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ABSTRACT 550

The traditional statistical assumption for interpreting his- 500 -
tograms and justifying approximate query processing meth- 450 |
ods based on them is that all elements in a bucket have 400 |
the same frequency — the so called uniform distribution as- 350
sumption. In this paper we show that a significantly less 300
restrictive statistical assumption — the elements within a 250
bucket are randomly arranged even though they might have 200
different frequencies — leads to identical formulae for approx- 150 Ui,
imating aggregate queries using histograms. This observa- gl —
tion allows us to identify scenarios in which histograms are o 20 40 60 30 100
well suited as approximation methods — in fact we show that Domain

in these situations sampling and sketching are significantly

worse — and provide tight error guarantees for the quality of

approximations. At the same time we show that, on aver- Figure 1: Frequency graph of relation F.
age, histograms are rather poor approximators outside these

scenarios. 550
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1. INTRODUCTION 450 |
Histograms are among the most widely used and extensively 400
studied approximation technique for aggregate queries [6, 5, 350 1
8]. The traditional interpretation of histograms — irrespec- 300 ¢
tive of the type — is that the frequencies of items in a bucket 20 ¢
are approximated by the average frequency of the bucket 200 ¢
and will be used instead of the original frequencies in any iZg Ll L L
computation, for example to estimate the size of the join of o L i el
two relations F' and G. While this interpretation is intuitive 0 20 40 60 80 100
and provides simple recipes for performing operations with Domain
histograms, it suggests that the histogram approximation
of the frequency distribution will work well in the approx-
imation process only if the initial frequency distribution is
smooth and can be locally approximated using the uniform
distribution assumption of histograms. This, as suggested 70
by the following example and apparent from the histogram
literature, turns out not to be strictly necessary; histograms
might work well even when the average frequency in a bucket 50
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Figure 2: Frequency graph of relation G.
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is a very rough approximation of the actual frequency. 5 a0
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EXAMPLE 1. Let F and G be two relations, each with a
single attribute A with domain 1...100. We generate both F
and G to have Zipf distributions with Zipf coefficient 0.5 and
with average frequency 99.54 (as close to 100 but allowing
all frequencies to be integers). In relation F the frequency
is decreasing (see Figure 1); in relation G the frequencies
are randomly shuffled (see Figure 2). Observe from these
figures that the one-bucket histogram approximation of the
frequency, the line at 99.54, is a very poor estimate of the
frequencies, thus we would expect poor performance when we
use one-bucket histograms to estimate the size of the equi-
join of F' and G. In the scenario described above, the one
bucket histogram prediction is always 990821 irrespective of
the shuffling of the domain of G. In the particular case
depicted in the figure, the true size of the join is 981565, a
mere 1% smaller than the prediction; to make sure this is
not happening by chance, we picked 1000 random shufflings
of G and plotted the distribution of |F Xa G| in Figure 8.
Notice that the sizes of the joins are compactly distributed
(within a 10% relative error) around the prediction using the
one-bucket histograms.

As the previous example suggests, even though within a
bucket the uniform frequency approximation is rather crude,
the result of approximating the size of the join is surprisingly
good and statistically stable. This prompts the question:
Why is this happening in spite of the uniform approxima-
tion not holding? As we will show in this paper, the answer
is that a more general statistical hypothesis holds, namely
that the placement of the frequencies in the two relations is
uncorrelated. This observation is the starting point for the
current work and allows us to make the following contribu-
tions with this paper:

e We formulate a new statistical assumption, ran-
dom shuffling of frequencies within a bucket, that is
more general, thus more likely to hold, than the uni-
form frequency assumption. As we will show, this new
assumption does not change the way the histograms
are used for approximating results of queries — thus it
is consistent with all the previous work on histograms
— but, important from a practitioner’s point of view,
explains why and when histograms behave well as ap-
proximators. Statistically, random shuffling assump-
tion holds when there is no correlation between the
frequencies in the two relations being joined, so it is
likely to hold in practice quite often.

e We provide tight error guarantees for unidimen-
sional histograms when the random shuffling assump-
tion holds. [6] is the only other work that provides
tight error guarantees for estimation using histograms,
in this case worst case guarantees. The errors we de-
rive allow us to provide theoretical proof that, when
the random shuffling assumption holds, histograms are
strictly superior to sampling and sketching. At the
same time, we provide compelling theoretical evidence
that, when the random shuffling assumption does not
hold, histograms are, on average, poor approximators
when compared to sampling and sketching.

In the rest of the paper, we first formalize the problem we
are solving in Section 2, followed by the formalization of the
random shuffling assumption in Section 3. We analyze the
behavior of histograms under the random shuffling assump-
tion in Section 4 and compare with the behavior of sampling
and sketching in Section 5. In Section 6 we analyze the be-
havior of histograms when the random shuffling assumption
does not hold, then comment on related work in Section 7
and conclude in Section 8.

2. PROBLEM FORMULATION

The general problem we are trying to solve is approximating
aggregates over joins. As we will show in this section, both
the selectivity estimation and the general SUM-like aggre-
gates over join problems can be rephrased as size of join
estimation problems. Thus all the results developed for the
latter can be extended straightforwardly to the other two
problems. In this paper we focus on unidimensional prob-
lems, postponing the generalization to multiple dimensions
for later work.

Symbol(s) Meaning
F,.G Relations
A Join Attribute
1 Domain of join attribute A
N Size of domain 1
i,5,i,7"  Indices going over domain I
fivgi Frequencies of value i in relations F, G
1.9 Average frequencies in relations F, G
SI(F) > .,c; [, the self join size of F
SqErr(F) Y., (fi — f)?, the squared error of F'

I The Ith bucket of domain I
Z(0) Identity function: 1 when C true,
0 otherwise

o,y Uniform random permutations
X Random variable modeling the query result
X Random variable modeling the contribution

to the result of bucket [

n Number of buckets
N’ Size of the sample

P[p] Probability that predicate p holds

E[X] Expected value of random variable X

Var (X)  Variance of random variable X,

Var (X) = E [X?] - E[X]*
Covariance of random variables X and Y
Cov(X,Y) = E[XY] - E[X]E[Y]

Cov(X,Y)

Table 1: Notation used in the paper.

2.1 Size of Join Problem

Let F and G be two relations, each with a single attribute A
with domain I. Furthermore, let f; and g; be the frequency
of the value i in F' and G, respectively. With this, the size
of join problem is to estimate the quantity:

[FXa Gl =) figi (1)
el

given synopses of relations F' and G (if full information is
available, we can simply compute the sum to get the exact
answer).



2.2 Selectivity Estimation Problem

Let G be a relation with a single attribute A that has the
domain I. Given I’, a subset of I, the selectivity estimation
problem is to estimate the quantity:

lor (G) =) g (2)

el!

where g; is the frequency of value 7 in G.

With Z(C') the identity function, that takes value 1 if condi-
tion C' is true and value 0 otherwise, by simply setting the
relation F' so that f; = Z(i€I’) we have:

|F X4 G| = Zfigi
i€l
=> Z(icl')g
el
= Zgi
el’

= lor (@)

Thus, by choosing appropriate relation ' we can estimate
the selectivity of relation G. These ideas straightforwardly
extend to arbitrary selection predicates on G that depend
on multiple attributes. The actual generalization is omitted
here due to lack of space.

2.3 Aggregates over Joins Problem

Let F' and G be two relations that contain a join attribute A
and possibly other attributes. Let us first look at aggregates
of the from

SUMz, 7. (F¥a G)= > Fr(t L F)Fa(t LG)

EFX 4 G

with ¢ L F the part of the tuple in the join that comes
from relation F' (similarly for G) and Fr and Fg arbitrary
functions. The only requirement for this to work is to be
able to rewrite the expression summed up over the join as
the product of expressions depending on attributes of the
two relations. To evaluate such expressions we observe that:

SUM]:F}'G (F X 4 G)
= > Fr(t LF)Fa(t LG)

S

> >

Fr(t L F)Fa(t L Q)

i€l teEFX 4G t. A=i (3)
(5 ) (5.)

iel \teF,t.A=i 1€G t. A=i
= Z figi

el

where f; and §; are just compact notation for expressions
Yoieriami FF(t) and 3o, 4, Fa(t), respectively. The
important observation is that we can use any method de-
signed for size of join estimation to estimate this aggregate
as well by simply replacing f; by f; and g; by g; since then
the expression in Equation 1 is identical to the last expres-
sion in Equation 3. Thus, computing such aggregates is as
easy as computing sizes of joins; the complexity is in the
join, and not the expression being summed up.

With the ability to compute estimates of aggregates of the
form SUMz, 7, (F Xa G), we can immediately compute
aggregates of the form AVG and STD as well. For exam-
ple, to estimate AVGg(F (A, B) X4 G(A)) we can estimate
SUMpB(F(A,B) Mg Ga) and |F X4 G| and simply take
their ratio.

Since both the selectivity estimation and COUNT, SUM,
AVG and STD aggregate estimation problems can be re-
duced to size of join problems, for the rest of the paper we
will focus only on the size of join problem.

2.4 Comments on Obtaining Error Guaran-
tees from Expected Value and Variance
Estimates

The standard techniques [11, 2] to obtain error guarantees,
i.e. confidence intervals, for an estimate is to compute the
expected value and variance and then to use either distri-
bution independent bounds given by Chernoff’s and Cheby-
shev’s inequalities, or to use distribution dependent bounds.
In the latter case, usually the Central Limit Theorem or one
of its generalizations is used to argue that the distribution of
the estimate is close to normal and then error bounds based
on normal distributions with the same expected value and
variance are produced. For all the estimates in this paper,
either distribution independent bounds could be used to ob-
tain strict characterization of the results or the normal dis-
tribution based bounds since all estimates can be expressed
as weighted sums of independent identically distributed (iid)
random variables so the Central Limit Theorem applies.

In view of the above discussion, in order to simplify the
exposition and the comparison, throughout the paper we
will just provide results in the form of expected values and
variances or squared errors — the variance is equal to the
squared error if the random variable is unbiased. Actual
error guarantees can be obtained straightforwardly using the
above mentioned techniques.

3. RANDOM SHUFFLING ASSUMPTION

Example 1 suggests that the behavior of histograms is in-
teresting when the placement of items in relations F' and G
are uncorrelated — more precisely, the value of the frequency
of the item is independent of the position of the item in the
bucket. In order to make any kind of theoretical analysis,
we have to build a statistical model that will have exactly
this property. As opposed to samples[9] and sketches[2],
histograms are not randomized methods. In order to model
the lack of correlation between join attributes, we have to
set and analyze a probabilistic space over problems and keep
the solution fixed. In order to do this, we start with the uni-
formly random space of permutations o over the domain of
join attributes I, i.e. any of the N! permutations of I is
equally probable, where N = |I| is the size of I. Denoting
by o (%) the value in position ¢ of the o permutation of I, the
random shuffling assumption for a relation F' states that the
frequency of item i is f,(;), a random variable. We will de-
note probabilities in this space by P, and expectations by
E,.

The following properties of the probability space set up



above are important:
- N |
Vi,i'el P, [cr(z)fz}fN (4)
Vigi'€Litj Py [o()=i Ao(j)=i] =0  (5)
Vi g, i, g el it i #5
1 1 (6)

P, [o(i)=i No(j)=4'] = NNV 1

4. HISTOGRAMS UNDER RANDOM SHUF-
FLING ASSUMPTION

In this section we start the analysis of histograms by looking
at their performance when the random shuffling assumption
holds. We start with the simplest case, histograms with a
single bucket, and work our way up to the fully general case.
Throughout this section we use the notation in Table 1.

4.1 One Bucket Histograms

In this section we provide theoretical analysis of the uni-
dimensional size of join problem, as stated in Section 2.1,
under random shuffling assumption. As pointed out in Sec-
tion 2, these results readily extend to selectivity estimation
and other aggregates over joins.

PROPOSITION 1. Let o be a uniformly random permuta-
tion of domain I of size N = |I|. Then, for any i €I and
any frequencies of items in relation G, {g;|j € I} we have:

Es [90)] =7
SqErr(G
Varo'(ga(i)) = Covg(go(,->,ga(i)) = %
L SqErr(G
i z’, Covg(g(,(i),ga(i/)) = 7]\[(N7£1))

PROOF.

By [g00] = 3 g0 By o) = 1]

el

I
|
S

where we used the definition of expectation and Equation 4.
Similarly, we have:

Es [97)] =

|
Q
So
T
—
Q
P
<
=
Il
-
[l

and with this,

Vare (9o()) = Eo [ga()] —
)

where we used the fact that SqErr(G) = SJ(G) — Ng?

For i # i’ we have:

Eo (9o 9oir)] = ZZngkP )=jno(i') =k
gel kel
= Z > 9ok
JeI kel k#j
= dud a—>. g
el kel gel
_72L _ 1
In—1 YOFzmF

where we used Equations 5 and 6 to get the second line and
the fact that Ng = >, g; and definition of SJ(G). With
this we have:

= Eo [901)90(1)] = Bo [9o()] Eo [90(1)]
., N SJ(G)
“IN-1 NN -1

Ng — SJ(G)

- N(N-1)
_ SqErr(G)
N(N -1)

COVU (go'(z) ’ gcr(i/))

2
-9

With this result we obtain the following:

LEMMA 1. Let o be a uniformly random permutation of
domain I of size N = |I|. Let F and G be two relations with
a common attribute A with domain I and frequencies f; and
gi, respectively. Define the random variable over the space
of permutations as X = 3, figs(:), the size of join of F
and o(G). Then:

E,[X]=Nfg

Vare(X) =

1
N1 SqErr(F)SqErr(G)

PROOF.

= fiBs [9:0)]

iel

=gy fi

el
=Nfg



where we used the linearity of expectation and first result
in Proposition 1.

Var, (X) = Var[,(z fi9o(i))

iel

= Z Z fifirCovo (go(iys 9o(ir))

i€l el
2 SqErr SqErr(G)
= Zf Z Z fifu N(N=-1)
i€l i€l i/ el i’ #i
_ SqErr(G) N2 SqErr(G)
= 2 s - T - sa)
_ SqErr(G) (N -1 -2 1
= N1 N SI(F)—Nf +NSJ(F)
_ SqErr(F)SqErr(G)
- N -1
O
We can now prove the following:
THEOREM 1. Let F' and G be two relations. The esti-

mate N fg of |F Xa G| using unidimensional histograms for
both F' and G under the random shuffling assumption is an
unbiased estimator and has squared error

1
N1 SqErr(F)SqErr(QG)

ProoF. The proof is direct using Lemma 1 by observing
that random variable X models the size of the join under
the random shuffling assumption. []

What this theorem tells us is that the way we use one-bucket
histograms is consistent with the random shuffling hypothe-
sis and that we should expect the estimate to be very good
if the hypothesis holds since the variance is inversely pro-
portional to the size of the domain minus one.

For the scenario in Example 1, the variance of the prediction
using the formula in Theorem 1 is 2.53-10° and the standard
deviation is 50309 — remember that the true result is 985392.
Given the fact that most of the mass of a normal distribution
is within two standard deviations, using the theory we just
developed we would expect the error, in most of the cases,
to be at most 2 - 50308/985392 ~ 10% which coincides with
the empirical observations based on Figure 3 we made in
Section 1.

4.2 Histograms with Aligned Buckets

Usually, we can afford to build histograms with hundreds of
buckets, not only one bucket. The natural question to ask
is how can we extend the analysis in the previous section to
multi-bucket histograms.

LEMMA 2. Let Ih,...,I, be an arbitrary bucketization of
domain I into n buckets, i.e. I1,...,1I, form an arbitrary
partition of I. If the random shuffling assumption holds in-
dependently within each of the buckets for relation G then,

by defining random variable X =3, figo(s), we have:

X]=)_|Llfig
=1

SqErr(F)SqErr(Gh)
L] —1

Var,(X) = Z

=1

where ?z and g, are the average frequencies in bucket I; of
F and G, respectively, and SqErr(F;) and SqErr(G)) are the
squared errors of F' and G, respectively, in bucket I;.

Proor. We observe that X can be rewritten as X =
Z? 1 X1 where X; = il flgo(i). Since the random shuf-
fling assumption holds mJependently in each bucket, ran-
dom variables X; are independent and the probability space
over o is simply the product of probability spaces, one for
each bucket. Since each random variable X; behaves now
exactly like the setup in Lemma 1 (i.e. as in the one bucket
histogram case), we have:

=2 Eo[X]
=1

= Z 1| f1g,
=1

and

Var, (X) = Var, (Z X1)

= Z Varq (X;)
1=1

These results, together with the second result in Lemma 1
gives the second result here. [

THEOREM 2. Let F' and G be two relations. The his-
togram estimate >, |Ii|f,9, of |F Xa G| using histograms
with the same bucketization I1,. .., I, for both F' and G un-
der the random shuffling assumption within each bucket is
an unbiased estimator and has squared error

Z\II

SqErr(Fy)SqErr(Gh)

ProOF. The proof follows directly from Lemma 2 []

The same observations that we made for one-bucket his-
tograms hold here as well: (a) the way the histogram is used
is consistent with the random shuffling assumption, and (b)
histograms are likely to have a small error if the hypothesis
holds. Note that we do not have to make any assumption
about the distribution inside a bucket, just the fact that the
arrangement for one of the relations is random.

It is possible to generalize Theorem 2 for the case when
the buckets are not aligned (see Appendix A) if the random
shuffling assumption holds for both relations. This result is
unlikely to be useful in practice since, as noted by Ioannidis
and Christodulakis [5], for maximal error reduction the same
histogram has to be used for both relations.



5. COMPARISON WITH SAMPLING AND
SKETCHES

In this section we compare histograms with two other ap-
proximate query processing techniques: sampling and sketch-
es. We provide here only the comparison for the case when
the random shuffling assumption holds; the comparison for
the case when the random shuffling assumption does not
hold is deferred to Section 6.

5.1 Sampling

Multiple variations of the sampling method have been pro-
posed in the literature. The most important ones, exempli-
fied on the problem of computing |F X4 G|, are:

e Sampling from the base relation[9]: In this type of
sampling, random subsets of relations F' and G are
selected, the query is evaluated on the samples and
scaled up to account for the difference in size.

e Sample Counts: Select a subsample I’ of the domain
I of the join attribute A and maintain exact counts f;
and g; for i € I'. If we do not take samples at exactly
the same points in the domain for the two relations, we
are wasting samples since we can use only the samples
in the intersection. This sampling technique is a small
modification of the sampling scheme in [2]. The only
difference is that it starts the counting of item ¢ from
the beginning not from a random point so the counts
are accurate.

e Sampling from the join. By producing iid samples from
the join, we can simply scale up the number of such
samples to get an estimate for the size of the join. The
problem is that it is hard to produce iid samples out
of join results.[3]

In the theoretical developments in this section we use sam-
ple counts since they are easy to produce and are better
approximators than samples from the base relation. We as-
sume that the choice of the subset I’ is uniformly random;
we do not attempt to pick I’ so that the performance is
improved. If sample counts are maintained for F' and G,
we know the precise values of f; and g; for i € I’ and we
do not know anything about the other frequencies. With
these observations, the estimate based on the sample is the
random variable X = % Zie ;+ figi. This random variable,
thus the estimation using sample counts, is characterized by
the following two results:

PROPOSITION 2. If random shuffling assumption holds for
relation G, the sample count estimator for |F W4 G| that
maintains N' samples has average squared error bounded by:

(N — N")(N —2)

B, 1Br(X)] > S

SqErr(F)SqErr(G)

PrOOF. See Appendix B [

PROPOSITION 3. The sample count estimator for |F My
F|, the self-join size of F, is:

b (5]

i€l el

Err(X) =

PrROOF. See Appendix C []

5.2 Sketches

A full introduction to AMS sketches [2, 1] is beyond the
scope of the paper. The only thing we need here is the
following result:

LEMMA 3. The sketch approrimation obtained by averag-
ing n elementary sketch estimates has squared error:

— | SJ(F) (Z fzgz> -2y fi 91}

i€l i€l

In particular, when F = G, the squared error is upper-
bounded by L SJ(F)?

PRrROOF. For a proof see [1]. [

PROPOSITION 4. If random shuffling assumption holds,

then the error averaging n elementary sketches is lower-
bounded by

1N
N

2 SqErr(F)SqErr(G)

PRrROOF. The result follows directly from Lemma 3, the
fact that SqErr(F) < SJ(F') and the observation that

1
TR D
el el JjeI
1
— _SJ(F
SI(F)SI(G)

O

5.3 Comments on Comparison

We postpone the discussion on how histograms compare
with sampling and sketching for the self join size problem
for Section 6.2. We look here only at the comparison in the
case when the random shuffling assumption holds.

From the result in Theorem 1, we notice that the squared
error of one-bucket histograms is proportional with the prod-
uct of the squared errors of relations F' and G but it is in-
versely proportional with the size of the domain of the join
attribute minus one. The lower bounds on the squared er-
ror for samples, Proposition 2, and sketches, Proposition 4,
is also proportional with the product of the squared errors
of the two relations but it is roughly proportional with the
inverse of the size of the synopsis, N’ for the samples and n
for the sketches. This means that both samples and sketches
need space comparable to the size of the domain of the join
attribute in order to compete with one-bucket histograms.
Given this, we can conclude that, when the random shuffling
assumption holds, histograms are the best approximation
technique by a large margin.



6. HISTOGRAMS WHEN RANDOM SHUF-
FLING ASSUMPTION DOES NOT HOLD

In order to obtain a characterization of how histograms per-
form on general problems, not only in the case when the
frequencies in the two relations are not correlated, we look
at the average behavior of two classes of histograms: his-
tograms with buckets of fixed size and general histograms.
In Section 7 we survey other work that provided theoretical
characterizations of histograms.

6.1 Random Histograms on Arbitrary Prob-

lems
THEOREM 3. Let F' and G be two relations. Let I, ..., I,
be a random partitioning of I, the domain of join attribute
A, with the property that |I;| = N;, a fized and given number.

Then, X = > 1", lejfvii‘flz%?gl is the histogram esti-
mate for |F X G| where the buckets are given by I,. .., I.

Furthermore,

N —n n—1
R e DOUDBUES s DOFLE

jel  jel jerI

where expectation is taken over the probability space in which
all partitionings are equiprobable.

PrROOF. See Appendix D. []

An immediate consequence of the above result is:

COROLLARY 1. Under the same conditions as in Theo-
rem 8 but removing the fized size for each part in the parti-
tion, E [X] remains the same.

PrOOF. Since the expected value of X does not depend
on the particular values of N;, i.e. the average behavior is
the same irrespective of the bucket sizes, the expectation
remains the same irrespective of the particular probability
space over the values N, thus it is the same when we choose
the probability space such that the probability of any of the
partitionings is the same. []

Interestingly, on average, the result estimation using his-
tograms is a linear combination between the estimator of the
one-bucket histogram and the true size of the join. Unfor-
tunately, the weight of the correct term is K,;fl, thus in gen-
eral, histograms will provide accurate estimates only when
n — N unless the one-bucket histogram is accurate. This

only happens when random shuffling assumption holds.

6.2 Random Histograms for Self-join Size

Computation
Using the result in Theorem 3 and its Corollary 1, when the
relation F' is joined with itself, on average, the error due to

bias of histograms is:

bias(X) = <Z figi— E [X])

= (N2 i - vry

~ SqErr(F)?

Since standard error is the sum of the bias and the vari-
ance, when comparing the performance of histograms with
sampling (Proposition 3) and sketches (Lemma 3), we no-
tice that it is not inversely proportional with the size of the
synopsis — it has a slow linear decrease. This means that,
on average, for the self join size problem histograms behave
fundamentally worse than sampling and sketching.

6.3 Comments on End-biased histograms
As we have seen in the previous sections, histograms have
small error when random shuffling assumption holds and
large error, on average, otherwise — for example when self-
join sizes are computed. Interestingly, end-biased histograms
[8] mostly avoid the poor performance when correlations are
present. To see why, we observe that, when the random shuf-
fling hypothesis holds, end-biased histograms behave well
like all other histograms. On the other hand, when frequen-
cies are correlated, the result is going to be dominated by
the high frequencies so the estimation is again precise since
these frequencies are captured accurately.

7. RELATED WORK

The amount of theoretical work on characterizing histograms
as approximation methods for database queries is surpris-
ingly small. Piatetsky-Shapiro and Connell[10] provided the
first theoretical characterization of histograms, by deriving
worst case and average case error guarantees for equi-width
and equi-depth histograms when used for selectivity esti-
mation. The only other theoretical characterizations of his-
tograms, the only one applicable to estimation of aggregates
over joins, can be found in the work of loannidis and his col-
laborators,[5, 7, 6, 8]. Most of this work is concerned with
optimality for histograms, [5, 7, 8], for which, interestingly
enough, the issue of computing the error of histograms can
be cleverly avoided — the technical mean to do this is to
rely on majorization theory instead of a direct optimization.
Most of [6] and small parts of the other papers we men-
tioned are concerned with actual characterizing the error of
histograms but most of the results apply only to one-bucket
histograms — the only exception is worst case error estima-
tion which results in large bounds. Interestingly, the fact
that all histogram estimates are unbiased under the random
shuffling assumption was proved in [5] (Theorem 6.1), but
the result serves there a completely different purpose.

The idea that size of join algorithms can be extended to
other aggregates over joins appeared first in a much simpli-
fied form in [4].

8. CONCLUSIONS

In this paper we showed that the random shuffling assump-
tion, a significantly less restrictive statistical assumption
than uniform distribution within a bucket, is consistent with



the way histograms are used for approximate query process-
ing. Using this observation we derived tight error guaran-
tees for the case when the assumption holds and showed
that, in such cases, histograms are significantly better ap-
proximators than sampling and sketches. On the reverse, we
showed that, when the assumption does not hold, on aver-
age, histograms are inferior to sampling and sketches. These
theoretical developments suggest that none of the methods
dominates the other throughout the problem spectrum; in-
vestigating hybrid approaches might be the key to design
approximation methods that are optimal for all problems.
The work we presented here is just a first step in the right
direction; significant more research is required to obtain a
complete theoretical characterization of histograms.
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APPENDIX
A. GENERAL UNIDIMENSIONAL
HISTOGRAMS

In this section we generalize the result in Theorem 2 to the
general case in which the buckets might not be aligned. As
we showed in Section 4.2, if buckets are aligned, the random
shuffling assumption has to hold only for one of the relations.
If buckets are not aligned, it is necessary for the assumption
to hold for both relations. To obtain the desired result we
first prove:

LEMMA 4. Let I1,...,I, be an arbitrary bucketization of
domain I. Let J1, ..., Jm be another such bucketization. Let
v and o be independent random permutations of domain I
and define X = 3.1 fy()90(:)- Then, random variable X
has to properties:

n m o
X]= ZZflgk‘Il N J
=1 k=1

n m

Vary,-(X) = Z

=1k

|[lﬂJk|
| 12]] J|

|]l n Jk| -1 >
14 R
< (L[ =1)(|Jk[-1)
PROOF. We first have:

Eyo [X1= " Evo [F1)900)]

iel

=3By [f10)] Bo [900)]

iel

SqErr(E)SqErr(Gr) ———
=1

where we used the linearity of expectation and independence
of vand o. If i € I; for some [, then E, [fv(i)} = f,. Toincor-
porate this if condition in the equations we use the identity
function to get Ey [fyi)] = Y1, Z(i € 1) f,. Indeed, only
for [ such that i€ I; the contribution to the sum is nonzero.
Similarly, we have Es [g,(;)] = Ype, Z(i € Ji)g),. With
this:

ZZIZGL leIzeJk

i€l 1=1

= ZZ?lgk > Z(iel Ni€dy)

=1 k=1 iel

= ZZ?@/@M N Jkl

=1 k=1

where we used the fact that ), ; Z(C) is the number of ele-
ments of I satisfying the condition, the number of elements
both in I; and Ji here.



Var%U(X) = VaI'—Y’J (Z f’y(z)ga(l))

i€l

=3 Cova(fyiy, Fri1)CoVo (Go(i)s Gotir))

i€l /el

Using the fact that, for ¢ and 4" within the bucket I;, we can
write

SqErr(F) 1

Covy (fyiys fray) = =1 (0507 — m)

with &, the Kronecker symbol that takes value 1 if i = 4’
and 0 otherwise — this is a simple way to combine Equa-
tions 5 and 6. Now, using the same technique as before to
avoid guessing the bucket in which ¢ and i’ have to be, we
can write

Covy (fy()s F4ii1))

< . . SqErr(F 1
= ZI(ZGIZ)I({GIZ)WE;)((S“/ — m)
P 1 l
Similarly we have
Covo (go(iys 9o(ir))
s SqErr(G 1
Z (i€ Jp)I(3 eJk)Tgf)(éii,—m)

k=1

Using the fact that

1 1
Oisr — = | | Oar — 75—
( \fl|> < |Jk|>

1 1 1
=\1= 5 =77 ) 6w + 77777
( 1 \Jk|> [ 121 Jk]

and substituting back in the expression for Var, . (X), we
get

Vary,(X)
ii SqErr(F,) SqErr(Gr)
=i =1 [k =1
b Z(ie)’*I(i€Jk)’+
|:< |[z |,]k ); iel)I(i k)
T o S TG eI e LTl J)T( €.5)
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=1
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1
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R
( (] =1) (| x| =1)
where we used the fact that Z(C)? = Z(C) irrespective of the
condition C' and that Y., Z(i € [)Z(i € J) = |[INJ,|. O

We now have the main result:

THEOREM 4. Let F' and G be two relations. The his-
togram estimate Y ;. v fi1Gu| i N Jk| of |F Na G| using
histograms with buckets I, ..., I, for F and Ji,...,Jm for

G when the random shuffling assumption holds for both re-
lations within each bucket is an unbiased estimator and has
squared error:

Z i SqErr(F;)SqErr(Gy)

=1 k=1

|1 N Tk
[12]]| Tk

[N Jg] —1
(” <|fz|—1><uk\—1>)

ProoF. Follows directly from proof of Lemma 4 [

B. PROOF OF PROPOSITION 2

LEMMA 5. Let F' and G be arbitrary relations with fre-
quencies fi and g; for i € I, where I is the domain of the
join attribute A. By taking N = |I| and N' = |I'| and set-
ting random variable X to be X = % > e figi sthe sample
estimate of the size of the join, we have:

E[X]= Zfz‘gi
iel
i€l el

PRrROOF. In order to simplify the analysis, we introduce
the random variables Y; that take value 1 if ¢ € I’ and 0
otherwise. If I’ is a random subset of I and 4,3 are arbitrary
elements of I then,

E[Yi]:P[ieI']:%’ (7)
E[Yﬁ]:P[z’eI’]:% (8)
Var (Vi) = B [V/] - E[Y)]
 N'N-N 9)
" N N

i#i, EYiYu]=PlieI' i €T
=Pliel'|P[i'el'liel]

(10)
_N'N' -1
-~ N N-—
i#i,Cov(Y;,Yy) = E[Y:Yy] — E[Y:] E[Yy/]
_ N'(N-N") (11)
- N2(N —1)
_ N'(N—N") N'(N = N')
Cov¥oYo) = TN —1) % ~ v -1 (12)

Using random variables Y; we can rewrite X as:

X = % ZYifigi

iel



With this, we have

E[X] = g ZE[Y figi

i€l

=>_ figs

iel

N2
Var (X) = Nz Z Z figi fir g Cov (Y3, Yir)
i€l i’el
N2 (N — N)
- [ S s
el

Z > figifigi ]

i€l el

- s {sz (Zﬂgﬂ
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With this result we can now estimate the error sample count-
ing makes when the random shuffling assumption holds.

Since, according to Lemma 5, sample counting method is
unbiased irrespective of the problem, we have Err(X) =
Var (X).

E, [Err(X)]
= N]/V N |:NZ€ZIf1 go‘(z)
=[5 H
N - N’
= m [SI(F)SI(G)—
Var, (Z figcr(i)) — Es |:Z figg(i):| :|
N-N’
N 1_ 1SQ[Err(F)SqErr(G) — N2?2§2:|

where we used the fact that Var (X) = E [X?] — E [X]® and
the result in Lemma 1. To get the required inequality we
observe that:

SI(F)SJ(G) — N2F°g?
= (SJ(F) = NJ")(81(G) ~ Ng°)
+NF*(SJ(G) - Ng°) + Ng°SJ(F) = NT*)
= SqErr(F)SqErr(G) + N?QSqErr(G) + Ng°SqErr(F)
> SqErr(F)SqErr(G)

C. PROOF OF PROPOSITION 3

The proof follows directly from the unbiasedness of the es-
timator and by substituting g; by f; in Lemma 5.

D. PROOF OF THEOREM 3

Within bucket I;, the average frequencies of relations F' and
Ejjevl."' 5 and =2 = X

G are , respectively. Since the his-
togram estimate is sum over all buckets over the product of
the size of the bucket and the average frequencies, indeed X
is the histogram estimate.

In order to analyze X, we introduce random variables Y;;
that take value 1 if j € I; and 0 otherwise. Y;; has the
following two properties:

N;
E[Yy)=E[Y]]=Pliel]=" (13)
ji#i, ElYyYiy=P UehAfeb]
-/ .
T NN-1

Using random variables Y;; we can rewrite X as:

X — Zn:Nz Eje[ Yijfi Eje] Yijgi
N; N;

With this, we have:

E[X]
Z - D fi9i BV Yigr)
=1 ]EI] eI
= 2N, Z Z fggy +Zf39a N
i=1 JEI j'el,j'#5

+ ijgj (1— Nl_llﬂ
S DI DR Cas DFE)
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