL > 0, and that useful

conditions obtain when AEéﬁ;QﬁML =0.
Using (21), we obtain

(kl 1) (k )
_ckD log ———~
k-1 v
ij( ) Hzgfj

7|+ 3 (0 = 1) ()

AE«EIkni) ML = ZZZ[ klllog

m=14€Sy, j=1

Note that at step (k,1), only the values of {ijk ’l), Vi € S;,Vj} are changed with all other values of C held fixed.
Using this fact, we get

(k1) al (k,l—1) ity (ki=1) _ A(kD) i
1 ¥ JI—1 1]
AEcmp > > lc log oD +(C;; — ;") log TG 1]
i€S; j=1 ij ’Ljf

- al kl f(kl) kl k,l
1 )

J

(k,1—1)
From the update equation (34) for Ck:D which is C( b — g-%,w € 5;,Vj, we get
(ki=1) (k) it (ki-1) (k) i
[ ) ] — (A ?
2657 =Gy s ey = 2G5 = G g (79)
j 1) ] j n mJn
Using (79), we may write
(kD) al (ki-1) ety (ki-1) (kD) gi
o 1) [ ) ?
j= ij n linJn
ki
- al (k1) f( : (k,l—1) (k1)
2D > |Gy log e T =) (80)
m=14€Sy, j=1 j

Also, from the fact that the constraint > i Cij = g; is always satisfied, as in Sec. 6.5, we again have the identity

ZZ cmi=n ))1og%:o. (81)

k-1
€S j=1 Zn Hznfn

Using (80) and (81), we may write

kD) kl— C(kl vz al Kl fW) ke l— k1
1 1 ,
AESD > ZZC( 'log (kl +> cylog s + Hy (f™ ) = 15| (82)
i€S; j=1 7,] m=14i€S,, j=1 f]

We will now show that the first term on the right of (82) can be expressed as a non-negative I-divergence of the
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form xlog% —x+y. Since ). ckl=1) ZJ C; (kD) — gi, we may write

Jij
C(kl 1) N C(kl 1)
Ckl 1) ij kl 1)10 7C(kl 1)+C(kl) >0 33
Z (k1) (kl)
C' J:1 ng

with equality occurring only if C(k D= Ci(f’lfl), Vi e Sy, Vj.

We may observe that the update equation (30) for f in COSEM-ML is chosen such that the following objective

function is minimized:

L N
Eea(f:C®)) = =3T3 S el og £+ 3 Hy . (84)
]

m=14€Sy, j=1

Apart from the terms forming the I-divergence, the remaining terms on the right of (82) can be seen to be

Esan (51705000 — By (8850 ¢00)

L al kl f(kl) k-1 k,l
=2 > 2|6 e Gy + Hu (Y = )| >0 (85)
m=1i€eS,, j=1 f

ki) — plki-1)

with equality occurring if ff . This is due to the fact that the update equation in (30) is guaranteed to

minimize Fs_y,(fF;C*1). Consequently, the change in the complete data ML objective function at step (k,1) is

k,l—1
AE®D > ZZN:[C(M—UI ¢y _ ot otk
complete ML, = i 0g C(k’l) i ij
i€S; j=1 ij
+ES_ML(f(k,l—1);C(k,l)) _ ES_ML(f(k,l);C(k,l))
> 0 (86)

with equality occurring if and only if C(k D= Ci(f’l_l), Vi e Sy, V5 and f;k’l) = f;k’l_l), Vj.

The change in the complete data obJective function between steps (k — 1, L) and (k, L) is

AEc(fn)prL déf Ecmp_ML(C(kfl’L) f(kfl’L)) — Ecmp_ML(C(k’L), f(k’L)), k>0

Z AEG) i 2 (87)

AEék)p yp, becomes equal to zero if and only if C(k D - C(kl b , Vi € S, vl € {1,...,L},Vj and f;k’l) =

MY g vie {1, L)
As in Sec. 6.5, define k* as the iteration at which AEéﬁ:g_ML — 0. Then C**1) = ¢k*2) — ... = c(k",L) 4 ox
We similarly get f5*1) = £*:%2) — ... = f(k".1) el e We automatically have f(#"+1.0) = £(k%.L) apnd c(h"+1.0) —

C¥".L) which means that nothing can change once we have reached k*.
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From the COSEM-ML update (34), we once again get:

E* -1
oo HyfT

_y i J
) - I * ] __
ij Zn Hmfr(Lk 1-1)

~ IS

c;=C Vi, Vi, Vle{1,---,L} (88)

Therefore, from (19), we get
CF = CSOl(f*) (89)

From the definition of C*°'(f) in Sec. 3, we may see that (74) is equivalent to the two conditions
VeEemp-ML(C, V)¢ gy = 0 and V, Ecyp-ML(C, £, V)| (cx £+) = 0.
Since the f updates are chosen to zero the expression for
Vi Eemp-ML(C, £, 1) ¢+ g+) = O.
Thus, we have shown that the full gradient of FE¢pn,—min(C.f,v) at (C*,f*) is zero, ie.
VEemp-ML(C, £, V)| (¢x g+ ) = 0.

%‘F(C’f’”) in (26), we note that

i

7.5 Convergence to a fixed point of Fi,. i,

Define I' as the set (possibly singleton) of global minima of E¢yp—wmr(C,f). We may argue that (C*,f*) € I as
follows: AEéfn’Q_ML = 0 is equivalent to the fact that Cz(Jk Y and f;k’l) are no longer changing. We note that an
(k,l

algorithm can lead to a repeating (Ci] ),f](k’l)) that is not an element of I'. But this cannot happen because

the COSEM-ML algorithm is a grouped coordinate descent algorithm, and because F¢yp—nap is convex. The

COSEM-ML algorithm would continue to descend along coordinate directions whenever possible. Hence, if one
) p(kD)
I f] B
We now show that f* is a global minimum of Ej,._mp(f). We prove this by contradiction. Assume an f

approaches a condition where (Cl(]k ot ) are repeating, then these are in I". Hence, (C*,f*) € I.

such that Fie mp(f*) > Eie_ww(f). Since C* = C*!(f*), we have by the touching property in Sec. 6.2 that
Ecmp—M1, (C°U(£*), £*) = Fine_mw(F*). This implies

EcmprL(CSOI(f*)y f*) — EinchL(f*) > EinchL(f‘) - EcmprL (CSOI(E')’ f‘)v (90)

but this is a contradiction because (C*°'(f*),f*) € T is a global minimum of Eypymr. Thus, minimizing the
complete data objective (7) (in our case, by the COSEM-ML algorithm) yields a solution (C*,f*), where f* = f,

our sought-after solution in (3).

8 Conclusions

We have derived new convergent complete data ordered subsets algorithms for ML reconstruction (COSEM-ML)
and MAP reconstruction (COSEM-MAP) in emission tomography. We have achieved our original goal, namely
that COSEM-ML and COSEM-MAP converge to the fixed points of Ejn._mr1, and Eine_nmap respectively. However,
there is no proof that the COSEM-ML and COSEM-MAP algorithms optimize Ejnc—mr(f) and Eipc—map(f)
monotonically. In many simulations, we have always observed monotonic convergence, however.

It is straightforward to include randoms or scatter via an affine term s (corresponding to g = Hf + §) in the
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COSEM-ML and COSEM-MAP algorithms. We can show that we only need to modify the complete data update
equations so that § is added to the forward projection in the denominator.

We also note that the COSEM-ML and COSEM-MAP algorithms are in a form suitable for reconstruction
from list-mode data. List-mode versions of the COSEM-ML and COSEM-MAP algorithms may be derived either
by applying transformations as in [25] or by adopting the approach in [26].

For ML and MAP, preliminary results indicate that COSEM-ML and COSEM-MAP are much faster than
ML-EM and the MAP-EM algorithm of [20]. However, COSEM-ML is somewhat slower than RAMLA [6], while
COSEM-MAP is somewhat slower than BSREM [7]. Unlike RAMLA and BSREM, our COSEM algorithms do
not need a user-specified relaxation schedule. We are exploring [19] whether COSEM speed enhancements are

possible without compromising its convergence properties.
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