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Abstract

Given an acyclic network of neurons, we ask how the netwakchitecture and spe-
cific properties of its neurons constrain the computatiomsight be able to perform.

We begin by setting up a framework that allows us to view catapen in acyclic net-

works as transformations that map input spike-trains tputLgpike-trains. We then ask
what transformationall acyclic networks of specific architectures cannot accashpli
that networks of other architectures can. Our neurons atezsgth mathematical objects
that satisfy a small number of axioms, which correspond gxdyaroperties shared by
a vast majority of biological neurons. We show some clastasctitectures, in which

these axioms constrain computation enough so that theyotaiffiect certain types of
transformations, that other networks can. We also proveftinaertain classes of ar-
chitectures, more assumptions need to be made about thensebefore results of this
form are manifested. This type of theory might find applicatin extracting meaning
from connectome data, where only network structure is algbglwhereas information

on dynamical properties of the neurons involved is not.

Isupercedes REP-2009-481.



1 Introduction

Neurons and their networks, fundamentally, are machinasstthnsform spike-trains
into spike-trains. It is these transformations that foren Itlasis of information process-
ing, indeed even cognition, in the brain.

This work is broadly motivated by the following question: Whkanstraints, if any,
do local properties of neurons impose on the computatiobiities of various net-
works? At a coarse level, we would like to say something alanatt specific networks
cannotdo, by virtue of their architecture. Now the answer may depemthe specific
neuron model in use. To mitigate this possibility, we indteasume that the neuron is
an abstract object that satisfies certain axioms that quoresto well-known properties
satisfied by a vast majority of biological neurons. This adraivariety of models as
long as they satisfy the axioms (including ones that are rporeerful than what is
biologically possible). We then ask, if (in spite of this @&duhal power), there exist
specific transformations that cannot be effected by netsvaikh certain architectures.
In order to then rule out the prospect that the transformatiajuestion is so hard that
no network can do it, we also ask for a network (of a differenhdecture) comprising
simple neurons that can in fact effect this transformation.

Since the functional role of single neurons and small néta/an the brain is not
yet well understood, we do not make any assumptions abotityar “tasks” that the
network is trying to perform; we are just interested in phgbispike-train to spike-
train transformations. Furthermore, since the kinds ofralecode employed are still
unclear, we make no overarching assumptions about the Ireada either. We study
precise spike times since there is widespread evidenceh(8tr& Lestienne, 1986;
Rieke et al., 1997) that precise spike time play a role in mition processing in the
brain. Studying spike times also subsumes cases wheragpéte may be the relevant
parameter and therefore there is no loss of generality inmgakis assumption.

In this paper, as a first step, we restrict our study to ac%d'm:tworks of neurons,
i.e. networks that do not have a directed cycle. While eveglsineurons are func-
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while the termfeedforwardnetwork is widely used in the literature to refer to this tygdenetwork,
we prefer to call these acyclic networks to emphasize thegemetworks are not feedforward in the

system-theoretic sense.



tionally recurrerﬁ, acyclic networks quickly settle down to quiescence upaeikeng
no input. On the other hand, recurrent networks have beewrkiiBanerjee, 2006) to
have complex dynamics, in general, even on receiving na ifggwnbounded periods
of time. Also, as a simplifying assumption, we do not treatagtic plasticity effects in
this paper.

Several researchers have studied related questions. inaZPet al., 2003), Poirazi
et al., model a compartmental model of a pyramidal neuramgusiwo layer neural net-
work, assuming rate codes. Bohte et al., (Bohte et al., 200R}edesupervised learning
rule for a network of spiking neurons, where the output isrieted to a single spike in
a given period of observation. Gutig and Sompolinsky (Gé&ti§ompolinsky, 2006)
describe a model to learn spike time decisions. They alse hawask with two out-
comes, which are mapped to notions of presence or absenp&e$sMaass (Maass,
1996) investigates the computational power of networkseafrons relating them to
well-known models of machine computation such as Turing iNfees and Random
Access Machines. Finally, Bartlett and Maass (Bartlett & Ma&003) summarize
some work that analyzes the discriminative capacity of agabded neuron from a
statistical learning theory perspective.

In contrast to all the above approaches, we seek to invéstiha relative com-
plexity of the physical spike-train to spike-train transf@tions that are instantiated by
systems of spiking neurons, without making overarchingiaggions about the under-
lying computational dynamics of the system.

While we have done our best to keep the axioms of the singlenes general and
as biologically faithful as we could, we must remark thatréhare properties assumed
that all biological neurons do not satisfy and known phenmé‘\ewhich we do not
model. Also, as a first step, we have only treated the restrichase of acyclic networks
here’. We therefore see this work as an attempt to ask if the typpmfoeach espoused
here is viable and can bear non-trivial fruit.

Roadmap. In Section 2 we introduce notation used in the remaindereptper. In

3owing to the membrane potential also depending on past bsikes to account for effects during
the absolute and relative refractory periods.
4Synaptic plasticity and gap junctions, for example.

5We are in the process of exploring ways to ask similar questas recurrent networks.



Section 3, we describe our abstract mathematical modekafi¢hiron and motivate its
biological underpinnings. In Section 4, we find that evemals neuron cannot be con-
sistently viewed as a spike-train to spike-train transfation, in general (in a sense that
we will make precise). Notwithstanding this, in Section & prove that, under condi-
tions consistent with spiking regimes observed in-vive, dfiorementioned notions of
transformations are indeed well-defined and corresponaiés anapping finite-length
input spike-trains to finite-length output spike-trainsowéver, these conditions are
also mathematically unwieldy when we try to ask what trarmeftions networks with
specific architectures cannot do. This motivates the dpwedmt of a more tractable
criterion, in Section 6; notably, in Section 7, we prove tiigg more tractable criterion
can be used to prove every complexity result that is acdegsitour more biologically-
realistic criterion and therefore there is no loss of gelitgren using it. Armed with
this framework, in Section 7, we then proceed to set up defirstthat allow us to ask
what transformations networks of specific network architexscannoteffect. Further,
to avert the possibility that the transformation in queasti® so hard that no network
can effect it, we stipulate that there must exist a network different architecture that
can in fact perform this transformation. In Section 8, somsults of this form are
established; First, we show a transformation that a single#on cannot effect but a
network consisting of two neurons can. Next, we prove a teghich shows that a
class of architectures that share a certain abstract ghegainetic property also share in
their inability in effecting a particular class of trangfwations. Also, while this class
of architectures may have arbitrarily many neurons, we saahass of networks with
just two neurons which can effect this class of transforomsti While attempting to
ask how increase in depth of the network constrains the ftvemations it can effect,
we discovered that the current abstract model of the neunes dot adequately con-
strain networks in this respect. That is, with the currentelpwe prove in Section 9
that every acyclic network, having arbitrary depth, hasgnelent acyclic network of
depth equal to two that effecéxactlythe same transformation. The implication of this
result is that we need to add more axioms to the present abstaalel in order for such
results to be manifested. Finally, we close in Section 16 s@me concluding remarks

and directions for future work.



2 Notation and Preliminaries

An action potentialor spikeis a stereotypical event characterized by the time instant a
which it is initiated in the neuron, which is referred to as #gike time Spike times
are represented relative to the present by real numbers,pogitive values denoting
past spike times and negative values denoting future SM A spike-trainz =
(xt,22,... 2% ...) is an increasing sequence of spike times, with every paipiées
times being more than apart, wherex > 0 is the absolute refractory peri%chndxi

is the spike time of spike. An empty spike-traindenoted by, is one which has no
spikes. LetS denote the set of all spike trains.téne-bounded spike-traifwith bound

[a, b]) is one where all spike times lie in the bounded intefgab], for a,b € R. Note
that, owing to the absolute refractory period, a time-baahspike-train is also a finite-
length sequence. L&, ; denote the set of all time-bounded spike-trains with bound
[a,b]. A spike-train is said to have@apin the intervalc, d, if it has no spikes in that
time interval. Furthermore, this gap is said to bderfgthd — c. Two spike-trains are
said to badenticalin the intervalla, b], if they have exactly the same spike times in that
time interval.

We use the terngpike-train ensembl® denote a collection of spike-trains. Thus,
formally, aspike-train ensemblg = (#,...,%,,) is a tuple of spike-trains. Ther-
der of a spike-train ensemble is the number of spike-trains.irFibr example,y =
(¥1,...,Z,) is a spike-train ensemble of order. A time-bounded spike-train ensem-
ble (with bound|a, b]) is one in which each of its spike-trains is time-boundedt{wi
bound|a, b]). Two spike-train ensembles are said tadbenticalin the intervalla, b], if
they have the same order and their corresponding spikesteaie identical in the same
time interval. A spike-train ensembleis said have @apin the interval(c, d], if each
of its spike trains has a gap in the inter{@ld).

Next, we define some operators to time-shift spike-trapikéstrain ensembles, cre-

ate bounded-time spike-trains/spike-train ensemble® fspike-trains/spike-train en-

6The exact location of spike initiation is not important asdaas the spike time is measured as the
time at which the spike passes through a certain fixed poitdraxon, upon initiation.

7Note that this convention implies that larger a spike’s sgtikne, the more ancient the spike is.

8We assume a single fixed absolute refractory period for aitores, for convenience, although our
results would be no different if different neurons had dife absolute refractory periods.



sembles and to assemble/disassemble spike trains imogjptke-train ensembles. Let
7= (zt 2% ... 2% ...) be aspike-train ang = (71, ..., 7,,) be a spike-train ensem-
ble. Theshift operator for spike-traings defined as,(7) = (x! — ¢, 22 —¢t,..., 2% —
t,...). Theshift operator for spike-train ensemblisslefined as;(x) = (o:(71), ..., 0:(Tm)).
The truncation operator for spike-traing defined as follows=(,;(Z) is the time-
bounded spike-train with bourjd, b] that is identical tar in the interval(a, b]. =44 (Z)
and=, ;) () are defined likewise. In the same vei), () is the spike-train that is
identical to in the intervala, o) and has no spikes in the intervatoo, ). Simi-
larly, =_4 (Z) is the spike-train that is identical toin the interval(—oo, b] and has
no spikes in the interval, co). Thetruncation operator for spike-train ensembliss
defined asSp(x) = (Sy(@1):- -+ Zpap (Tm))5 Z@pl(X)s Epap)(X) Efaee) (x) and
E(—,)(x) are defined likewise. Furthermorg,(-) is shorthand foE (). Thepro-
jection operator for spike-train ensemblissdefined adl;(y) = Z;, wherel < i <

m. Letyy, s, ..., 1y, be spike-trains. Th@in operator for spike-traings defined as

Uyl Uy, = %= (W10 - Un)-
=1

3 The Abstract Model

3.1 Assumptions

Our neurons are abstract mathematical objects that are¢ramesl to satisfy a small
set of axioms. First, we informally describe the assumgtitiat underlie the axioms.
Notable cases where the assumptions do not hold are alsiegait. This is followed

by formal definitions. The approach taken here closely vadldhe one in (Banerjee,
2001).

The following are our assumptions:

1. We assume that the neuron is a device that receives input dther neurons

exclusively by spikes which are received via chemical syaa%

2. The neuron is a finite-precision device with fading memad#gnce, the under-

lying potential function can be determin&difrom a bounded past. That is, we

9In this work, we do not treat electrical synapses or ephaptécactions (Shepherd, 2004).
10We do not treat noise, in this paper.



assume that, for each neuron, there exist real numbarsdp, so that the current
membrane potential of the neuron can be determined as adoradtthe input
spikes received in the pa%¥t seconds and the spikes produced by the neuron in

the pasp seconds-!

3. We assume that the membrane potential of the neuron canitbermdown as
a real-valued, everywhere bounded function of the fdr(y; ), wherex is
a time-bounded spike-train, with bouf@ p] andy = (#,...,4,,) is a time-
bounded spike-train ensemble with bodfidY]. Informally, z;, for 1 < i < m,
is the sequence of spikes afferent in synapsethe pastl’ seconds and, is
the sequence of spikes efferent from the current neuronarp#istp seconds.
The functionP(-) characterizes the entire spatiotemporal response of tire ne
ron to spikes including synaptic strengths, their locabondendrites, and their
modulation of each other’s effects at the soma, spike-wafien delays, and the

postspike hyperpolarization.

4. Without loss of generality, we assume the resting menaypatential to b®. Let
7 > 0 be the threshold membrane potential. Observe that the natidels for
variable thresholds, as long as the threshold itself is atfom of spikes afferent
in the pastY seconds and spikes efferent from the present neuron in gte pa

seconds.

5. The neuron outputs a spike wheney¥r) = . Additionally, when a new out-
put spike is produced, we assume that the membrane potiemtreddiately goes
below threshold. That is, the membrane potential functiothe abstract model
takes values that are atmost that of the threshold. Thisrgssan is made with-
out loss of generality and helps ease the formulation of is¢ract model.

6. Owing to the absolute refractory periad> 0, no two input or output spikes can
occur closer than. That is, SUpposg&, = (x}, z3, ..., xh), wherez} < a. Then

P(x;Zo) <, for all “legal” x.

7. Past output spikes have an inhibitory effect, in the foilg sensé?:

11,0 corresponds to the notion délative refractory period.

12This is violated, notably, in neurons that have a post-iitiifp rebound.
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P(x; 7o) < P(x;¢), for all “legal” x and.

8. Finally, on receiving no input spikes in the p&sseconds and no output spikes

in the pasip seconds, the neuron settles to its resting potential. Bhat i

- =

An acyclic network of neurongnformally, is a Directed Acyclic Graph where each ver-
tex corresponds to an instantiation of the neuron modeh soime vertices designated
input vertices (which are placeholders for input spikeasgs and one neuron desig-
nated the output neuron. Thiepthof an acyclic network is the length of the longest

path from an input vertex to the output vertex.

3.2 Formal Definitions

Next, we formalize the above notions into a rigorous definitf a neuron as an abstract
mathematical object which is followed by some more defingioThe reader may skim
these on the first reading and revisit them if a specific texdipoint needs clarification

later on.

Definition 1 (Neuron) A neuronN is a 7-tuple{a, T, p, 7, A\, m, P : S[’&T} X Sjo,p] =

[\, 7]), wherea, T, p, 7 € R* with p > a, A € R~ andm € Z*. Furthermore,

1. f %y = (xf,23,...,2k) with 2} < o, thenP(x;7,) < 7, forall x € S[’(’;‘m and

for all Sz"o € S[Qp].

—.

2. P(x; %) < P(x; ¢), forall y € SE{;T] and for allZ, € S -

3. P(($, ¢, 0);0) = 0.
A neuron is said t@enerate a spikevheneverP(-) = .

Definition 2 (Network Architecture) A Network ArchitectureA is as-tuple(G(V, E), I, 0, # :
{1,2,...,|I|]} — I,{#. : {1,...,indegree(v)} — V | v € (V — I)}) where



G(V, E) is a directed grapW with input vertices C V, ant4 output vertexo € V,
a bijection# : {1,2,...,|I|} — I that numbers the input vertices and a bijection
#, : {1,... indegree(v)} — V, for each vertex» € (V — I), that numbers the

vertices incident on the in-edges«afFurthermore,

1. Foreachy € I, indegree(v) = 0.

2. outdegree(o) = 0.

Definition 3 (Acyclic Network Architecture) A Network Architectured(G(V, E), I, 0, # :
{1,2,..,|I|} = I,{#, : {1,...,indegree(v)} — V |v € (V —1)}) is called an
Acyclic Network Architecturé G/(V, E) is an acyclic graph.

Definition 4 (Network). A Network is a3-tuple (A, N,L : (V — 1) — N) where
A(G(V E), I0,# : {1,2,...,|I|} = I[,{#,: {1,... indegree(v)} =V |ve (V-
I)}) is a network architecturéy is a set of neurons and: (V' —I) — N is a bijection
that maps non-input vertices 6f to neurons inV such that the following is true: For
everyv € (V —1I), that has(v) = N(a, T, p, 7, A\, m, P : Sy X Sjo,0) — [A, 7]), we
haveindegree(v) = m. Further,L(o) is called theoutput neuron

Definition 5 (Acyclic Network). An Acyclic Network\V (A, N, L : (V —I) — N) is
one whose network architecturkis acyclic.

Definition 6. In an acyclic networkV'(A4, N, L : (V —I) — N), thedepthof a neuron
N € N is the length of the longest path from an input vertex.td(N).

Definition 7. Thedepthof an acyclic networkV (A, N, L : (V —I) — N) is the depth
of its output neuron.

4  Acyclic Networks as Input-Output transformations

As mentioned earlier, we wish to look at acyclic networks@dirons as transformations

that map input spike-trains to output spike-trains. Thanefwe first need to clarify in

13A directed edge represents the fact that thegdleastone synapse from the neuron represented by
the outgoing vertex to the neuron represented by the inapreéniex. TheP(-) function of the efferent
neuron gets only one spike-train from the afferent neurahearcodes the response of all the synapses
from the afferent neuron.

14In this work, we only study networks with a single output raur

9



t=1t t=0

| | | Output spike train
| | | when the 1st input
spike is absent

Membrane potential
when the 1st input
spike is absent

Output spike train

Membrane potential
with AHP
effects

Membrane potential
after ignoring
AHP effects

| | | | | | | Input spike train

PAST 1st input spike

Figure 1. This counterexample describes a single neuronhnims just one afferent
synapse. Until timé&’ in the past, it received no input. After this time, its inpuasv
spikes that arrived every — 6/2 seconds, wheré > 0. An input spike alone (if
there were no output spikes in the passeconds) can cause this neuron to produce
an output spike. However, if there were an output spike withie pasty seconds,
the afterhyperpolarization (AHP) due to that spike is sigfit to bring the potential
below threshold, so that the neuron does not spike curteiéytherefore observe that

if the first spike of the input spike-train is absent, then dlput spike-train changes
drastically. Note that this change occurs no matter howndfte shaded segment in the

middle is repeated, i.e. it does not depend on how long agbritepike occurred.

what sense, if at all, these networks constitute the sandtoamations.

Let us first consider the simplest acyclic network, namegydimgle neuron. Given
that our abstract neuron model does not explicitly prescab output spike-train for
a given input spike-train, we need to ask what it means forwaareto producean
output spike train, when supplied with an input spike-traRecall, from the previous
section, that the membrane potential of the neuron depestasity on the input spikes
received in the past seconds, it also depends on the output spikes produced iy it i
the pastp seconds. Therefore, knowledge of just input spikes in trs Paseconds
does not uniquely determine the current membrane potdatial therefore the output

spike-train produced from it). It might be tempting to them®how use the fact that
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% Second
consistent

S output

% First
% consistent
7 output

| | | | | | L nput

Figure 2: The counterexample here is very similar to the arféigure 1, except that,
instead of there being no input spikes beftreve have an unbounded input spike-train
ensemble, with the same periodic input spikes occurringesthe infinite past. The
neuron here has the exact same response as the one in Figresgérve that both

output spike-trains are consistent with this input, forteae R.

the past output spikes are themselves a function of inpubatplit received in the more
distant past, and attempt to make the membrane potentiatida of a bounded albeit
larger “window” of input spikes alone. The counterexammsdatibed in Figure 1 shows
that this does not work. In particular, the current membyaotential of the neuron may
depend on the position of an input spike that has occurrattaily long time ago in the

past (if we attempt to characterize the membrane potergtialfanction of input spikes
alone). One is then forced to ask if given the infinite histofynput spikes received
by the neuron, the membrane potential is then uniquely chétexd. Before we can
answer this question, we need to rigorously define when weagasistently associate
an (unbounded) output spike-train with an (unbounded)tispike-train ensemble, for

a single neuron.

Definition 8. An output spike-trairr, is said to beconsistentith an input spike-train
ensembley, with respect to a neurd(a, Y, p, 7, A, m, P : SE&T] X S, = N 7)), if

the following holds. For every € R, t € %, if and only if
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P(E[O,T](Ut<x>)a E[o,p]<0t(fo)) =T.

The question we posed now becomes equivalent to the folpwirfror every (un-
bounded) input spike-train ensembkledoes there exist exactly one (unbounded) output
spike trainz,, so thatz, is consistent withy with respect to a given neurdd? Inter-
estingly, we find that the answer is still in the negative. Thenterexample in Figure 2
describes a neuron and an infinitely long input spike-trainich has two consistent
output spike-trains.

Now, it could be argued that the input spike-train cannosdg be infinitely long,
since every neuron begins existence at a certain point i. tifowever, this begs the
question of if the neuron was at the resting potential whenfitst input spikes ar-
rivedt®. An assumption to this effect would be significant, pareelyl if the current
membrane potential depended on it. It is easy to construekample along the lines
of the example described in Figure 1, where the current mangbpotential is differ-
ent depending on whether this assumption is made or not. nAisguinfinitely long
input spike-train ensembles, on the other hand, obviaes\@ed to make any such
assumption. We retain this viewpoint for the rest of the papéh the understanding
that the alternative viewpoint discussed at the beginnirigis paragraph can also be
expounded along similar lines.

Nevertheless, the underlying difficulty in defining evergé&mneurons as spike-train
to spike-train transformations, with both viewpoints dissed above is dependence, in
general, of current membrane potential on “initial statédwever, this still leaves open
the possibility of considering just a subset of input/ottgpike trains, which have the
property of the current membrane potential being indepeinotethe input spike-train
beyond a certain time in the past. Such a subset would extihgdexamples discussed
in this section. The caveat, of course, is that even if suclbaes exists, unless itis also
biologically well-motivated, claims of subsequent resuiaving biological relevance
are questionable.

In what follows, we come up with a biologically-realisticradition that implies in-
dependence as alluded to above; roughly speaking, thetaonii that if a neuron has

had a recent gap in its output spike-train equal to atlegisk its relative refractory

15Note that our axiomatic definition of a neuron does not additeis question.
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period, then its current membrane potential is indepenadtethie input beyond the rel-
atively recent past. We show that this leads to the notiorpiiestrain to spike-train

transformations to be well-defined for acyclic networks.

5 The Gap Lemma and Criteria

In this section, we devise a biologically well-motivatechddion that guarantees in-
dependence of current membrane potential from input spikgsend the recent past.
This condition is used in constructing a criterion for ssgkurons which when satis-
fied, guarantees a unique consistent (unbounded) outka-gjiin. After this, similar
criteria are defined for acyclic networks.

For a neuron, the way input spikes that happened sufficiewttier affect current
membrane potential is via a causal sequence of output sgi&asal in the sense that
each of them had an effect on the membrane potential whilsihsequent one in the
sequence was being produced. The condition in the Gap Lenasiadlly seeks to
break this causal chain.

To see the main idea that leads to the condition, suppose éxests a neuron, with
T andp being the lengths of input and output windows respectivblyt “effects” the
transformation shown in Figure 3(a). L&t —t) > Y. Suppose, the spikes in the
shaded region (which is an interval of lengthoccurred at the exact same position,
for all input spike-train ensembles that are identical ia tAngelt, ¢'], but have spikes
occurring at arbitrary positions older than time instanThen, the membrane potential
of that neuron at is identical in all those cases. Furthermore, the spikesarshaded
region are a function of exactly the input spikes in the waeéft, ¢']; in particular, they
are independent of input spikes occurring befreThe question is what condition
will guarantee such a situation. Let us suppose we choosshidided region to have
no spikes, i.e. to be gap of lengthp. Now, just requiring this does not imply that
this gap is preserved when input spikes sufficiently old denged. This is clear from
the counterexample that was described in Figure 1, whenepan spike arbitrarily old
when removed, causes a spike, where a gap of length atliéest existed previously.
We need some additional constraints. How about if the gap Weager? Curiously, we

find that a gap oRp instead suffices, as the next lemma shows. That is, if theoneur
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(a) The idea behind the Gap Lemma.
t+p+ 7Y t+2p t4p t
: 1 p 1 p
; ; ; OUTPUT
: : : INPUT
PAST < T >

(b) lllustration accompanying the Gap Lemma.

Figure 3:

effects a transformation with2p gap, say ending at present in the output, then there
exists at’, such that no matter how input spikes older thiaare changed, the latter
half of the2p gap is guaranteed to have no spikes in each case. Therefenghnane

potential starting at, is the same in all such case8p is also the smallest gap for
which this works. The details are in the following lemma. g 3(b) accompanies the

lemma.

Lemma 1 (Gap Lemmy Consider a neurom(a, T, p, 7, A\, m, P : Sfﬁr] X Sjo,] —
[\, 7]), a spike-train ensemble* of orderm and a spike-traing; which has a gap in
the interval[t, t + 2p|, so thatz; is consistent with¢*, with respect td\. Letx be an
arbitrary spike-train ensemble that is identical {0 in the interval[t,t + T + p).
Then, every output spike-train consistent wjttwith respect td\, has a gap in the
interval [t,t + p]. Furthermore,2p is the smallest gap length iff;, for which this is

true.

Proof. Since, in eacl¥, consistent withy, the interval[t + 2p,t + 3p] of #, and the
[t+ Y+ p,t + Y + 2p| of x are arbitrary, the sequence of spikes present in the in-

terval [t + p,t + 2p] of Z, could be arbitrary. Howevery* and y are identical in

14



[t,t + p + YT]. Thus, it follows from Axiom 2 in the formal definition of a nean
that for everyt’ < [t,t + p|, P(Ej1(ov (X)), Ejp,g (0w (Zo))) is at most the value
of P(Zpx)(0v(X")), Zpo,p (0w (Z5))) , becausesy (o (75)) is ¢, i.e. empty. Since
P(Z0,1)(0v (X)), Ejo,p (0w (Z5))) is less thamr for everyt’ € [t,t + pl,
P(Z0,11(01 (X)), ZEjo,p (0 (%0))) is less thamr in the same interval, as well. Therefore,
¥, has no output spikes i, ¢ + p|.

That2p is the smallest possible gap lengthaip for this to hold, follows from the
example in Figure 1, where the present conclusion did nat,ivhenz? had gaps of

length2p — ¢, for arbitrary > 0.
O

Corollary 1. Consider a neuroN(a, T, p, 7, A\, m, P : S{&T] x S, — [NT]), a
spike-train ensemblg* of orderm and a spike-traing; which has a gap in the interval

[t,t + 2p] so thatZ} is consistent with*, with respect td\N. Then
1. Every#, consistent with¢*, with respect td\, has a gap in the intervdt, ¢ + p|.

2. Everyz, consistent withy*, with respect td\, is identical tozy in the interval

(—o0,t + p|, i.e. into the future starting fromh+ p.

3. For everyt’ more recent thait + p), the membrane potential &t is precisely a

function of spikes i ¢ v, (X*)-

Proof sketch.(1) follows immediately from the Gap Lemma, when we get x*. To
see that (2) and (3) hold, note that for each time instant ieypthe spikes in the
input and output window are identical and therefétg) yields the same membrane
potential in each such time instant. Formaﬂ@(Z) can be proved by strong induction

on the number of spikes sin¢and (3) follows from (2) and the Gap Lemma.
O

The upshot of the Gap Lemma and its corollary is that whenaveeuron goes
through a period of time equal to twice its relative refragtperiod where it has pro-
duced no output spikes, its membrane potential from theneaores independent of

input spikes that are older th&h+ p seconds before the end of the gap.

16A more formal proof is available in the Appendix.
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Large gaps in the output spike-trains of neurons seem to temsxely prevalent
in the human brain. In parts of the brain where the neurorieegpersistently, such
as in the frontal cortex, the spike rate is very low (0.1HH2p(Shepherd, 2004). In
contrast, the typical spike rate of retinal ganglion cedla be very high but the activity
is generally interspersed with large gaps during which rikespare emitted (Nirenberg
etal., 2001).

These observations motivate our definition of a criterianriput spike-train ensem-
bles afferent on single neurons. The criterion dictatesttieae be intermittent gaps of
length atleast twice the relative refractory period in atpatispike-train consistent with

the spike train ensemble.

Definition 9 (Gap Criterion for a single neuranfror 7' € R, a spike-train ensemble
is said to satisfy &-Gap Criterion for a neuroN(a, Y, p, 7, A\, m, P : S(&T] x Sjo,p] —
[\, 7]) if the following is true: y is of orderm and there exists a spike-traify with at
least one gap of lengtkp in every interval of time of lengtid” — T + 2p, so thatz is

consistent withy with respect ta\.

Such input spike-train ensembles also have exactly onestensoutput spike-train,

as shown next.

Proposition 1. Let y be a spike-train ensemble that satisfies a T-Gap criteriorafo
neuronN(e, T, p, 7, \,m, P : Sy % Spp,) — [A, 7]). Then, there is exactly one spike-

train 2y, such thatr; is consistent withy, with respect ta\.

Proof. Sincey satisfies &-Gap criterion, there exists a spike-trainwith at least one
gap of lengti2p in every interval of time of lengtli’ — T + 2p, so thatr, is consistent
with x with respect td\. For the sake of contradiction, assume that there existhano
spike-trainz{, not identical tar,,, which is consistent witly, with respect ta\. Let?’
be the time at which one spike-train has a spike but anothesrdo Lett > ¢’ be such
that®, has a gap in the intervél, ¢t + 2p]. By Corollary 1 to the Gap Lemma, it follows
that) is identical toz, starting from time instant-+ p. This contradicts the hypothesis
thatz| is different fromx, at t'.

O

For an input spike-train ensemblethat satisfies &-Gap criterion for a neuron,

the membrane potential at any point in time is dependentrmostt” seconds of input
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Figure 4: lllustration demonstrating that for an input gpdonfigurationy that satisfies
aT-Gap criterion, the membrane potential at any point in timédpendent on atmost

T seconds of input spikes in before it.

spikes iny before it. This can be seen from Figure 4, which illustrates@ion of the
input spike train ensemble and the output spike-train. Beeadf thel-Gap criterion
the distance between any two gaps of lengthon the output spike-train is atmost
T — T — 2p. Upto the earlier half of o gap (whose latest point is denoted Hyis
dependent on input corresponding to the previugap. The membrane potentialtat
depends on input spikes in the interval of lengthas depicted.

With inputs that satisfy th@&-Gap Criterion, here is what we need to do to physically
determine the current membrane potential, even if the melnas been receiving input
since the infinite past: Start off the neuron from an arbjtistate, and drive it with
input that the neuron received in the passeconds. The Gap Lemma guarantees that
the membrane potential we see now will be identical to thesdechembrane potential.

The Gap Criterion we have defined for single neurons can beallgtextended to
acyclic networks. The criterion is simply that the inputkgptrain ensemble to the net-

work is such that every neuron’s input obeys a scaled Gagrianit for single neurons.

Definition 10 (Gap Criterion for an acyclic network)Consider an acyclic network
N(AN,L: (V —1I)— N). Letd be the depth of\. Let N; C N, for1 < i < d,
be the set of neurons iV of depthi. ForT € R*, a spike-train ensemblgis said to
satisfy ar’-Gap Criterion for the acyclic network’ if y is of order|/| and the following

are true:

1. For eactN € Ny, the input spike-train ensemble received\gynamely
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Figure 5: Schematic diagram illustrating how the Gap dotemworks for the simple
two-neuron network on the left. The membrane potential ef dhtput neuron at
depends on input received from the “intermediate” neursndepicted in the darkly-
shaded region, owing to the Gap Lemma. The output of thenrgdrate neuron in the
darkly-shaded region, in turn, depends on input it receinede lightly-shaded region.
Thus, transitively, membrane potential of the output newtd is dependent atmost on

input received by the network in the lightly-shaded region.

indegree(v)
4|;|1 ILy—12,a) (x), satisfies 4 )-Gap Criterion folN, wherev = L~'(N).
2. Fori = 2,...,d respectively, for each € N;, the input spike-train ensemble

received byN satisfies &% )-Gap Criterion forN.

As with the criterion for the single neuron, the membranesptil of the output
neuron at any point is dependent on atnibsteconds of past input, if the input spike-
train ensemble to the acyclic network satisfiés-&ap criterion. The situation is illus-

trated in Figure 5. Additionally, the output spike-trairuisique.

Lemma 2. Consider an acyclic netwotk’ (A, N, L : (V —1I) — N). Lety satisfy al-
Gap criterion forA/. ThenA produces a unique output spike-train when it receiyes
as input. Furthermore, the membrane potential of the outgutron at any time instant

depends on atmost the passeconds of input iry.

Proof sketch.That the output spike-train is unique can be proved by a gtioeuction
argument, upon noting that the output spike train of eachrameis unique, since it

satisfies a Gap criterion for a neuron.
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To prove that membrane potential at any point is dependeatroost” seconds of
past input, we essentially formalize the observations niadiégure 5. The full proof

is in the Appendix. ]

We are thus at a juncture where questions we initially askedeven be posed
in a rigorous manner. So looking back at the big picture, we indially wished to
see acyclic networks as transformations that mapped firigth input spike-trains to
finite-length output spike trains. However, we found thas totion was not always
well-defined. We then showed that if we restrict the set ofitrgpike-trains so they sat-
isfied certain criteria, one can consistently speak of dugpike-trains that such inputs
are mapped to, by the acyclic network in question. We alsedchttat this restricted
set of spike-trains seems to encompass biologically-aelespiking regimes. Thus,
acyclic networks can be seen as transformations that mapdhtricted set of input
spike-trains to output spike trains. Indeed, this will be ffense in which acyclic net-
works are treated as transformations henceforth. Nextoweadlize these observations.

Given an acyclic network\/, let G} be the set of all input spike-train ensembles that
satisfy ar-Gap Criterion forV. Let Gy = Upep+ G1-. Therefore, every acyclic net-
work A induces a transformatiofy : Gy — S that maps each spike-train ensemble
in G, to a unique output spike train ifl. Suppos&;’ C Gu. Then, letTy | : G — S
be the map defined &5/|s/(x) = Ta(x), forall y € G'.

The Gap Criteria are very general and biologically well-weatiéd. However, given
a neuron or an acyclic network, there does not appear to basgney to characterize
all the input spike-train ensembles that satisfy a certaap Griterion for it. So, for a
neuron, whether an input spike-train ensemble satisfiegoaCG&gerion for it seems to
depend intimately on the exact form of its membrane potEtietion. Thatis, a spike-
train ensemble that satisfies a Gap criterion for one neuray mot satisfy any Gap
Criterion for another neuron. For an acyclic network, thebpgm becomes even more
difficult, since intermediate neurons must satisfy Gap @atend also produce output
spike-trains that satisfy Gap Criteria for neurons furth@wdstream. Furthermore, in
order to compare transformations effected by two differettvorks, we need to study
inputs that satisfy some Gap criterion for both of them, ftreowise the notion of
a transformation may no longer hold. Now, we sought to asktwiaasformations

all acyclic networks with a certain architecture could not daor this, we need to
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characterize inputs that satisfy a Gap Criterion for all teémorks involved, which
seems to be an especially formidable, even intractablé)gm

This brings up the question of the existence of anotherr@iteaccording to which
the set of spike-train ensembles is easier to charactardzéesaommoracross different
networks. Next, we propose one such criterion and show thahisists of spike-train
ensembles which are a subset of those induced by the Gapecfaeall acyclic net-
works. Loosely speaking, these are input spike-train ebteswhich, before a certain
time instant in the past, have had no spikes. The spike-tnasembles satisfying the
said criterion, which we call the Flush criterion, allow ossidestep the difficult issues
just discussed. While this is a purely theoretical constwitit no claim of biological
relevance, in Section 7, we show that there is no loss byieasg ourselves to the
Flush criterion. That is, not only is a complexity resultyed using the Flush criterion
applicable with the Gap criterion, every complexity resulie with the Gap criterion

can be proved by using the Flush criterion exclusively.

6 Flush Criterion

The idea of the Flush Criterion is to force the neuron to predouc output spikes for
sufficiently long so as to guarantee that a Gap criterion iisgogatisfied. This is done
by having a semi-infinitely long interval with no input spgkeT his “flushes” the neuron
by bringing it to the resting potential and keeps it theredorappropriately long time,
during which it produces no output spikes. In an acyclic rekythe flush is propagated
so that all neurons have had a sufficiently long gap in thepuispike-trains. Note that
the Flush Criterion is not defined with reference to any acywéitwork. We formalize

this notion below.

Definition 11 (Flush Criterion) A spike-train ensemblg is said to satisfy &-Flush
Criterion, if all its spikes lie in the intervaD, 77, i.e. it has no spikes before time instant

T and after time instant O.

First, we show that an input spike-train ensemble to a netlrahsatisfies a Flush

criterion also satisfies a Gap criterion. Figure 6 accongsatfie following lemma.
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Figure 6: lllustration showing that an input spike confidgima satisfying a Flush Cri-

terion also satisfies a Gap Criterion.

Lemma 3. An input spike-train ensemble for a neuron that satisfies &-Flush Cri-

terion also satisfies &' + 27 + 2p)-Gap Criterion for that neuron.

Proof. The neuron on being driven bycannot have output spikes outside the interval
[—T,T]. This easily follows from Axiom 2 and 3 of the neuron becaingerteuron does
not have input spikes before time instantand in the interval—7, 0] and onwards.
Now to see thay satisfies 7" + 271 + 2p)-Gap Criterion, recall that with a’-Gap
Criterion, distance between any two gaps of lerigtn the output spike-train is atmost
T — Y — 2p. With x, we observe that the distance between any 2w@aps on the
output spike-train is atmost + Y. Thus, 7" — YT — 2p = T + T, which gives us
T =T+ 27 + 2p. The result follows.

O

Next, it is shown that an input spike-train ensemble to arléacyetwork satisfying

a Flush criterion also satisfies a Gap criterion for that oekw

Lemma 4. An input spike-train ensemble for an acyclic network that satisfiesZe
Flush Criterion also satisfies @7+ d(d+1)Y + 2dp)-Gap Criterion for that network,
whereTY, p are upper bounds on the same parameters taken over all tremein the

network and/ is the depth of the network.

Proof. Following the proof of the previous lemma, we know that negrthat receive
all their inputs fromy have no output spikes outside the interjaall’, 7. Similarly,

neurons that have depth 2 with respect to the input verti€eseonetwork have no

21



output spikes outside-27, T]. Likewise, the output neuron, which has degthhas
no output spikes outside-dY, 7). It follows that the output neuron obeys(& +
(d+ 1)Y + 2p)-Gap Criterion. Also, every other neuron follows this ciib@rbecause
the distance between ti2@ output gaps for every neuron is atmost that of the output
neuron, since their depth is bounded from above by the defptheocoutput neuron.
Thus, from the definition of the Gap criterion for acyclic wetks, we have that
satisfies dd7" + d(d + 1)Y + 2dp)-Gap Criterion for the current network.

O

The Flush criterion is a construct made for mathematica¢dignce and prima facie
does not have any biological relevance. It is a network{pedeent criterion which
enables us to circumvent difficulties that working with thep&riterion entailed. It will
soon become clear why it is a useful construction, when wershat it is equivalent to

the Gap criterion insofar as the questions we seek to asloacemed.

7 Transformational Complexity

In this section, we define notions of relative complexity efssof acyclic networks
of neurons, with respect to transformations effected bynthEor brevity, we refer to
these notions a$ransformational Complexity What we would like to capture with
the definition is the following: Given two classes of netwemkith the second class
encompassing the first, we wish to ask if there are networksarsecond class whose
transformation cannot be performed by any network in the ¢iesss. That is, do the
extra networks in the second class make it richer in termsaoisformational power?
The classes could correspond to ones that contain all nletwaith specific network
architectures, although for the purpose of the definitibere is no reason to require
this to be the case. While comparing a set of networks, weicestirselves to inputs
for which all the networks satisfy a certain Gap Criterioro(igh, not necessarily for
the samél’), so that the notion of a transformation is well-defined amitiput set, for

all networks under consideration.

Definition 12 (Transformational Complexity)Let ¥; and >, be two sets of acyclic

networks, each network being of order with ¥, C X,. DefineGi, = ey, s, G-
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Y, is said to bemore complex thaix;, if IV’ € X, such thatV A/ € 3,
7-./\/’/’912 7£ TN‘Q12'

Note thatG,, is always nonempty, becaugg, contains all inputs satisfying the Flush
criterion. Henceforth, any result that establishes a igiahip of the form defined
above is called aomplexity result.

Before we proceed, we introduce some useful notation. Lesé¢hef spike-train
ensembles containing exactly spike-trains that satisfy the T-Flush criterion B¢ .
Let Fro = Uper+ FI. What we have established in the previous section is&hat
Gy, for every acyclic networld/ that has exactlyn input vertices.

Next, is the main lemma of this section. We show that if one<laf networks is
more complex than another, then inputs that satisfy thehRGrgerion are sufficient to
prove this. That is, to prove this type of complexity resalte can work exclusively
with Flush inputs without losing any generality. This is wfivious because Flush in-
puts form a subset of the more biologically-realistic Gapits. \We provide an informal

proof sketch below; the full proof is available in the Append

Lemma 5 (Equivalence of Flush and Gap Criteria with respect to Tranmsétional
Complexity) Let >; and 3, be two sets of acyclic networks, each network being of
order m, with ; C Y,. Then,X, is more complex thaix; if and only if 3N’ € X,
such thatV N € %y, Tar |7, # Tal 7, -

Proof sketch.One direction is easy. By using Flush inputs if we can show gptexity
result, that holds for Gap inputs too, becausg C Gi». To show the other direction,
we assume a complexity result proved using Gap inputs argtreat Flush inputs such
that the result can be shown using those Flush inputs alooe. S\Wppose\V’ € 3, be
the network such that no network ¥y effects the same transformation &%, when
restricted to the sef;,. Now, consider arbitrar)\V € ;. There must exist § € G
such thatTy |-, (x) # Tx|=, (x). By definition, thisy satisfies &73-Gap Criterion for
N and al;-Gap Criterion fort\”. LetT = max(71, Ty). The claim is that ify is cut up
into “chunks” of length27’, where each “chunk” satisfies a 2T-Flush criterion, thén
and N’ will map atleast one of those chunks to different output sikins, since the
output in the latter half of the chunk is identical to that lne tcorresponding segment

of x. This process when “completed” for eath € ¥, yields a subset of Flush inputs,
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using which the complexity result can be established. m

Assured by this theoretical guarantee that there is no lbgsrerality by doing so,
we will henceforth only work with inputs satisfying the Flu€riterion, while faced
with the task of proving complexity results. This buys us eagrdeal of mathemati-
cal expedience at no cost. From now on, unless qualified wiber when we say a

transformation we mean a map of the forfh : 7, — S.

8 Complexity results for the abstract model

In this section, we prove some complexity results for neksavhose neurons obey the
abstract model of the neuron described in Section 3. Beforpraeeed, a couple of
remarks are in order.

For two sets of acyclic networkg;; and, with ¥; C ¥, in order to prove that
Y, Is more complex thaik,, it is sufficient to show a transformatioh : 7, — S that
no network present it;; can perform, while demonstrating a networkdin that can
effect it. This involves constructing such a transformatioe. prescribing an output
spike train for every element i,,,. Recall thatF,, consists of spike-train ensembles
of orderm, with the property that for each such ensemble there exiptssdive real
numberT’, so that the ensemble satisfie§ & lush criterion. In practice, however, it
usually suffices to prescribe output spike trains for a smatiset’ of elements of
Fm, and prove that no network in; can map the input spike trains in that subset to
their prescribed outputs. The second step would involvexhesnating a network it
that maps this subset &, to the prescribed output, while mapping the resf#of to
arbitrary output spike trains. Strictly speaking then,tthesformatiory : 7, — S we
are prescribing comprises the mapping fr@iy to output spike trains, as effected by
this network in3,. For convenience however, we will refer to the mapping pibsd
for some small subset ¢f,, and call it the prescribed transformation.

Now, the perceptive reader might wonder if allowing inpuatisgying theT-Flush

Criterion, for arbitrarily larg€el’, is contrived, particularly since physiologically it is

17a|beit typically one that contains, for each positive raaiier?’, atleast one spike-train ensemble

satisfying ar’-Flush Criterion.
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hard for a neuron to sustain high firing rates for arbitrdalge periods of time. More-
over, is this unrealistic assumption being used to pushutitroesults, thereby making
them only of theoretical interest? The alternative woulddiestead put a global bound
on 7. This however would allow any transformation to be effect®@dn by a single
neuron, by making it§ suitably (and unrealistically) high. To mitigate this, aneght
propose putting a global bound @h which brings us to the difficult question of having
to quantify the relationship between the two bounds, wittmglexity results depending
on the answer to this question. We sidestep these issueswitturrent formulation,
but whenever we present a transformation that cannot betedfdy a network archi-
tecture the following can be done. Given an upper bound ouahes ofl’ andp of the
neurons, it is straightforward to write dowri/aas a function of these bounds, so that
for all 7" > T, inputs in the prescribed transformation satisfying’alush criterion
cannot (provably) be mapped to the prescribed output by atwark in32; which also
obeys the same bounds ®nandp.

The second remark concerns our abstract model of the nelihemodel admits a
wide variety of membrane potential functions, which are méa subsume the class of
biologically-realistic potential functions. Thereforghen one proves a negative result
about the abstract model, the negative result applies tof aile subsumed potential
functions as well. However, when we wish to prove a positeguit, some caution is
required. So, suppose we are trying to come up with a netviatcan effect a trans-
formation, coming up with a network whose neurons mereligfathe abstract model,
leaves open the possibility that the potential functionshef neurons in question are
biologically unrealistic. Therefore, when we are provingls positive results we must
restrict ourselves to as simple a neuron model as possiblsudh cases, we describe
the neurons in the construction, so that they can certambfiected, for example, using
the Spike Response Model SRNGerstner & Kistler, 2002).

Let us now look at some complexity results. First, we poirtttbat it is straightfor-
ward to construct a transformation that cannot be effecyeahly acyclic network. One
of its input spike-train ensembles with the prescribed outp shown in Figure 7(a).
For larger T', the shaded region is simply replicated over and over agaformally,
the reason this transformation cannot be effected by anwanktis that, for any net-

work, beyond a certain value of’, the shaded region tends to act as a flush, erasing
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(b) A transformation that no single neuron can effect, thatavork with two neurons

can.

Figure 7:

“memory” of the first spike. When the network receives anothput spike, it is in the
exact same “state” it was when it received the first spike, thedefore produced no
output spike.

Next, we prove that the set of networks with atmost two nesiiermore complex
than the set of single neurons. The proof is by prescribingaastormation which
cannot be done by any single neuron. We then construct a rletmith two neurons

that can indeed effect this transformation.

Theorem 1. For m > 2, the set of acyclic networks with atmost two neurons which have
exactlym input vertices is more complex than the set of single neumtisexactlym

afferent synapses.

Proof. We first prove the result fom = 2 and later indicate how it can be trivially
extended for larger values of. Let the two input spike-trains in each input spike-
train ensemble, which satisfies a Flush Criterionfpband ;. Figure 7(b) illustrates
the transformation. Informally/; has regularly-spaced spikes starting at time instant

T until 0. I, has two spikes, with the first one, loosely speaking, in theltie” of
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[0, 7] and the second one at the end, i.e. at time ingiamn output spike is always
prescribed when the second spikelinoccurs, and not elsewhere. For largérthe
number of spikes ori; increases so as to maintain the same regular spagingnm
contrast, still has just two spikes, the first one roughlyhi& tniddle and the second in
the end. For the sake of exposition, we call the distancedmtwonsecutive spikes on
I, one time unit and we number the spikes/pfwith the first spike being the oldest
one.

Formally, the transformation is prescribed for a subsefgf whose elements are
indexed byi = 1,2,---. Figure 7(b) illustrates the transformation, fox= 2. Theith
input spike-train ensemble in this subset satisfiésFush criterion, wherd = 4; + 3
time units. In theth spike-train ensemblé; has spikes at time instants at which spike
numbers2; + 1 and4: + 3 occur in/;. Finally, the output spike-train corresponding to
the thesth input spike-train ensemble has exactly one spike at the imstant at which
I, has spike numbeti + 3.

Next, we prove that the transformation prescribed abovedade effected by any
single neuron. For the sake of contradiction, suppose itlmaa neuron with associated
T andp. Let max(Y,p) be bounded from above by time units. We show that for
i > (%L theith input spike-train ensemble cannot be mapped by this netaréhe
prescribed output spike train. Foe (%1, consider the output of the neuron at the time
instants corresponding to tkie+ 1)th spike number an@k + 3)rd spike number of;.

At each of these time instants, the input received in the jpiste units and the output
produced by the neuron in the pastime units are the same. Therefore, the neuron’s
membrane potential must be identical. However, the tramsdtion prescribes no spike
in the first time instant and a spike in the second, which isrdradiction. It follows
that no single neuron can effect the prescribed transfaomat

We now construct a two-neuron network which can carry oufpttescribed trans-
formation. The network is shown in Figure B.andI, arrive instantaneously &f,. I;
arrives instantaneously at; but 7, arrives atV; after a delay of time unit. Spikes out-
put by /V; take one time unit to arrive af,, which is the output neuron of the network.
The functioning of this network fof = 2 is described in Figure 8. The generaliza-
tion for largeri: is straightforward. All inputs are excitatory; is akin to the neuron

described in Figure 1, in that while the depolarization dua spike in/; causes po-
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Figure 8: (a) The network that can effect the transformatiescribed in Figure 7(b).

(b) Figure describing the operation of this network.

tential to cross threshold, if, additionally, the previaugput spike happened one time
unit ago, the associated hyperpolarization is sufficietetep the membrane potential
below threshold now. However, if there is a spike fréyralso at the same time, the de-
polarization is sufficient to cause an output spike, irretipe of if there was an output
spike one time unit ago. THE corresponding tdV, is shorter thari time unit. Further,
N, produces a spike if and only if all three of its afferent sysegpreceive spikes at the
same time. In the figurel; spikes at timed, 3, 5. It spikes at6 because it received
spikes both from/; and I, at that time instant. Subsequently, it spikessatnd 10.
The only time whereinV, received spikes at all three synapses at the same time is at
11, which is the prescribed time for the output spike. The galieation for largeri is
straightforward.

For largerm, one can just have no input on the extra input spike trainglamdame

proof generalizes trivially. ]

The above proof also points to a large class of transformatibat cannot be done

by a single neuron. Informally, these are transformatiamsathich there is no fixed
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bound, so that one can always determine whether there istpnta@pike or not, just
by looking a window of past input and past output, where thedew has length being
atmost this bound.

The previous result might suggest that the more the numbeewfons the larger
the variety of transformations possible. The next compyeresult demonstrates, on
the contrary, that the structure of the network architectarcrucial. That is, we can
construct network architectures with arbitrarily largemher of neurons which cannot
perform transformations that a simple two-neuron netwairk c

First, we define the abstract graph-theoretic propertydhatacterizes this class of

architectures.

Definition 13 (Path-disjoint Architecture)An acyclic network architecturd(G(V, E),
Lo #:{1,2,...,|[I|} = [,{#., : {1,. .., indegree(v)} =V |ve (V—-1)}), where
|I| = m is calledpath-disjointif for every set ofm paths, where théth path starts at
input vertex# (i) and ends at the output vertex, the intersection ofittgaths is exactly

the output vertex.

Theorem 2. For m > 3, let X; be the set of all acyclic networks whose architecture
is path-disjoint. Le®:, be the union of; with the set of all networks with atmost 2

neurons which have: input vertices. Thef, is more complex thah,.

Proof. We prove the theorem fon = 3; the generalization for larger. is straight-
forward. The following transformation is prescribed far = 3. Let the three input
spike-trains in each input spike train ensemble, whiclsBas a Flush Criterion ba,

I, andIs. As before, we will use regularly spaced spikes; we call iktadce between
two such consecutive spikes one time unit and number theke sme instants with
the oldest being numbered 1; we call this numbering the spikex. Again, the trans-
formation is prescribed for a subset®f,, whose elements are indexedby 1,2, - - -.
Figure 9 illustrates the transformation foe= 2. Theith input spike-train ensemble in
the subset satisfiesZaFlush Criterion forl” = 4im time units. The firsR: time units
have spikes or, spaced one time unit apart, the néxon /53 and so forth. In addition,
at spike indexXim, I,, has a single spike. The input spike pattern from the beggnin
is repeated once again for the latkém time units. The output spike-train has exactly

one spike at spike indexm.
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Figure 9: A transformation that no network with a path-disji@architecture can effect.

Next we prove that the transformation prescribed above atdom effected by any
network inX;. For the sake of contradiction, assume thate X; can effect the
transformation. Lefl andp be upper bounds on the same parameters over all of the
neurons in\ and letd be the depth of\'. By construction of,, every neuron in\V’
that is afferent on the output neuron receives input fronoatm — 1 of the input spike-
trains; for, otherwise there would exist a setofpaths, one from each input vertex to
the output neuron, whose intersection would contain theamein question. The claim,
now, is that fori > % + p, the output neuron ol has the same membrane potential
at spike indexim and4im, and therefore either has to spike at both those instants or
not. Intuitively, this is so because each neuron afferertheroutput neuron receives a
“flush” at some point afte2im, so that the output produced bylitseconds before time
index2im andY seconds before time indekm are the same. This is straightforward
to verify.

We now construct a two-neuron network that can effect tlaadformation. The
construction is similar to the one used in Theorem 1./kof 3, the network is shown
in Figure 10. I, I, and I3 arrive instantaneously at; and N,. Spikes output byV;
take two time units to arrive a¥,, which is the output neuron of the network. The
functioning of this network foi = 2 is described in Figure 10. The generalization for
larger: is straightforward. All inputs are excitatori{; is akin to the theV; used in the
network in Theorem 1 except that that periodic input maywarfiom any one of, /5
or I3. As before, if two input spikes arrive at the same time, apikesindex2im, the
depolarization is sufficient to cause an output spikéVin irrespective of if there was
an output spike one time unit ago. Again, tfiecorresponding tavs is shorter thar

time unit and/N, produces a spike if and only if three of its afferent synapsesive
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Figure 10: (a) Network that can effect the transformatioscdbed in Figure 9.

(b) Figure describing the operation of this network.

spikes at the same time. As before, the idea is that atZime /V,, receives two spikes,
but not a spike fromVy, since it is “out of sync”. However, at tim&m, additionally,

there is a spike fronV; arriving at/N,, which causesv, to spike. O

In the next section, we investigate complexity results wittrease in depth of the
acyclic network. What we prove is that the present abstracteiaf the neuron does
not cause such complexity results to exist beyond depthitwgeneral, and therefore
more axioms need to be added to the abstract model of themeuarorder for such

results to be manifested.

9 Complexity results with increasing network depth:

A barrier at depth two

While, in the previous section, we have proved a number of ¢exitp results, the per-

ceptive reader will observe that we did not explicitly addréhe question of complexity
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results pertaining to depth, in general. In other wordsgiirestion is, does increase in
depth of the network, in general, buy us a larger varietyafsformations effectable by
it? More formally, is the set ddll acyclic networks more complex than the set of acyclic
networks of deptlk, for £ > 2? Much to our surprisjég, it turns out that the answer
is No, even fork = 2, and we can prove it. That is, given an arbitrary acyclic roekw
(consisting of neurons obeying the abstract model destiib8ection 3), there exists a
network of depth two (equipped with neurons obeying the salpséract model), so that
the latter network inducesxactlythe same transformation as the former. The implica-
tion of this result is that one needs to add more axioms tolis&act model of Section
3, in order to break this barrier to the manifestation of ctaxipy results1®

The difficulty in proving that every acyclic network, havimgbitrary depth, has
an equivalent network of depth two, appears to be in deviaimgay of “collapsing”
the depth of the former network, while keeping the effectaddformation the same.
Our proof actually does not demonstrate this head-on, si¢#&u proves it to be the
case indirectly. The broad attack consists of starting dffi & certain subset of the set
of all possible transformations and showing that the tramsétion effected by every
acyclic network certainly lies within this subset. Thetegfwe prove, by providing
a construction, that every transformation in this subsetinafact be effected by an
acyclic network of depth two. Together, this implies that, évery transformation that
can be effected by an acyclic network, there exists an acgeliwork of depth two that

can effect exactly that transformation.

Technical structure of the proof

The main theorem of this section is the following.

Theorem. If T : F,, — S can be effected by an acyclic network, then it can be

effected by an acyclic network of depth two.

18|n hindsight, of course, something like this should havenb®gected at some point, given that the
abstract model assumed so little about single neurons.
19Note that the complexity results proved thus far still haldhe “new” abstract model also has all

the axioms of the one described in Section 3.
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This theorem follows from the following two lemmas which gmeoved in the two

subsections that follow:

Lemma. If 7 : F,, — S can be effected by an acyclic network, tHg() is causal,

time-invariant and resettable.

Lemma. If 7 : F,, — Sis causal, time-invariant and resettable, then it can leett

by an acyclic network of depth two.

9.1 Causal, Time-Invariant and Resettable Transformations

In this section, we first define notions of causal, time-irarrand resettable transfor-
mation€0. Transformations that are causal, time-invariant andtiesie form a strict
subset of the set of all transformations. Notice that thedgmns exist independent of
the existence of neurons or their networks. We then showtridwasformations effected
by acyclic networks always lie within this subset. This is tklatively easy part of the
proof. The next subsection proves the harder part, namatyetrery transformation in
this subset can indeed be effected by an acyclic networkmthdegual to two.

As in systems theory, informally, @usal transformatioins one whose current out-
put depends only on its current input and past input (andutaté input). Abstractly,
it is convenient to define a causal transformation as onegiliah two different inputs
that are identical up to a certain point in time, also havé thetputs, according to the

transformation, be identical up to (atleast) the same point

Definition 14 (Causal Transformation)A transformation7 : F,, — S is said to be
causalif, for every x1, x2 € Fpn, With Zj ) x1 = Ej;,) X2, for somet € R, we have
Eltoo) T (X1) = Ejton) T (X2)-

Again, as in systems theory,tane-invariant transformations one which always
transforms the time-shifted version of an input, to a tirhdted version of its corre-
sponding output. To keep the definition sound, we also ne@hsare that the time-

shifted input, in fact, also satisfies the Flush criterion.

20Recall that when we say transformation without further iication, we mean one, of the form
T:Fm—S.
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Definition 15 (Time-Invariant Transformation)A transformation/ : F,, — S is said

to betime-invariantif, for every y € F,, and everyt € R with o,(x) € F,,, we have
T (o:(x)) = o:(T (X))

A resettable transformatiors one for which there exists a positive real number
W, so that an input gap of the forrt, ¢ + W] “resets” it, i.e. output beyond is
independent of input received before it. Again, abstradtlyecomes convenient to say
that the output in this case is identical to that producedrbyput which has no spikes

beforet, but is identical to the present input thereafter.

Definition 16 (W -Resettable TransformatianfFor W < R*, a transformatior/ :
Fn. — S is said to béV -resettabldf, for every y € F,, which has a gap in the interval

(t,t 4+ W], for somet € R, we have=_ o g T (x) = T (E(—oo g X)-

Definition 17 (Resettable Transformatiani\ transformation7 : F,, — S is said to

beresettabldf, there exists & € R, so that it isiV -resettable.

Next, we prove that every transformation that can be efteloyean acyclic network
Is causal, time-invariant and resettable. This implies évary transformation that is

not causal, time-invariant or resettable cannot be effElsyeany acyclic network.

Lemma6. If 7 : F,, — S can be effected by an acyclic network, thef) is causal,

time-invariant and resettable.

Proof sketch.If 7 : F,, — S can be effected by a single neuron itis relatively straight-
forward to verify that7 () is causal, time-invariant and resettable. That it is caasel
time-invariant follows from the fact that the(-) function of the neuron only “looks” at
the recent past and not the future to determine membranatfiterhat7 (-) is reset-
table follows from Axiom (3) of the neuron. For an acyclicwetk, the proof proceeds
by mathematical induction on the depth of the network. A fuéof is provided in the

Appendix. ]

9.2 Construction of a depth two acyclic network for every causal,

time-invariant and resettable transformation
In this subsection, we prove the following lemma.
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Lemma. If 7 : F,, — Siscausal, time-invariant and resettable, then it can lextdtl

by an acyclic network of depth two.

Before we dive into the proofs, we offer some intuition.

Suppose we had a transformati@n: F,, — S which is causal, time-invariant
and resettable. For the moment, pretend it satisfies thenfmlfy property: There exist
constant-sized input and output “windows” so that, for guaput spike-train ensem-
ble satisfying a flush criterion, just given knowledge ofksgi in those windows of past
input and output, one can unambiguously determine, at amg potime, if the trans-
formation prescribes an output spike or not. Intuitivetysgems reasonable that such
a transformation can be effected by a single ne%%by setting theY andp of the
neuron to the sizes of the input and output windows mentiabede.

Of course, one easily sees that not every transformatiamstbausal, time-invariant
and resettable satisfies the aforementioned property. i3 hidtere could exist two dif-
ferent input instances, which have past inputs and outpiddntical in the aforemen-
tioned windows at some points in time; yet in one instance,ttansformation pre-
scribes an output spike, whereas it prescribes none in tiez.dindeed, the two input
instances do differ at some point in the past, for otherwisdransformation would not
be causal. Therefore, in such a situation, it is natural koifas single “intermediate”
neuron can “break the tie”. That is, if two input instanceffediat some point in the
past, the output of the intermediate neuron since then,ynrdarval of time of length
U, must be different, wher& is a fixed constant. This is so that a neuron receiving
input from the intermediate neuron can disambiguate theweoe an output spike de-
manded for one instance but not the other. Unfortunatelyetkact property cannot be
achieved by any single neuron because the transform@tiodr,, — S is resettable,
and so is every transformation induced by the intermediatean. In other words, the
problem is that, suppose two input instances differ at aagegoint in time; however,
since then, both have had an arbitrarily large input gap. ifpet gap serves to “erase
memory” in any network that received it and therefore it ecgrdisambiguate the two
inputs beyond this gap. Now, fortunately, it does not haysitwe this gap also causes

a “reset” in the transformation (which is resettable). Tieaif such an arbitrarily large

21Presuming that no axioms of the neuron are violated.
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Figure 11: Network architecture fon = 2.

gap were present in the input, the transformation would fietward demand an output
spike in one case and no output spike in another. This is lsedais |V -resettable and
therefore cannot make such demands, for input %%tmger thanl’. Thus, we can
make do with a slightly weaker condition; that the internag¢glineuron is only guaran-
teed to break the tie, when it is required to do so. That ispes@ there are two input
instances, whose outputs according/ia F,, — S are different at certain points in
time. Then, the corresponding inputs must be different tosoae point in the past
with no reset gaps in the intervening time and thereforeritexmediate neuron should
break the tie. Additionally, for technical reasons thatl wécome clear later, we say
that the outputs of the intermediate neuron in the precetlisgconds are guaranteed
to be different, only if the inputs themselves in the gasteconds are not different.
The network we have in mind is illustrated in Figure 11,40k 2. In the following
proposition, we prove that if the intermediate neuron §asghe condition alluded to
above, then there exists an output neuron, so that the neaffects the transformation

in question. By way of notation, recall thaf(-) is shorthand foEj ,(-)

Proposition 2. Let 7 : F,, — S be causal, time-invariant and resettable. Léte a
neuron with7, : F,, — S, so that for eachy € F,,, 7i(x) is consistent withy with

respect tol. Further, suppose there existsla € R* so that for allt;,¢#, € R and
X1 X2 € Fn With Zo0y, (T (X1)) # 2004, (T (X2)), we haveEj iy (ow, (Tr(xa) U x1)) #

22Which we call a “reset gap” from now on, for the sake of exposit
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Zo,01 (06, (Tr(x2) U x2))-
Then there exists a neurdd, so that for everyy € F,,, T (x) is consistent with
Ti(x) U x with respect tdD.

Proof sketch.The straightforward way for the neurd@hto effect7(-) is to determine
the points of time wherein an output spike is prescribed adts membrane poten-
tial function to hit threshold at those instances. Sincenttigronl essentially “disam-
biguates” the input, this assignment can be done withoutliconHowever, we also
need to show that doing this does not violate any of threenaiof our abstract model,
for the neuron0. Axiom (1) follows easily from the fact that the co-domainbf-)
is S. Axiom (3) is also relatively straightforward to show andesighe fact tha? (-)
is causal, time-invariant and resettable. Axiom (2), ondtieer hand, presents some
subtleties. Now, in addition to setting membrane potentahreshold at the afore-
mentioned points, in order to satisfy Axiom (2), we wouldcaleed to set it to hit
threshold, when the input window has the same pattern analitipeit window is empty
instead. However, with this assignment, we need to then shatno spurious spikes
are generated. This takes a little work and again uses tarfdiguation” property of
the intermediate neurdn The full proof is available in the Appendix.

0

The next proposition shows that one can always construattemiediate neuron

with the said “disambiguation” property.

Proposition 3. Let 7 : F,, — S be causal, time-invariant and resettable. Then
there exists a neurohand U € R* so that for all¢;,t, € R and xq, x» € F,, With
E004, (T (x1)) # 001, (T (x2)), We havesg vy (or, (Tr(x1)Uxi1)) # Epu) (0w (Tilx2) U
X2)), Where7, : F,, — S is such that for eacly € F,,, 7i(x) is consistent withy with

respect td.

Proof idea. The basic idea is to “encode”, in the time difference of twocassive out-
put spikes, the positions of all the input spikes that o@aligince the last output gap of
the form(¢, ¢t + W], whereT (-) is IW-resettable. Such pairs of output spikes occur once
everyp seconds, with the time difference within each pair beingrefion of the time

difference within the previous pair and the input spikesoeimtered since. Intuitively,
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it is convenient to think of this encoding as one from which ea@ “reconstruct” the
entire past input spike-train since the last reset. We fiestdbe the encoding func-
tion for the case of a single input spike-train after whichnemark on how it can be
generalized.

So, suppose the time difference of the successive spikedlithe interval0, 1).
Define the encoding function as : [0,1) x S, — [0,1). pis chosen to be such
that there are atmostspikes in any interval of the forr(Y, ¢ + p]. We now describe
how g4 (e, Z) is computed, giver € [0,1) and? = (x',2?%,...,2%), such that each
spike time lies in the interval0, p|. Let e have a decimal expansi%ﬁ, so thate =
0.c181¢989¢383 - - - . Accordingly, letc = 0.cicocs -+ ands = 0.s1s983---. cis a real
number that encodes the number of spikes in each intervangjthp encountered,
since the last reset. Since each interval of lengtias betweer® and8 spikes, the
digit 9 is used as a “termination symbol”. So, for example, supplosethave beei
intervals of lengthp, since the last reset with 0,8 and2 spikes apiece respectively,
thenc = 0.8059 and¢ = 0.28059, wherec’ is the “updated” value of. Likewise, s
is a real number that stores the positions of all input spéreountered since the last
reset. Let each spike time be of the forrh= 0.2%x%z} - -- x 10%, for appropriate;.
Then the updated value ofis s’ = 0.x12? .- aks;zlad - 25s,---. Suppose the’
ands’ obtained above were of the forech= 0.¢{chcs - -+ ands’ = 0.s)shs5 - - -, then
eo(e, @) = 0.¢)s)chs, - - -. Observe that the decimal expansion constructee, by, )
cannot have infinitely many successi® for ¢’ has only a finite number of non-zero
digits. Suppose the input were a spike-train ensemble @rond then for each spike-
train an encoding would be computed as above and in the few)l ttern real numbers
obtained would be interleaved together, so as to producertbeding.

Given knowledge of the encoding function, we now describ& hexactly works.
Figure 12 provides an illustration. Suppoge< F,, is an input spike-train. Let its

24

oldest spike bd" seconds ago. Thdmproduces a spike at timE — p<™ and at every

T — kp, for k € Z*, unless in the previous seconds to when it is to spike, there is

23\Nhenever we say decimal expansion, we forbid decimal expassvith an infinite number of
successivés. With this restriction, each real number has a unique daaxpansion.

24i.e. p seconds after time instant.
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Figure 12: Example illustrating the operation of the intediate neuron.

a ga@5 of the form(¢,¢ + W/|. For the sake of exposition, let’s call these the “clock”
spikes. Now, suppose there is a gap of the fégtm + 1] in the input and there is an
input spike at time, then the neuron spikes at time- p and everyp seconds thereafter
subject to the same “rules” as above. These clock spikesodosved by “encoding”
spikes, which occur atleagtseconds after the clock spike, but atm@st » seconds
after, wherey is greater than the absolute refractory pemod\s expected, the position
of the current encoding spike is a function of the time défese between the previous
encoding and clock spil%,5 and the positions of the input spikes in the paseconds.
The output of the encoding function is appropriately scatetfit” in this interval of
lengthr; the details are available in the proof.

The claim then is that if two input spike-trains are differahsome point with no
intervening “reset” gaps, then the output @f the past/ seconds, wher& = p+q+r
will be different. Intuitively, this is because the diffexee between the latest encoding
and clock spike in each case would be different, as they enddfgrent “histories” of
input spikes.

Finally, we remark that the above is just an informal desmpthat glosses over
several technical details contained in the full proof, whkavailable in the Appendix.

O

The preceding two propositions thus imply the following fem

25\Ne setiW > p to force a spike al” — p.
26unless the present clock spike is the first after a reset géggeimput.
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Lemma 7. If 7 : F,, — S is causal, time-invariant and resettable, then it can be

effected by an acyclic network of depth two.

Lemma 6 and 7 imply the following theorem. From this it follothat, with the abstract
model currently under consideration, the set of all acywditvorks isnotmore complex

than the set of acyclic networks of depth two.

Theorem 3. If T : F,, — S can be effected by an acyclic network, then it can be

effected by an acyclic network of depth two.

Corollary 2. The set of all acyclic networks is not more complex than thefsatyclic

networks of depth equal to two.

Incidentally, Lemma 6 and 7 also lead to a full characteiozetf the class of trans-
formations effected by all acyclic networks equipped wignrons obeying the abstract

model of Section 3. This is formalized in the next theorem.

Theorem 4. A transformation7 : F,, — S can be effected by an acyclic network if

and only if it is causal, time-invariant and resettable.

Directions for further constraining the abstract model

The meticulous reader would have observed that the proofeabxploited a number
of phenomena that the abstract model allowed for, but ar@axdicularly biologically
well-founded. These are good candidates for new axiomsatedtope will overcome
the “depth barrier” that this section describes. One is $pdte-times in the abstract
model are real numbers, i.e. numbers with infinite precisivinen noise is taken into
account, this assumption is no longer true. The other easgraation is that we did
not assume much about the membrane potential function\Wwareh in nature, changes
smoothly with time. And, finally, an assumption consisteithvibale’s principle, that
each neuron has either an excitatory effect at all its passtyc neurons or an inhibitory

effect could also help in this direction.

10 Discussion

As one spans the gamut from neuron models that exactly thesitre operation of neu-

rons to the abstract model of the type espoused here, theofypemputations that
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networks equipped with such neurons can undertake, iresdasvariety. While the
former types of neurons have been the subject of severatigegions, the latter type
seems to have received much less attention. These lateiofymodels are attractive
due to their simplicity and their ability to subsume largassles of neurons. Also, this
type of first-principles approach forces us to examine wimetwork-level computa-
tional capabilities follow from which properties of neusonThe flip side to them is
that, being less constrained, they may not embody the eratirety of phenomena that
networks use for computation.

In this work, we were motivated by the goal of starting witteazaciated an abstract
model as we could and see how much structure we could extaantif. This was be-
cause, the more one assumes about neurons, the smallemgbetbiological neurons
one tends to cover. With this model, we showed that notioracgtlic networks as
spike-train to spike-train transformations, while not kadfined in general, could be
rigorously defined for biologically-relevant spiking reggs. We also showed the ex-
istence of some classes of architectures, in which thesemsxconstrain computation
enough so they cannot effect certain types of transformstibat other networks can.
However, we also showed that the present axioms do not atédgaanstrain networks
with respect to depth. That is, these axioms make acyclworés of depth two as
powerful, in terms of computational ability, as the clasalbfacyclic networks. Thus
the theory itself is able to tell us when it cannot reveal maveut the computational
capabilities of certain classes of networks, unless we sagtsomething more about
their constituent neurons.

The present work raises a number of questions. What new axiglinsianifest
complexity results with increasing depth? Can additionsilght be gained by studying
acyclic networks with more than one output neurén Can similar guestions be asked
of recurrent networks? How does the presence of noise dffest results? How does
“learning” fit into the picture? Also, this work does not adsis specific computational
tasks that networks are trying to perform and link them toathidity of networks to ac-

complish them. That is, loosely speaking, suppose we cagrementally characterize

27While such a network can be viewed as a set of several “indegpghdetworks with one output
neuron apiece, that view does not exploit how the transfiomaffected by one such “independent”

network constrains the transformation effected by another
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the class of transformations that specific tasks, say faxxgration, require. Then, con-
ceivably, the present type of theory might be useful in elimtiing classes of networks
that cannot do the task in question. This would go a long wagliating structure of
networks to their function.

In recent times, there have been a number of efforts to mapaimeectome of var-
ious organisms including the just-launched Human Conneet@roject. These efforts
are focused on ascertaining the wiring diagram of neurorthenbrain; regrettably,
also determining the dynamical properties of all the nesiiowolved is out of reach of
current experimental technology. It seems that a theorl asdhe one initiated here,
that tries to assume as little as possible about neurongibsttd elucidate how net-
work structure constrains computation, might prove inghla in using data from such
projects to rule out what computations these networks dapexdorm. Larry Abbott
has asked (Abbott, 2008) what we might be able to learn fronmectome data alone.
We believe this paper gives a sense of what one answer toukatign might be like.
An important open question here is about what set of axionesn@eds to assume for
a single neuron, in order for the theory to yield non-triviegults about large classes of
network architectures, particularly those that one migitbeinter from these projects.

In short, challenges abound and promise us interestingtahead.
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Appendix

Proofs from Section 5

Proof of Corollary 1. (1) is immediate from the Gap Lemma, when we get y*.

For (2), the proof is by strong induction on the number of epikince. Let 7, be
an arbitrary spike-train that is consistent wigh, with respect td\. Notice that from
(1) we have that every, is identical toz} in [t,t + p|. The base case is to show that

both & and z, have their first spike after at the same time. Assume, without loss
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of generality, that the first spike af, at¢;, < t, is no later than the first spike af,.
We havel(Zp,xv)(0¢, (X")), Ejo,0) (01, (75))) = P(Ejo,r1 (0, (X)), Epoe) (01, (T0))) since
Zi0,0) (04, (75)) = Zjo,p) (01, (7)) = ¢. Therefore7: also has its first spike at. Let the
induction hypothesis be that bailj andz, have their firstt spikes since at the same
times. We show that this implies that tke + 1) spike in each spike-train is also at
the same time instant. Assume, without loss of generaltiat, the(k + 1) spike since
t of Zy atty.1, is no later than thék + 1) spike since of . Now, Zp (04, ., (Z5))
is identical toZg (o, ,, (7)) from the induction hypothesis sin¢e+ p) — t11 > p.
Thus, P(Zpv1(04,,, (X)) E0,0(04,, (75)) = P(Epx)(044, (X)), Epop (04,1, (T0)))
and thereforer;, also has itk + 1) spike att;, ;. This completes the proof of (2).
(3) follows from the Gap Lemma and (2).
O

Proof of Lemma 2 We prove that the output of the network is unique by strongiérd
tion on depth. As before, leV; C N, for 1 < i < d, be the set of neurons iN of
depthi. Each neuromN € N; receives all inputs from spike-trains jn Since,N sat-
isfies a Gap criterion with those input spike-trains, itspoiis unique. The induction
hypothesis then is that for all< k£ < d, each neurofl € N; produces a unique output
when)\ is driven byy. Consider arbitrar)\’ € N, ;. Itis clear that all inputs tdl’ are
from spike-trains fromy or neurons irUf:1 N;, for otherwise the depth df’ would be
greater thart 4 1. Since, all its inputs are unique by the induction hypothesid they
satisfy a Gap criterion fol’, its output is also unique.

Next, we show that the membrane potential of the output mearany time instant
depends on atmost the p&dsiseconds of input iry. Since the output neuron satisfies
a (%)-Gap Criterion, its membrane potential at any point depemdatmost the past
(%) seconds of the inputs it receives (some of which are outplkegpains of other
neurons). Consider one such “penultimate layer” neuron.irAg& output membrane
potential at any time instant, likewise, depends on its i the pas(%) seconds.
Therefore, the current potential of the output neuron issdédent on the input received
by the penultimate layer neuron in atmost the méﬁ seconds. Similar arguments can
be put forth until, for each path, one reaches a neuron, ahaise inputs do not come
from other neurons. Since the longest such path is of ledgiths straightforward to

verify that the membrane potential of the output neuron ddpen atmosi’ seconds
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of past input.

Proofs from Section 7

Proof of Lemma 5We prove the easy direction first. V' € X, such thatV ' €
1, Tyl 5, # Tl 5 then it follows thatTy|g,, # Tals,, becauseF,, C Gy

For the other direction, I8N’ € ¥, such thatv\' € X1, Tyilg,, # Twle,- We
construct C F,,, so thatTy+|» # Ta|r. This immediately implies/y|-, #

T .- Consider arbitrary\/ € ;. From the hypothesis, we halg|s,, # Ty|o,,-
Thereforedxy € Gy, such that7y|q,,(x) # Tile,(x). Additionally, there exist
T,, T, € RT, so thaty satisfies al;-Gap Criterion forN' and aT,-Gap Criterion
for N7. LetT = max(Ty, Tp). Let Tarls,(x) = @ andTyle,, (x) = o . Let F =
Uier Zp,211(0:(x)). Note that each element f satisfies &7-Flush Criterion. The
claim, then, is thaf | » # Tw| 7. We haveEjy 71(Thv (Ep,21r1(0:(X)))) = Epo.r1(0:(Zh))
and=Zp 71 (Ta (Ep2r(0:(x)))) = Zjo,11(0:(70)). This follows from the fact thay satis-
fies theT-Gap Criterion with both\" and N’ and therefore wheA” and N are driven
by any segment of of length27", the output produced in the la&tseconds of that
interval agrees witl, andz, respectively. Therefore, if, # j, it is clear that there
exists at, so thatT (Zjo21(0+(x))) # Tnv(Ep2r(o:(x))). F' is obtained by taking
the union of suck¥ for every N € %,. The result follows.

O

Proofs from Section 9

Proof of Lemma 6Let N(A,N,L : (V —I) — N) be a network that effectg :
Fm — S.

T (-) is causal. Consider arbitrary, xo € Fp, With Zp oyx1 = Zjt.00) X2, fOr some
t € R. We wish to show thaE; ooy 7 (x1) = Zjto0) T (X2). LEIN; € N, for1 <i < d,
be the set of neurons iV of depthi, whered is the depth ofA/. Each neuron
N € N; receives all its inputs from spike-trains in When the network receiveg

and - as input, supposh receivesy) and i, respectively as input. Formally,, =

indegree(v) indegree(v)

4|f|1 H#*l(#v(i))(Xl) and X/2 = 4|f|1 H#—l(#v(i))(XQ), wherev = L71<N).
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Also, clearlyZ; )X] = Zpo)xs. Let#) and be the output produced by on
receivingx; andy), respectively. Since’, x, € F.., there exists & € R, so that
Eloo)X1 = STo0)Xa = ggm wherem' is the number of inputs tdl. Therefore, by
Axiom (3) of the neuron, we haVE(r,.)7, = Er) = ¢. Now, for allt’ € R,
t" e & ifand only if Pn(Z0,ry (0 (X)), Zjo,on) (0 (7)) = 7, fOr j = 1, 2. Itis imme-
diate that fort” < t, we haveZjy v, (ov (X)) = Zjo,ry(0v(X53)). Now, by an induction
argument on the spike number siriEgit is straightforward to show that for afl < ¢,
Eo,o0] (00 (7)) = Zjo,pn) (00 (75)). Thus, we hav&j )7 = Z )@5. Similarly, using
a straightforward induction argument on depth, one can gheawfor every neuron in
the network, its output until time instants identical in either case. We therefore have
Eitoe) T (X1) = Ejtioe) T (X2)-
T (-) is time-invariant. Consider arbitrary € F,, andt € R with o,(x) € F,,. We
wish to show that7 (o,(x)) = o(T(x)). As before, letN; C N, for1 < i < d,
be the set of neurons iV of depthi, whered is the depth of\/. Each neuroN €
N; receives all its inputs from spike-trains 0 When the network receiveg and
o(x) as input, supposH receivesy’ ando,(x’) respectively as input. Formally, =
mdeg|:|ee(v) Iy—104,0)) (x). Letz] andi, be the output produced Byon receivingy’ and
(X) as input respectively. We wish to show thjt= o,(7)). Sincey’ € F,,, there
exists al’ € R*, so that= 7 )X’ = Zjr—t00)0:(X’) = gbm wherem' is the number of
inputs toN. Therefore, by Axiom (3) of the neuron, we hallg )7} = ZEjr—t,00)T5 =
¢. Now, forallt’ € R, ' € @) ifand only if Py (Zj vy (0 (X)), Zjo.pn) (00 (7)) = 7. It
Is therefore straightforward to make an induction argurmerthe spike number, starting
from the oldest spike i}, to show that, has a spike at som¢iff z, has a spike at
t" — t and therefore we havé, = o,(7;). Similarly, using a straightforward induction
argument on depth, one can show that for every neuron in ttveorle its output in
the second case is a time-shifted version of the one in thecfise. We therefore have
T(ov(x)) = o:(T(x))-
T(-) is resettable. Let T and p be upper bounds on those parameters over all the
neurons iNV. If T < p, then sefl’ = p. The claim is that fol?V = d(Y + p) + p + 4,
for arbitrarys > 0, 7 (-) is W-resettable. Consider arbitragy € F,,, so thaty has a
gap in the intervalt, t + 6 + d(Y + p) + pl, for somet € R*. Thusy has a gap in the
interval [t 40, t+d+d(T+p) + p]. We will show tha_ 1167 (x) = T (E(—cc,t+5)X)
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which implies the required resull .. n 7 (x) = T (E(—s,qX)- As before, letV; C N,
for 1 < i < d, be the set of neurons iN of depthi, whered is the depth of\'. Each
neuronN € N, receives all its inputs from spike-trains in Therefore by Axiom (3)
of the neuron, it is straightforward to see that the outpul ¢fas a gap in the interval
(t,t4+5+(d—1)(T+p)+2p]. By similar arguments, we have that output of each neuron
N e N;, forl <i<dhasagapintheintervéd,t + 9+ (d —i)(T + p) + (i + 1)p].
Thus in particular the output neuron has a gap in the intétvald, ¢t + § + (d + 1)p].
Sinced > 1, the Gap Lemma applies, and at time instatd the output of the output
neuron depends on spikes in the interital- 0.t + 6 + (T + p)] of its inputs. All
inputs to the output neuron have a gap in the intefvat 6,¢ + 0 + (T + p) + dp),
since they have depth atmadgt — 1). Since those inputs have a gap in the interval
[t+0+(T+p),t+5+ (T +p)+dp], ford > 2, the Gap Lemma applies and the output
neuron’s output at time instant+ 9 depends on outputs of the “penultimate” layer in
the intervallt + 6,¢ + 0 + 2(T + p)]. Therefore by similar arguments, the output of
the output neuron at time instant- 6 atmost depends on inputs fromin the interval
[t+d,t+ 6+ d(Y + p)]. Thatis to say thaf (x’), for everyy’ identical toy in the
interval (—oo, t + ¢], has the same output & y) in that same interval, following the
corollary to the Gap Lemma. In particulat,_ ;5 x is one suchy’. We therefore
have= (w1467 (X) = T(E(—oo+sX) Which impliesZ_ 4T (x) = T(E(—cgX)-
Thus,7(+) is resettable.

O

Proof of Proposition 2.Assume that the hypothesis in the proposition is true. TLet
F., — S belW-Resettable for som@” € R

We first show a construction for the neur@n prove that it obeys all the axioms
and then show that it has the property that for every F,,, 7 (x) is consistent with
Ti(x) L x with respect td.

We first construct the neurd@{ao, Yo, po, 70, Ao, Mo, Po : S{&E}O] X So,po] —*
Ao, 70]). Setap = a andpo, 70 € RT, \o € R~ arbitrarily with po > ao. Set
Yo = max{U, W} andmo = m + 1. The function?, : 3[73,%0} X Sjo.po] = (Mo, T0] IS
constructed as follows.

Fory' € Sg%,
if there existsy € F,, andt € R so that=,7 (x) = (t) andx’ = Zjo v (o:(Ti(x) L X))

andz| € S[o,po], setPo(Y/, 7)) = 10 andPo (X, 5) = 7o ifand only
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andz), = Zjy ,.(0:(T (x))). Everywhere else, the value of this function is set to zero.
Next, we show it obeys all of the axioms of the single neuron.
We prove thaO satisfies Axiom (1) by showing that its contrapositive istriLet
X' € 8%, andi € Sy, be arbitrary so thalo(x', 7)) = 0. If T = ¢, Axiom
.2E'). Then
x> a, otherwise, from the construction & (-), it is immediate that there exists a
X € FnWith T (x) ¢ S.
Next, we prove thaD satisfies Axiom (2). Lety € S

/
Y

(1) is immediately satisfied. Thus consider the case wijea (z}, 22, ..

mo
[0,T0o]

be arbitrary. If Po(x', %) = 70, then it is immediate from the construction that

andfg < S[O,po]

—

Po(x',¢) = 10. On the contrary, ifPo(x’, ¥,) # 70, from the construction oD, we
havePy (Y, #,) = 0. Then the condition in the hypothesis implies tig{ y’, ¢) # 7o.
Therefore,Po (X, 5) = 0. Thus, Axiom (2) is satisfied either way.

With Axiom (3), we wish to showPo(¢™ ™, ¢) = 0. Here, we will show that
Po(7 U ¢™, @) = 0, for all &) € Spro) @and@), € Sy ) Which implies the required
result. Assume, for the sake of contradiction, that theiste®x| € Sy, andz, €
S0, SO thatPo (7 L ¢™, T) = 10. From the construction o®, this implies that
there existsy € F,, andt € R so that=,7 (x) = (t) and=Zj vj(o:(x)) = ¢™. That
is, x has a gap in the intervat, ¢ + W], sinceYo > W. Since7 : F,, — S'is
causal, time-invariant and’-resettable, by Corollary 3, we ha#&7 (y) = ¢ , which
is a contradiction. Therefore, we haifg (7 L gEm, 7y) # 1o and by construction ad,
Po(7Ug™, ) = 0, forall 7, € Sjgvo) and € Sjo,yo)- This impliesPo (4™, ) = 0.

Finally, we wish to show that for every € F,,,, 7 () is consistent with/;(y) LI x
with respect td. That is, we wish to show that for evegye F,, and for everyt € R,
Z00:(T(x)) = (0) if and only if Po(Zio.r)(0:(Tx) U X)) Ziopol (0:(T (X)) = To.
Consider arbitraryy € F,, andt € R. If Zy0:(7T (x)) = (0), then it is immediate
from the construction 00 that Po(Z(o,vo)(o:(Ti(x) U X)), Epo,p0) (0:(T (x)))) = To.
To prove the converse, suppasgo:(7 (x)) # (0). Then, from the condition in the
hypothesis, it follows that for af{f € F,, and for allf € R with Zj y; (o7 (Ti(X)LUX)) =
Zio,70] (0e(Ti(x) U X)), we haveEqo: (T (X)) = Z00+(T (X)) # (0). Therefore, from the
construction, we hav&s (Zo v (o (Ti(x) U X)), Zio,0) (0:(T (x)))) # To.

0

Proof of Proposition 3.Assume that the hypothesis in the proposition is true. et
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Fmn — S beWW’-Resettable for som@’’ € R*. SetlW = max{W’, 12a}. One readily
verifies thatT : F,, — S is alsolV/-resettable.

We first show a construction for the neurliprove that it obeys all the axioms and
then show that it has the property that there exisfse@aR* so that for allt;, ¢, € R and
X1: X2 € Fon With Zgo, (T (X1)) # Z004, (T (X2)), we haveE(o (0w, (Tr(x1) U x1)) #
Z0.01(06, (Ti(x2) U x2)), whereT; : F,, — S is such that for eacly € F,, Ti(x) is
consistent withy with respect td.

We first construct the neurdtxwy, Y, p, 71, A, 7y, B S[’Z}"TI] xS[prl] — [\, 71]). Set
o) = a. Letp,q,r € RT, With28p =8a,q=2candr =a. SetYy,=p+q+r+ W,
p=p+q+randm; = m. Let; € RT, \; € R~ be chosen arbitrarily. The function
B ng,'r.] x Sjo.,] — [Mi, 7] is constructed as follows.

Forx € Sy andiy € Sp,,), Sethi(x, 7o) = 7 and P(x, ¢) = 7 if and only if
one of the following is true; everywhere else, the functi®set to zero.

1 Zpprwx = o™, Zpx # o™ andZy 7o = .

2. ZjoptqTo = (t), whereg <t < (¢+r)and(t—q) = £(0,Zp0¢(x)). Moreover,

E(tapttprw)X = @™ and=, 1 x # o™

3. Z02p-(g+rTo = (to, ty) With (p — (¢ + 7)) < t. < (p—q) < t, = p. Also, for
allt’ € [0, pl, Ew W)X F (Eml-

4. ZEpop-rTo = (t,la,ty) Withg <t < (¢g+7r)<(p—r)<t, <p<t,=p+t
and(t —q) = e((ty — to — q),ZEpoe(x)). Furthermore, for alt’ € [0,p + ],
Ew+w)X 7 O™

wheres : [0,7] x S'; — [0, 7] is as defined below.

For convenience, we define an operatbpr: [0,1) — [0,1), for j,k € Z*, that
constructs a new number obtained by concatenating e{edjgit of a given number,
wherei = j mod k. More formally, forz € [0,1), #(z) = £, (|2 x 1070 Dk] —
102 x 107FE=DE=1]) 5 1079).

Also, we define another operatgr : [0,1)* — [0,1), for k € Z* which “inter-

leaves” the digits ok given numbers in order to produce a new number. More formally

28The choice of values fap, ¢, » andWW was made so as to satisfy the following inequalities, which
we will need in the proofp < W, p > 2(q + r) andg > «.
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for xo,z1, ..., 251 € [0,1), Ce(wo, 21, .., k1) = E;ﬁo((txk(%ﬂ%” x 101+l | —
10 g 1)) x 10LE]]) x 1070HD),

Let d be the largest integer so that, for all € [0,r], we havez’ x 10¢ < 1.
Forz’ € [0,r], letz = 2/ x 10¢. Foryx € ‘S_'(ngp], define?® e(r',x) = 1077 x
G (€0 (1" (), I (X)), €0 (23" (), T2 (X)), - - -, €0 (e (2), I, (X)), Wherezg = [0,1) x
Sy — [0,1) is as defined below.

Letn € [0,1) andZ € Sq,). Furthermore, let = /}(n) ands = (3(n). Let
7= (a',2% ... 2%). Wehave) < k < 8, because = S8«. Also, sincep = &, we have
r'x 10971 < 1,for1 <i < k. Lets' = Gy (2t x 1071 22 x 10471 .. 2P x 10971 s).
If ¢ = 0, thenlet’ = % +0.09 else let! = &+ <. Finally, defines(n, 7) = (¢, ¢').

Next, we show thak satisfies all the axioms of the neuron.

It is immediate that satisfies Axiom (1), since all output spikes in the above con-
struction are atleagtseconds apart, and= 2a.

We now prove thaktsatisfies Axiom (2). Lex’ € Sﬁgl] andz € Sj, be arbitrary.
If A(X',2,) = m, then it is immediate from the construction thHaty’, ¢) = n which
satisfies Axiom (2). On the contrary, #(y/,Z;) # 7, from the construction of,

-,

we havePR (y’, 7)) = 0. Also, from the construction we have eithBr(x’,¢) = 0 or
Pi(X',¢) = 7. Axiom (2) is satisfied in either case.

Also, | satisfies Axiom (3), since it is clear that= gEm' does not satisfy any of the
conditions enumerated above. We therefore haye™, 5) = 0.

Finally, we show that there existslac R* so that for allt;,#, € R andy, x2 €
Fm With Zgoy, (T (x1)) # Z001, (T (x2)), we haveSj vy (ov, (Tr(x1)Ux1)) # Zjo) (06 (Ti(x2)U
X2)), where7; : F,, — S such that for eachy € F,,, 7i(x) is consistent with
x with respect to. From Proposition 5, it follows that there exigt,V, € R* so
that Zjg v,)(0r, (X1)) # Zpow)(0w(x2)). LetU = p+q+r. If Epu(on(xa)) #
Zi0,01(01,(x2)), it is immediate thaE )(or, (Tr(x1) U x1)) # ZEpu)(on(Ti(x2) U
xz2)). It therefore suffices to prove that Hy (0w, (x1)) # ZEwvs)(0w(x2)) then
Epu) (06 Ti(x1)) # Ep,u)(0w, Ti(x2)). Proposition 5 implies thak v, v, +w(o (x1)) =
¢™ and=y, (o, (x1)) # ™. Therefore, by Case (1) of the constructiaiy, o, Ti(x1) =
(Vi—p). Moreover, since Proposition 5 implies that foralke [0, V1), Z v yw(oy (x1)) #

29Recall that theprojection operator for spike-train ensemblesdefined adl;(y) = #;, for1 < <

m, wherex = (1, Za, ..., Tm).
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gz?m, from Case (3) of the construction, we have that for eveeyZ* with V; — kp > 0,
Evi—kpyon Ti(x1) = (Vi — kp). Letk; be30 the smallest positive integer, so that
Vi —kip < U. From the previous arguments, we h&e, i,y 0., Ti(x1) = (Vi —kip).
Also, itis easy to see thdt — kip > (¢ + r). Letk, be similarly defined with respect
to X2 SO that= (v, _,p 04, Ti(x2) = (Vo — kop) andV, — kop < U. Now, there are two

cases:

1. If Vi — kip # Vo — kop, we now show thaE (o4, Ti(x1)) # Zp,u1(06 Ti(X2)),
which is the required result. Assume, without loss of gelitgréhat 1, — k1p <
Vo—kyp. If these two quantities are less thanr apart, we have, (o, 7i(x1)) #
Z0,01(0, Ti(x2)), because by Case (4) of the constructify) has a spike in
the intervalV; — kip— (¢ +r), Vi — kip — ¢] and by Case (3) of the construction,
Ti(x2) has no spike in the interval, — kop, Vo — kop + p — (¢ + r)]. In other
words, the spike following the one & — k;p in 7/(x1) has no counterpart in
Ti(x2). On the other hand, if they are less thaapart but atmost — r apart, by
similar arguments, it is easy to show that the spik&at kop in 7i(x2) has no
counterpart irf7;(x1). Finally, if they are atleagi apart, therk, does not satisfy
the property that it is the smallest positive integer, s@ tha— k,p < U, which

is a contradiction.
2. Onthe contrary, consider the case whenr k1p = V5 — kop. We have two cases:

(@) Supposé, # k. Lett] be the largest positive integer so tBato,, 7i(x1) =
(t)) andt| < Vi — kyp. From Case (4) of the construction, we have that
q < (Vi —kip) =t} < g+ r. Lett], be defined likewise, with respect to
x2. Further, letn] = (V] — kip) — t) — g andnfy, = (Vo — kop) — t — q
andn; = n/, x 10 andn, = n), x 10%. Sincek; # ko, it is straightforward
to verify that for allj with 1 < j < my, ((¢]"(n1)) # 13(¢]" (n2)), for the
former number hagin the (k; + 1) decimal place, while the latter number
does in thek, + 1) decimal place and not in thé, + 1) decimal place
sincek; # ko. Thereforen, # ny, and consequently, # ¢, which gives us

Eo,01(06, Ti(x1)) # ZEp,u)(0w, Ti(x2)), which is the required result.

3Ok1 exists becaus€& > p.
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(b) On the other hand, suppoke= k5. Again, we have two cases:

i. Suppose, there existsjawith 1 < j < m; and ak’ < kq, so that

(1]

vi—kpvi——1)p1Li (0, (x1)) has a different number of spikes when
compared ta& v, —wp,vy—(—1)p 1L (0, (X2)). Letn;, ny be defined as
before. It is straightforward to verify thaf(:]"(n1)) # ((¢]" (n2)),
because they differ in thg:; — &' + 1) decimal placl . Therefore,
Epu1(onTi(x1)) # (o Ti(xz2))-

ii. Now consider the case where for gllwith 1 < ;7 < m; andk’ <
k1, we haveE v, _wpv,—k—1)p 1L (0, (x1)) have the same number of
spikes when compared By, —i/p, v, — (v~ 1)p) 1L (04, (X2)). Now, by hy-
pothesis, we havEy,v,)(o, (x1)) # Zw,vs) (01, (x2)). Therefore there
must exist al < j < my andk’ < kq, so that there is a point in
time where one of the spike-trai&y, v, - (w—1)p 11 (04, (x1)) and
Evs—kpve—k—1)p (04, (x2)) has a spike, while the other does not.
Lett be the latest time instant at which this is so. Also, assuntieowt
loss of generality thaE v, _p.v,— 1)L (0r, (x1)) = (2',... 29)
has a spike at time instatitwhile =y, _/p v,——1)p)11; (01, (x2)) does
not. Letp be the number so that = x”. Letn,, n, be defined as be-
fore. Also, for eachh with 1 < h < ky, letr, be the number of spikes
iN Zw, —apvi—(h-1)p1L (04, (x1)). Eachr, can be determined from .

Tk 2,m

Then, it is straightforward to veri%/2 that ¢, L:zﬁj bty #

T Tk/—1 2 my

bp" Lry_y - Loy M. Thereforen, # ny, and it follows that
Zpu1(04,Ti(x1)) # Zpu (06 Tilx2))-

Some auxiliary propositions used in the proofs of Propositins 2 and 3

Proposition 4. If T : F,, — S is time-invariant, therv (¢™) = .

31Which inn; andny encodes the number of spikes in the intedl — &'p, Vo — (k' — 1)p] on the
jth spike-train ofy; andy. respectively.
32The expression on either side of the inequality is a real rerrtiat encodes for the!” spike time

in the spike-train& (v, —x'p, v, — (k' —1)p) L5 (04, (X1)) @NAZ (v, k. vy — (k' —1)p) L (0, (X 2) ) rESPECtively.
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Proof. For the sake of contradiction, supp0§é$m) — &, whereZ, # ¢. Thatis,
there exists @ € R with =7y = (t). Letd < a. Clearly,a(;(qgm) = 5’” c F,,. Since
T : Fon — Sis time-invariant;T (o5 (¢™)) = os(T (6™)) = o5(o). Now, o5(Zy) # Ty
since= ;s 05(7y) = (t — &) whereass(,_g) 7y = (E for otherwiser, ¢ S. Thisis a
contradiction. Therefore[ (¢™) = ¢.

[

Corollary 3. Let 7 : F,, — S be causal, time-invariant antl’-resettable, for some
W e R*. If y € F,, has a gap in the intervat, ¢ + W], then=, 7 (x) = o.

Proof. Assume the hypothesis of the above statement. One readsytiset=, 7 (y) =
Eit,00) Z(—00,y T (X). NOw, sincey has a gap in the intervéd, t+ W] and7 : F,, — S'is
W-resettable, we have; .)= (o7 (X) = Zjt00)T (E(—ooyX)- Further, sinces,x =
57", we haveZj; o) ZE(— o)X = E[tvoo)gzgm. Therefore, sinc§ : F,, — S is causal, it
follows that=(, . T(Z(_cnX) = Zjreo)T(6™) = ¢, with the last equality following
from the previous proposition.

O

Proposition 5. Let 7 : F,, — S be causal, time-invariant antl’’-resettable, for
somelV’ € R*. Then for alllW € R withW > W', t;,t, € Randyy, x2 € F,, With
Zo00w, (T (x1)) # Z004, (T (x2)), there exist/;, V, € RT so that the following are true.

1. Zpv(on (xa)) 7# Eoe) (06 (x2))

—

2. Ziiw) (06 (x1)) = 0™ Evi(0n (x1)) # 6™ and Z v, 1w (06 (x2)) = 6™,
EVQ (atz (XQ)) 7é Cgm

3. Forallt; € [0,V4), E, v 4wy (0w (x1)) # 6™ and for allt), € [0, V4),
ity w1 (01, (x2)) # 6.

Proof. Since7 : F, — S is causal, we hav&j, .\7 (X1) = Zt,,00) T (Zjt1,00)X1)-
This impliesoy, (Zjt,.00)7 (X1)) = 04, (Efty,00) T (Ejt1,00)X1)) Which gives us
E0.00)71 (T (X1)) = Epp.00) 00 (T (Zptr.00)X1))- SinceT : Fry — Sis

time-invariant andr, (2, «)X1) = Zjo,00)0t (X1) € Fm, We have

E0,00)0% (T (Eftr,000X1)) = Zj0,00) T (Ejo,00)0% (x1))- In short,

Z10,00)74 (T (X1)) = Z(0,00) T (Ef0,00)0%, (1)) Which implies
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E004, (T (x1)) = Z0T (Epp,00) 01, (x1))- Similarly, 2oy, (T (x2)) = Z0T (Epo,00) 01, (X2))-

Therefore, it follows from the hypothesis tr&f7 (Z( ) (0¢, (X1))) # Z0T (E0,00) (02, (X2)))-
Let V1,V, € R™ be the smallest positive real numbers so tBat.(ov, (x1))

and Zp ) (01, (x2)) have gaps in the intervald/;,V, + W] and (15, V, + W] re-

spectively. That such, V5 exist follows from the fact thag,, v € F,.. Since,

T : F,. — S is W-resettable, it is alsdl/ -resettable fodll > W’. It therefore

follows that=_ o vi1 T (Zjo,00) (4, (X1))) = T (E(=s0,111Z0,00) (01, (x1))) Which equals

T (Epw(on (x1)))- Thisimplies thaEo=(—oov4) T (Ep0,00) (01, (X1))) = E0T (Epo,va) (01, (1))

due to which we hav&,T (Zp,c0)(0r, (1)) = Z0T (Eo,v41 (0w, (x1)))- Likewise,

20T (Zj0,00) (045 (X2))) = Z0T (Epo,v5] (01, (x2))). We therefore havE, T (Zjo,11) (04, (x1))) #

Z0T (Zjo,1s)(01,(X2))). This readily implies=(o v,1(0¢, (x1)) # Zjo,vs)(0,(X2)) and,
from the construction, it follows that v, v, (0w, (x1)) = By, (04, (x1)) # o™

and Zy, v+ w) (01, (Xx2)) = i By, (o, (x2)) # ¢™, for otherwiseV; or V, would
not be the smallest choice of numbers with the said propdftyithermore, for the
same reasons, for af| € [0,V1), E v 1wi(on (x1)) # ¢™ and for allt, € [0,V3),
14w (01 (x2)) # O™

0
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