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Abstract

Topological predicates between spatial objects have fongtime been a focus of research in a number
of disciplines like artificial intelligence, cognitive sgice, linguistics, robotics, and spatial reasoning.
Especially as predicates, they support the design of daitglery languages for spatial data retrieval
and analysis in spatial database systems and geograpifimahiation systems. While, to a large ex-
tent, conceptual aspects of topological predicates (hiké definition and reasoning with them) as well
as strategies for avoiding unnecessary or repetitive padelievaluations (like predicate migration and
spatial index structures) have been emphasized, the geweltt of robust and efficient implementation
techniques for them has been rather neglected. Recemlgettign of topological predicates for different
combinations otomplexspatial data types has led to a large increase of their nuigamer accentuated
the need for their efficient implementation. The goal of #niticle is to develop efficient implementa-
tion techniques of topological predicates for all comhimrad of the complex spatial data typesint2D,
line2D, andregion2Dwithin the framework of the spatial algebra SPAL2D. Our $ioluis a two-phase
approach. In thexploration phasgfor a given scene of two spatial objects, talpological eventare
recorded in two precisely defingdpological feature vectoréone for each argument of a topological
predicate) whose specifications are characteristic arguerfor each combination of spatial data types.
These vectors serve as input for #naluation phasavhich analyzes the topological events and deter-
mines the Boolean result of a topological predicate or the kif topological predicate. This paper puts
an emphasis on the exploration phase and in addition preadinst, simple evaluation method.

*This work was partially supported by the National Sciencerféiation (NSF) under grant number NSF-CAREER-11S-0347574



1 Introduction

Topological predicates (likeverlap meetinside between spatial objects (like points, lines, regions)hav
always been a main area of research on spatial data handiegpning, and query languages in a number
of disciplines like artificial intelligence, linguisticspbotics, and cognitive science. They characterize the
relative position between two (or more) objects in spacébeiately exclude any consideration of quanti-
tative, metric measures like distance or direction measwned are associated with notions like adjacency,
coincidence, connectivity, inclusion, and continuity.plarticular, they support the design of suitable query
languages for spatial data retrieval and analysis in ggbgral information systems and spatial database
systems. The focus of this research has been on the conlcégsign of and reasoning with these predicates
as well as on strategies for avoiding unnecessary or ryggpitedicate evaluations. The two central concep-
tual approaches, upon which almost all publications infikisl have been based and which have produced
very similar results, are the iitersection mode]17] and theRCC mode[11]. Until recently, topological
predicates have only been defined $tmplespatial objects. In this article, we are especially inteesn
topological predicates faomplexspatial objects, as they have been recently specified ingd5he basis

of the 9-intersection model.

In contrast to the large amount of conceptual work, impleiat#n issues for topological predicates
have been widely neglected. Since topological predicateexpensive predicatabat cannot be evaluated
in constant time, the strategy in query plans has conselguegen to avoid their computation. The exten-
sive work on spatial index structures as a filtering techaiguquery processing is an important example
of this strategy. It aims at identifying a hopefully smallleation of candidate pairs of spatial objects that
could possibly fulfil the predicate of interest and at exalgda large collection of pairs of spatial objects
that definitely cannot satisfy the predicate. The main ne&sioneglecting the implementation issue of topo-
logical predicates in the literature is probably the sifyplg view that some plane-sweep [38] algorithm
is sufficient to implement topological predicates. Celtaithe plane sweep paradigm plays an important
role for the implementation of these predicates, but thezeatleast three aspects that make such an imple-
mentation much more challenging. A first aspect refers tadttails of the plane sweep itself. Issues are
whether each topological predicate implementation nec#gsequires an own, tailored plane sweep algo-
rithm, how the plane sweep processemplexnstead osimplespatial objects, whether spatial objects have
been preprocessed in the sense that their intersectioesdlean computed in advance (e.g., by employing a
realm-basedapproach [27]), how intersections are handled, and what &innformation the plane sweep
must output so that this information can be leveraged fodipegde evaluation. A second aspect is that the
number of topological predicates increases to a large ewtiémthe transition from simple to complex spa-
tial objects [45]. The two implementation alternatives diagle, specialized algorithm for each predicate
or a single algorithm for all predicates with an exhaustigeecanalysis are error-prone, inappropriate, and
thus unacceptable options from a correctness and a percepoint of view. A third aspect deals with the
kind of query posed. This has impact on the evaluation psodds/en two object® andB of any complex
spatial data typ@oint2D, line2D, or region2D[41], we can pose at least two kinds of topological queries:
(1) “Do A andB satisfy the topological predicag?” and (2) “What is the topological predicapesbetween
A andB?”. Only query 1 yields a Boolean value, and we call it heneer#ication query Query 2 returns
a predicate (name), and we call it hencgedermination query

The goal of this (and a follow-up) article is to develop andgant efficient implementation strategies
for topological predicates between all combinations ofttinee complex spatial data typesint2D, line2D,
andregion2Dwithin the framework of the spatial algebra SPAL2D. We digtiish two phases of predicate
execution: In arexploration phasga plane sweep scans a given configuration of two spatiattshjdetects
all topological eventglike intersections), and records them in so-caliggological feature vectorsThese
vectors serve as input for trevaluation phasevhich analyzes these topological data and determines the
Boolean result of a topological predicate (query 1) or thedkpf topological predicate (query 2). This



paper puts an emphasis on the exploration phase and inadgittsents a simple evaluation method. A
follow-up article [37] deals in detail with improved and efént methods for the evaluation phase. The two-
phase approach provides a direct and sound interactioryaedyy between conceptual work (9-intersection
model) and implementation (algorithmic design).

The special goals of the exploration phase explain thedotrion of topological feature vectors. The
design of individualized, ad hoc algorithms for each togalal predicate of each spatial data type com-
bination turns out to be very cumbersome and error-proneraisds correctness issues. To avoid these
problems, we propagate a systematic exploration appro&ithvidentifies all topological events that are
possible for a particular type combination. These posdify@logical events are stored in two precisely
defined topological feature vectors (one for each argumigistoof the topological predicate) whose spec-
ifications are characteristic and thus unique for each typebination. However, the specification of the
topological feature vector of a particular spatial dateetygdifferent in different type combinations. The
exploration approach leads to very reliable and robustipagsl implementations and forms a sound basis
for the subsequent evaluation phase. Further goals of thleration phase are the treatment of complex
and not only simple spatial objects and an integrated hagdli general and realm-based spatial objects.

Section 2 discusses related work about spatial data type®laas available design and implementa-
tion concepts for topological predicates. In Section 3, wesent the data structures used for all spatial
data types in SPAL2D. Section 4 sketches some basic algoditoncepts needed for the exploration algo-
rithms. Section 5 deals with the exploration phase for ctlg topological information on the basis of the
plane sweep paradigm. It introduces a collectioexgloration algorithmsone for each type combination.
The algorithms extract the needed topological informafrom a given scene of two spatial objects and
determine the topological feature vectors that are spdoifeach type combination. We also determine the
runtime complexity of each algorithm in Big-O notation. 8ew 6 gives a first, simple evaluation method
leveraging topological feature vectors. In Section 7, wavjole a brief overview of the implementation en-
vironment and present our testing strategy of the topodddeature vectors. Since we are not aware of any
other, published implementation description of topolabjoredicates to compare with, we do not provide
an empirical performance analysis. Finally, Section 8 draame conclusions and discusses future work.

2 Related Work

In this section we present related work on spatial objecth@®operands of topological predicates (Sec-
tion 2.1), sketch briefly the essential conceptual modeltofmological predicates (Section 2.2), and discuss
implementation aspects of topological predicates (Se@i8).

2.1 Spatial Objects

In the past, numerous data models and query languages talsjzda have been proposed with the aim of
formulating and processing spatial queries in database&E (e.g., [15, 25, 27, 36, 40, 41Ppatial data
types(see [41] for a survey) likgoint, line, or region are the central concept of these approaches. They
provide fundamental abstractions for modeling the stmectdi geometric entities, their relationships, prop-
erties, and operations. Topological predicates operatiestences of these data types, cabpdtial objects
Until recently, these predicates have only been definedrgule object structures like single points, contin-
uous lines, and simple regions (Figure 1(a)-(c)). Howeves,broad consensus that these simple geometric
structures are inadequate abstractions for real spafpicapons since they are insufficient to cope with
the variety and complexity of geographic reality. Consedjyeuniversal and versatile type specifications
are needed for (more) complex spatial objects so that theysable in many different applications. With
regard tocomplex pointgFigure 1(d)), we allow finite collections of single points @oint objects (e.g., to
gather the positions of all lighthouses in the U.S.). Witharel tocomplex linegFigure 1(e)), we permit
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Figure 1: Examples of a simple point object (a), a simple bbgct (b), a simple region object (c), a
complex point object (d), a complex line object (e), and aglexregion object (f).

arbitrary, finite collections of one-dimensional curves,,ispatially embedded networks possibly consisting
of several disjoint connected components, as line objeats, to model the ramifications of the Nile Delta).
With regard tocomplex regiongFigure 1(f)), the two main extensions relate to separatiointhe exterior
(holes) and to separations of the interior (multiple comgmig). For example, countries (like Italy) can be
made up of multiple components (like the mainland and thghoife islands) and can have holes (like the
Vatican). From a formal point of view, spatial data typeswstidoe closed under the geometric operations
union intersection anddifference This is guaranteed for complex but not for simple spati&h dgpes. Our
formal specification of complex spatial data types giverd] [generalizes the definitions that can be found
in the literature, rests on point set theory and point sailtayy [23], and is the basis of our spatial data type
implementation. We call this specification thlstract modebf our spatial type system SPAL2D.

So far, only a few models have been developed for complexasjpdijects. The works in [6, 26, 27, 46]
are the only formal approaches; they all share a number wétstial features with our type specifications
in [45]. The OpenGIS Consortium (OGC) has proposed geomstitictures calledimple feature#n their
OGC Abstract Specification [33] and in their Geography Markanguage (GML) [34], which is an XML
encoding for the transport and storage of geographic irdition. These geometric structures are similar
to ours but only described informally and callbtiiltiPoint, MultiLineString and MultiPolygon Another
spatial data type specification is provided by ESRI's Sp&mabase Engine (ArcSDE) [22]. It is also
similar to ours but only informally described. Its importancomes from the fact that several database
vendors have more or less integrated ArcSDE functionatity their spatial extension packages through
extensibility mechanisms. Examples are the Informix GaodizataBlade [31], the Oracle Spatial Cartridge
[35], and DB2’s Spatial Extender [12].

Our main interest regarding complex spatial data typesigdtticle relates to the development of effec-
tive geometric data structures that are able to supportfticeeat implementation of topological predicates.
Descriptions of such data structures for spatial data tgpesare. We partially borrow concepts from the
implementation of the ROSE algebra [28] but generalizegluwescepts in the sense that we accommodate
realm-based and general spatial objects. We describe tastlactures in Section 3 and call this specifica-
tion thediscrete modebf SPAL2D.

2.2 Conceptual Models for Topological Relationships

The conceptual study and determination of topologicattiaiahips has been an interdisciplinary research
topic for a long time. Two fundamental approaches have thmé to be the starting point for a number
of extensions and variations; these are that@rsection modeJ17], which is based on point set theory
and point set topology, and tHRCC mode[11], which is based on spatial logic. Despite rather défer
foundations, both approaches come to very similar resiltee implementation strategy described in this
article relies heavily on the 9-intersection model. Thesoeais that we are able to create a direct link
between the concepts of this model and our implementatiproaph, as we will see later. This enables us
to prove the correctness of our implementation strategy.
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Figure 2: The 9-intersection matrix

Based on the 9-intersection model, a complete collectionugfially exclusive topological relationships
can be determined for each combination of simple and rgcatgb complex spatial data types. The model
is based on the nine possible intersections of the bound&)y the interior A°), and the exteriorA™) of
a spatial objecA with the corresponding components of another obBecEach intersection is tested with
regard to the topologically invariant criteria of non-empss. The topological relationship between two
spatial object?\ andB can be expressed by evaluating the 3-matrix in Figure 2.

For this matrix, 2 = 512 different configurations are possible from which onlyegain subset makes
sense depending on tlefinitionandcombinationof the types of the spatial objects considered. For each
combination of spatial types, this means that each of itdipages is associated with a unique intersection
matrix so that all predicates are mutually exclusive andplete with regard to the topologically invariant
criteria of emptiness and non-emptiness.

Topological relationships have been first investigatediimple spatial objects and especially for simple
regions [9, 13, 16, 17]. For two simple regions, eight megiuihconfigurations have been identified which
lead to the well known eight topological predicates calliggjoint, meet overlap equal inside contains
covers andcoveredBy A total of 33 topological relationships have been foundtfon simple lines [7, 14,
18]. Topological predicates between simple points aréatriwither two simple points argisjoint or they
areequal A simple point can be locatezh one of the endpoints of a simple line,the interior of a simple
line, or bedisjoint from a simple line. For a simple point and a simple region, M&in the three predicates
disjoint, meet andinside For a simple line and a simple region, 19 topological refeghips [19] can be
distinguished.

The two works in [8, 21] are the first but restricted attempta tefinition of topological relationships
on complex spatial objects. In [8] the so-called TRCR (Togalal Relationships for Composite Regions)
model only allows sets of disjoint simple regions withoutdso Topological relationships between these
composite regions are defined in an ad hoc manner and arestetrstically derived from the underlying
model. The work in [21] only considers topological relasbips of simple regions with holes; multi-part
regions are not permitted. A main problem of this approathasit depends on the number of holes of the
operand objects. In [45] with two precursors in [2] and [44] ave given a thorough, systematic, and com-
plete specification of topological relationships for alhdanations of complex spatial data types. Details
about the determination process and prototypical drawariggpatial scenarios visualizing all topological
relationships can be found in these papers. This approdubhvs also based on the 9-intersection model,
is the basis of our implementation. Table 1(b) shows theege of topological predicates for complex ob-
jects compared to simple objects (Table 1(a)) and undetpéseed for sophisticated and efficient predicate
execution techniques.

2.3 Implementation Aspects of Topological Predicates

In queries, topological predicates usually appear as €itinditions of spatial selections and spatial joins. At
least two main strategies can be distinguished for thergssing. Either we attempt to avoid the execution
of topological predicates since they are expensive prégicand cannot be executed in constant time, or
we design sophisticated implementation methods for thehe latter strategy is always needed while the
former strategy is worthwhile to do.

Avoidance strategies for expensive predicate executiansbe leveraged at the algebraic level and at
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simple simple simple complex complex complex

point line  region point line region
simple point 2 3 3 complex point 5 14 7
simple line 3 33 19 complex line 14 82 43
simple region| 3 19 8 complex region 7 43 33
(a) (b)

Table 1: Numbers of topological predicates between two Espatial objects (a) and between two complex
spatial objects (b)

the physical level. At the algebraic level, consistencyc&ire procedures examine the collection of topo-
logical relationships contained in a query for topologicahsistency by employing topological reasoning
techniques [39]. Optimization minimizes the number of catagions needed [10] and aims at eliminating
topological relationships that are implied uniquely by gasition [20]. At the physical level, several meth-
ods pursue the concept of avoiding unnecessary or regeptiedicate evaluations in query access plans.
Examples of these methods are predicate migration [30figae placement [29], disjunctive query op-
timization [5], and approximation-based evaluation [4]Jnother important method is the deployment of
spatial index structures [24] to identify those candidat&#gpof spatial objects that could possibly fulfil the
predicate of interest. This is done by a filtering test on th@of minimum bounding rectangles.

At some point, avoidance strategies are of no help anymodthee application of physical predicate ex-
ecution algorithms is required. So far, there has been nbghelol research on the efficient implementation
of topological predicates, their optimization, and thenoection to the underlying theory. All three aspects
are objectives of our work. We leverage the well known planeep paradigm [3] and go far beyond our
own initial attempts in [42, 43]. These attempts extend threcept of the eight topological predicates for
two simple regions to a concept and implementation of thege predicates for complex regions.

The spatial data management and analysis packages mehiio8ection 2.1 like the ESRI ArcSDE,
the Informix Geodetic DataBlade, the Oracle Spatial Cdgei and DB2’s Spatial Extender offer limited
sets of named topological predicates for simple and congpeaxial objects. But their definitions are vague
and their implementations unpublished. The open sourceT®p8logy Suite [32] conforms to the sim-
ple features specification [33] of the Open GIS Consortiuchiarplements topological predicates through
topology graphs A topology graph stores topology explicitly and contaiabdled nodes and edges corre-
sponding to the endpoints and segments of a spatial obgEbsetry. For each node and edge of a spatial
object, one determines whether it is located in the interiothe exterior, or on the boundary of another
spatial object. Computing the topology graphs and derivireg9-intersection matrix from them require
guadratic time and quadratic space in terms of the nodesdgesef the two operand objects; our solution
requires linearithmic (loglinear) time and linear space.

3 Data Structures

Our approach to the verification (query type 1) as well as gterchination (query type 2) of a topological
relationship requires a two-phase algorithm consistinthefexploration phasend theevaluation phase
Only the exploration phase makes use of the two spatial inpjgcts. Each input object can be of type
point2D, line2D, or region2D. In this section, we describe their data structures. Ouwa dfaticture design
and implementation is part of a new type system (i.e., alelor handling two-dimensional spatial data.
In Section 3.1 we give a brief overview of this algebra, ekplgs main components, and briefly discuss
some main requirements of data structure design in a datatmdext. The following three sections de-
scribe several data structures needed for a topologicdigate implementation. Section 3.2 introduces the



primitive typespoi2D andseg2D Section 3.3 explains the geometric component data lgifsegment2D
as the basis of the spatial data type implementation. Fjnké data structures for the spatial data types
point2D, line2D, andregion2D(i.e., their discrete model) are presented in Section 3.4.

3.1 Data Structure Design in the Type System SPAL2D

Our implementation of topological predicates is embedaed ihe framework of a new type system for
two-dimensional spatial data, call&@patial Algebra 2D(SPAL2Dfor short). Some major design goals
of this algebra are high-level and general, complex spdtta types, sophisticated spatial operations and
predicates, numerically stable and topologically coesisalgorithms, and usability in a database and query
language context. The algebra consists of four constisushown in Figure 3.

A central problem for the design of spatial data types is listle underlying number system that
usually fails to ensure numerically stable and topolodycabnsistent geometric algorithms. Numerical
stability incorporates the three aspects of correctnedsistness, and efficiency. Correctness means that
the implementation should always yield the right geometritopological result compared to reality. Ro-
bustness implies that all cases occurring in a geometricatipa should be handled correctly. Efficiency
emphasizes the requirement that the possible advantagestaible algorithm should not be neutralized by
time-consuming numerical computations. Therefore, aldivest level, our number system RATIO pro-
vides a numerically stable rational number implementatishich enables exact geometric computation.
The arithmetic RATIO provides a data type for rational numbers whose value representations can be of
arbitrary, finite length and are only limited by main memariis enables exact computation but entails the
price of possibly longer number representations. From galementation standpoint, the idea is to leverage
existing, fast computer number systems and the operatiiirsed on them.

The next higher level incorporates two-dimensiomélust geometric primitive@RGP2D that are based
on RATIO and that implement coordinates as rational numbérese primitives serve as elementary build-
ing blocks for all higher-level structures and contributgngicantly to their behavior, performance, and
robustness. RGP2D offers a primitive data tpoéD for single points, a data typmeg2Dfor segments, and
a typembb2Dfor minimum bounding boxes together with correspondingrafens and predicates. Those
concepts that are needed for our predicate executions scelokd in Section 3.2.

The third level provides the two-dimensiongéometric component data typéSCDT2D face2D
polygon20 block2D, andhalfsegment2D Objects of these types rest on objects from RGP types and rep
resent the components from which spatial objects at theekiglevel are constructed. The first three data
types are pure user conceptspélygonis a closed areal figure given by its linear boundary reptesen.

A faceconsists of amuter polygorand possibly one or more edge-disjoint inner polygons déiltdes it is
a constituent part of a complex region.bfockis a finite collection of connected segments and a constituen

SPAL2D
SDT2D

GCDT2D

RGP2D

RATIO

Figure 3: Architecture of th8patial Algebra 200SPAL2D



part of a complex line. The fourth data type is exclusivelyiraplementation concept. For the exploration
phase, we are only interested in this concept; we descrilfgeganents in Section 3.3.

The highest level SDT2D offers the threemplex spatial data types point2line2D, andregion2D(see
Section 2.1 for their intuitive description and [45] for thiormal definition in the abstract model) together
with a comprehensive collection of spatial operations aedipates. For the construction of complex spatial
objects, SDT2D utilizes the three geometric component ggiesface2D} polygon2D andblock2D. The
internal representation of complex spatial objects is éhasethe typegoi2D andhalfsegment2DSince it
is of particular interest for our predicate implementatibis described in Section 3.4.

Since our goal is to plug our spatial algebra into a databgsters, the design and implementation of
data structures is subject to other criteria than in oth@liegtion contexts. In a database context, data
structure design has to satisfy special requirements. Pafggect is that algorithms for different operations
processing the same kind of data usually prefer differetdrimal data representations in order to be as
efficient as possible. In contrast to traditional work onoalthms, the focus here is not on finding the
most efficient algorithm for each single problem (operatitogether with a corresponding sophisticated
data structure, but rather on considering the algebra akewind on reconciling the various requirements
posed by different algorithms within a single data struetior each data type. Otherwise, the consequence
would be considerable conversion costs between differata structures in main memory for the same
data type. A second aspect is that the intended use in a datagatem implies that representations for
data types should not employ pointer data structures in mamory but be embedded into compact storage
areas (arrays), which can be efficiently transferred betwegin memory and disk. This avoids unnecessary
and high costs for packing main memory data and unpackireyreedtdata.

In the following sections, we (only) introduce those dateety and operations from RGP2D, GCDT2D,
and SDT2D that are needed for the implementation of topcédgiredicates.

3.2 Robust Geometric Primitive Types

All objects of robust geometric primitive types are stoneddcords. The typpoi2D incorporates all single,
two-dimensional points we can represent on the basis ofaiional number system RATIO. That is, this
type is defined as

poi2D= {(x,y)|x,y € rat} U{e}

The valueg representshe empty objecand is an element d@ll data types. The empty object is needed
to represent the case that an operation yields an “emptyltreSonsider the case of a primitive operation
that computes the intersection of two segments in a poinbotli segments do not intersect at all or they
intersect in a common segment, the result is empty and hasrepbesented.

Given two pointsp, g € poi2D, we assume a predicate “=pE& q< p.Xx=qXx A p.y=q.y) and the
lexicographic order relation<” (p< q< pX<gx V (pX=0X A p.y<qy)).

The typeseg2Dincludes all straight segments bounded by two endpointat ish

seg2D= {(p,q)| p,q € poi2D, p < q} U{e}

The order defined on the endpoints normalizes segments avd@s for a unique representation. This
enables us to speak ofeft end pointand aright end pointof a segment.

The predicatesn,in : poi2D x seg2D— bool check whether a point is located on a segment including
and excluding its endpoints respectively. The predicptebtersectsegintersect seg2Dx seg2D— bool
test whether two segments intersect in a point or a segmspéctvely. The predicatellinear, equal
disjoint, meet: seg2Dx seg2D— bool determine whether two segments lie on the same infinite &ne,
identical, do not share any point, and touch each other intlgxane common endpoint respectively. The



functionlen: seg2D— real computes the length of a segment. The tygad is our own approximation type
for the real numbers and implemented on the basis of tgpe The operatiorpoilntersection: seg2Dx
seg2D— poi2D returns the intersection point of two segments.

The typembb2Dcomprises all minimum bounding boxes, i.e., axis-para#tetangles. It is defined as

mbb2D= {(p,q) | p,q € poi, p-x < g.x, p.y < q.y} U {e}

Here, the predicatdisjoint : mbb2Dx mbb2D— bool checks whether two minimum bounding boxes
are disjoint; otherwise, they interfere with each other.

3.3 The Geometric Component Data Typéialfsegment2D

Halfsegments are the basic implementation components jettsbof the spatial data typdisie2D and
region2D. A halfsegmentwhich is stored in a record, is a hybrid between a point agdthsat. That is, it
has features of both geometric structures; each featureeamuired on demand. We define the set of all
halfsegments as the component data type

halfsegment2B= {(s,d) |s € seg2D- {€}, d € bool}

For a halfsegmertt = (s,d), the Boolean flagl emphasizes one of the segment’s end points, which is
called thedominating pointof h. If d = true (d = false), the left (right) end point ok is the dominating
point of h, andh is calledleft (right) halfsegment Hence, each segmesis mapped to two halfsegments
(s,true) and(s,false). Letdp be the function which yields the dominating point of a hajfsent.

The representation dine2D and region2D objects requires an order relation on halfsegments. For
two distinct halfsegmentk; and h, with a common end poinp, let a be the enclosed angle such that
0° < a < 180C. Let a predicateot be defined as followsot(hy, hy) is true if, and only if, h; can be rotated
aroundp througha to overlaph; in counterclockwise direction. This enables us now to dedimemplete
order on halfsegments. For two halfsegménts- (s1,d;) andh, = (s,dz) we obtain:

h<h, < dp(hl) < dp(hz) V (1)
(dp(hy) =dp(hz) A ((—dy A do) Vv (2a)

(dp =dy A rot(hg,hp)) Vv (2b)

(dp =d2 A collinear(sy,s2) A len(sy) <len(sp)))) (3)

Examples of the order relation on halfsegments are givenguaré 4. Case 1 is exclusively based on
the (x,y)-lexicographical order on dominating points. In the otheses the dominating points lof andh;
coincide. Case 2a deals with the situation that a right halfsegment artg is a left halfsegment. Case 2b
handles the situation th&i andh, are either both left halfsegments or both right halfsegsientthat the
angle criterion is applied. Finally, case 3 treats the sitnathath; andh, are collinear. Two halfsegments
h1 = (s1,d1) andhy = (s, dp) are equal if, and only ifs; = s, andd; = d.

We will also need an order relation between a peoiat poi2D and a halfsegmerti € halfsegment2D
We definev < h< v < dp(h) andv = h < v=dp(h). This shows the hybrid nature of halfsegments having
point and segment features.

3.4 Spatial Data Types

The general, internal representation structurepoint2D, line2D, andregion2D objects of the discrete
model is that of annformation partof fixed length, followed by amrdered sequence of elemenfsvari-
able length. Information part and sequence are stored imgact storage area, i.e., an array. Depending
on the type, the representations differ in the kind of eleiiand in the contents of the information parts.



case 2a case 2b case 3

Figure 4: Examples of the order relation on halfsegmemts: hy

The element type ipoi2D for point2D objects,halfsegment20or line2D objects, andattributed halfseg-
ments(see below) foregion2D objects. Ordered sequences are selected as represestaticres, since
they directly and efficiently support parallel traversaie¢tion 4.1) and the plane sweep paradigm (see
Section 4.3). The information part keeps the number of pdmtpoint2D objects, the number of halfseg-
ments, the total length of all segments, etc.line2D objects, and the number of halfsegments, the area,
the perimeter, etc. fargion2D objects. In general, the information part contains infarorathat can be
easily computed during the construction of a spatial objgotresponding operations can later benefit from
this information and answer in constant (instead of lingamg. In our context, the information part is not
needed so that we neglect it in the following. Another sifigdiion relates to the sequence structure of
line2D andregion2Dobjects. The sequence structures also support the blocgarmnts of dine2D object
and the face components ofegion2D object. For this purpose, halfsegments belonging to theeddack
as well as attributed halfsegments belonging to the saneedialinked with each other in the halfsegment
sequence by array indices. We will also neglect this aspeute we do not need block and face components.
We now have a closer look at the type definitions. Net= NU {0}. The spatial data typpoint2Dis
defined as

point2D= {(p1,...,pn) [N € Np,V1<i<n:p € poi2D—{e},V1i<i<n:p < pit1}

Sincen = 0 is allowed, the empty sequengerepresents the emppoint2D object.
The spatial data typkne2D is defined as

line2D = {(hy,...,han)| () neNp
(i) V1<i<2n:h € halfsegment2D
(”I) VhI = (Sadl) € {hl7"'7h2n} EIh] = (Sjadj) € {hl7"'7h2n}7
1<i<j<2n:equals,sj) A d =-d,
(iv) Vi<i<2n:h <hi;
(V) Vhi=(s,di),hj=(sj,dj) € {hy,...,han},i # j : equals,sj) v
disjoint(s;,sj) v meets;,s;)}

The valuenis equal to the number of segments din@2D object. Since each segment is represented by
a left and a right halfsegment (condition (iii))Jine2D object has & halfsegments. Sinae= 0 is allowed
(condition (i)), the empty sequenae represents the emptine2D object. Condition (iv) expresses that
aline2D object is given as anrdered halfsegment sequendgondition (v) requires that the segments of
two distinct halfsegments are either equal (this only héddshe left and right halfsegments of a segment),
disjoint, or meet.



Figure 5: Aline2D objectL and aregion2DobjectR

The internal representation mégion2D objects is similar to that dfne2D objects. But for each half-
segment, we also need the information whether the intefitineoregion is above/left or below/right of it.
We denote such a halfsegmentaasibuted halfsegmentEach element of the sequence consists of a half-
segment that is augmented by a Boolean idagor “interior above”). Ifia = true holds, the interior of the
region is above or, for vertical segments, left of the sedmEme spatial data typegion2Dis defined as

region2D= {((hy,ia1),..., (hon,iazn)) | ()
(i)
(iii)

(iv)
(V)

ne Ny

v1<i<2n:h € halfsegment2Da; € bool
Vh = (s,d) € {ha,...,hon}

Jh; = (sj,dj) € {hy,...,hxn},1<i< j<2n:
S§S=5 A di:ﬁdj N iai:ia,-
vi<i<2n:h <hyq

“additional topological constraint$”

Condition (v) refers to the additional topological constta that all faces must be edge-disjoint from
each other and that for each face its holes must be locateltiits outer polygon, be edge-disjoint to the
outer polygon, and be edge-disjoint among each other. Tdwsgraints are checked during the construction
of aregion2Dobject. We mention them for reasons of completeness andhasteir satisfaction.

As an example, Figure 5 showdiae2D objectL (with two blocks) and aegion2D objectR (with a
single face containing a hole). Both objects are annotaiéud sggment names. We now determine the
halfsegment sequencesloindR and leth! = (s, true) andh = (s, false) denote the left halfsegment and
right halfsegment of a segmegtrespectively. Fot. we obtain the ordered halfsegment sequence

L = (hl,,h\,hy, h'5, hl, hy,hb, ho, h'8,hg, h'6, hg, hg,h'g, hy, hg,hg, h5)
For Rwe obtain the following ordered sequence of attributedsegiinentst(= true, f = false:

R=((h, 1), (W), £), (N5, 1), (hy, 1), (M, 1), (hi,t), (M, ), (e, ), (G, 1), (G, ©), (G, £), (L, 1))

Since inserting a halfsegment at an arbitrary position 8€¥d) time, in our implementation we use
an AVL-tree embedded into an array whose elements are limkéalfsegment order. An insertion then
requiresO(logn) time.

If we take into account that the segments dire2D object as well as the segments ofegion2D
object are not allowed to intersect each other or touch etiwr an their interiors according to their type
specifications, the definition of the order relation on rejfaents (Section 3.3) seems to be too intricate.
If, in Figure 4, we take away all subcases of case 1 exceph®upper left subcase as well as case 3, the
restricted order relation can already be leveraged for éexrpes and complex regions. In case that all
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spatial objects of an application space are defined overthersalm' [26, 41], the restricted order relation
can also be applied for a parallel traversal of the sequerfde® (or more)ealm-based line2r region2D
objects. But only in the general case of intersecting spaligects, the full order relation on halfsegments
is needed for a parallel traversal of the objects’ halfseagreequences.

4 Basic Algorithmic Concepts

In this section, we describe three algorithmic concepts shave as the foundation of tlexploration al-
gorithmsin Section 5. These concepts are therallel object traversal(Section 4.1),0overlap numbers
(Section 4.2), and thplane sweepparadigm (Section 4.3). Parallel object traversal andlapganumbers
are employed during a plane sweep. We will not describe tbeseepts in full detail here, since they are
well known methods in Computational Geometry [3] and spatabases [28]. Instead, we will focus on
the specialties of these concepts in our setting. This deda smoothly integrated handling of general and
realm-based spatial objects. An objective of this secgalgo to introduce a number of auxiliary operations
and predicates that make the description of the exploratigorithms later much more comprehensible.

4.1 Parallel Object Traversal

For a plane sweep, the representation elements (pointsgyoreses) of the spatial operand objects have
usually to be merged together and sorted afterwards acgptdi some order relation (e.g., the order on
x-coordinates). This initial merging and sorting is rathepensive and requireéS(nlogn) time, if n is the
number of representation elements of both operand obj&ais.approach avoids this initial sorting, since
the representation elements dint2D, line2D, andregion2D objects are already stored in the order we
need (point order or halfsegment order). We also do not laweerge the object representations, since we
can deploy garallel object traversathat allows us to traverse the point or halfsegment seqsenideoth
operand objects in parallel. Hence, by employing a cursdbaih sequences, it is sufficient to check the
point or halfsegment at the current cursor positions of Betjuences and to take the lower one with respect
to the point order or halfsegment order for further compaoitat

If the operand objects have already been intersected with ether, like in the realm case [26], the
parallel object traversal has only to operate on stadic point or halfsegment sequences. But in the general
case, intersections between both objects can exist anceteeted during the plane sweep. A purely static
sequence structure is insufficient in this case, since thetantersections have to be stored and handled
later during the plane sweep. In order to avoid a change daftiigenal object representations, which would
be very expensive and only temporarily needed, each olgextsociated with an additional and temporary
dynamicsequence, which stores newly detected points or halfsegro&imterest. Hence, our parallel object
traversal has to handle a static and a dynamic sequenceopa&ddch operand object and thus four instead
of two point or halfsegment sequences. It returns the ssigheint or halfsegment from the four current
cursor positions. We will give an example of the paralleleabjtraversal when we discuss our plane sweep
approach (Section 4.3).

To simplify the description of this parallel scan, two openas are provided. LeD; € a andO, € 3
with a, € {point2D,line2D, region2D}. The operatiorselectfirst(O;, Oy, object statug selects the first
point or halfsegment of each of the operand objé€xtsand O, and positions a logical pointer on both of
them. The parametebjectwith a possible value out of the sgtone first, secondboth} indicates which
of the two object representations contains the smallertpoihalfsegment. If the value abjectis nong no

1A realmprovides a discrete geometric basis for the constructi@pafial objects and consists of a finite set of points reow
intersectingsegments, callestalm objects That is, a segment inserted into the realm is intersectddplit according to a special
strategy with all realm objects. All spatial objects likengalex points, complex lines, and complex regions are thdimet® in
terms of these realm objects. Hence, all spatial objectaetfover the same realm become aquainted with each otheebeful.
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point or halfsegment is selected, si@gandO, are empty. If the value irst (second, the smaller point
or halfsegment belongs @, (O,). Ifitis both the first point or halfsegment @; andO; are identical. The
parametestatuswith a possible value out of the sggnd of_none end.of_first, end of_secondend of_both}
describes the state of both object representations. Ifahe\ofstatusis end of_none both objects still have
points or halfsegments. If it isnd.of_first (end.of_second, O; (O,) is exhausted. If it indof_both both
object representations are exhausted.

The operatiorselectnex{O;, O, object statug, which has the same parameterselectfirst, searches
for the next smallest point or halfsegment@f and O,. Two points (halfsegments) are compared with
respect to the lexicographic (halfsegment) order. For tlmegarison between a point and a halfsegment, the
dominating point of the halfsegment and hence the lexiqigcaorder is used (see Section 3.3). If before
this operationobjectwas equal tdoth selectnextmoves forward the logical pointers of both sequences;
otherwise, ifobjectwas equal tdirst (second, it only moves forward the logical pointer of the first (sedp
sequence. In contrast to the first operation, which only b@ensider the static sequence part of an object,
this operation also has to check the dynamic sequence pedctfobject. Both operations together allow
one to scan in linear time two object representations like andered sequence.

4.2 Overlap Numbers

The concept obverlap numberss exclusively needed for the computation of the topoldgiekationships
between twaegion2D objects. The reason is that we have to find out the degree dfapying of region
parts. Overlap numbers serve as part of the “interface” éetwthe discrete and abstract specifications of
complex regions. For a complex regiBnwe have to distinguish its discrete specificatiras a sequence
of attributed halfsegments and its abstract specificafipas an infinite point set. In the abstract model, a
point in the plane has overlap numbeif k regions contain this point. For two regiokg andG,, a point

p obtains the overlap number 2, if, and onlypfc F; andp € G,. It obtains the overlap number 1, if, and
only if, eitherpe Fyandp € G, or p€ F,” andp € G,. Otherwise, its overlap number is 0. In the discrete
model, where we cannot explicitly represent infinite poetsswe employ finite boundary representations,
i.e., attributed halfsegments. Since a segnsgmf an attributed halfsegmerb,ian) = ((sh,dn),ian) of a
regionFy separates space into two parts, an interior and an extanmrduring a plane sweep each such
segment is associated withsagment classvhich is a pair(m/n) of overlap numbers, a lower (or right)
onemand an upper (or left) one(m,n € Ng). The lower (upper) overlap number indicates the number of
overlappingregion2Dobjects below (above) the segment. In this way, we obtaeganent classificatioof
two region2Dobjects and speak aboirh/n)-segments. Obviously, € m,n < 2 holds. Of the nine possible
combinations only seven describe valid segment classeis.ig hecause &)/0)-segment contradicts the
definition of a complexegion2Dobject, since then at least one of both regions would havéhbles or an
outer cycle and a hole with a common border segment. Sipilg2f2)-segments cannot exist, since then
at least one of the two regions would have a segment whichnsramn to two outer cycles of the object.
Hence, possiblém/n)-segments aré0/1)-, (0/2)-, (1/0)-, (1/1)-, (1/2)-, (2/0)-, and(2/1)-segments.
Figure 6 gives an example.

Figure 6: Example of the segment classification of tegion2D objects
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4.3 Plane Sweep

The plane sweep technique [3, 38] is a well known algorithegbeme in Computational Geometry. Its
central idea is to reduce a two-dimensional geometric prablo a simpler one-dimensional geometric
problem. A verticabweep lindgraversing the plane from left to right stops at speeiant pointsvhich are
stored in a queue calleslrent point scheduleThe event point schedule must allow one to insert new event
points discovered during processing; these are normalinitially unknown intersections of line segments.
The state of the intersection of the sweep line with the géoosructure being swept at the current sweep
line position is recorded in vertical order in a data streetealledsweep line statusWhenever the sweep
line reaches an event point, the sweep line status is upd&eeht points which are passed by the sweep
line are removed from the event point schedule. Note thajemeral, an efficient and fully dynamic data
structure is needed to represent the event point scheddliéar) in many plane-sweep algorithms, an initial
sorting step is needed to produce the sequence of evens fpoiixt y)-lexicographical order.

In our case, the event points are either the points of thie §taint sequences gioint2D objects or the
(attributed) halfsegments of the static halfsegment sszpgeofline2D (region2D) objects. This especially
holds and is sufficient for the realm case. In addition, ingbreral case, new event points are determined
during the plane sweep as intersections of line segmerdy;dfre stored as points or halfsegments in the
dynamic sequence parts of the operand objects and are neslyegtmporarily for the plane sweep. As
we have seen in Section 4.1, the concepts of point ordeisduatient order, and parallel object traversal
avoid an expensive initial sorting at the beginning of thenpl sweep. We use the operatiget eventto
provide the element to which the logical pointer of a poinhalfsegment sequence is currently pointing.
The Boolean predicateok aheadtests whether the dominating points of a given halfsegmedtfee next
halfsegment after the logical pointer of a given halfsegnsequence are equal.

Several operations are needed for managing the sweep éines stThe operationew.sweepcreates
a new, empty sweep line status. If a left (right) halfsegnana line2D or region2D object is reached
during a plane-sweep, the operatexid |left (delright) stores (removes) its segment component into (from)
the segment sequence of the sweep line status. The predaiatéddentchecks whether the just inserted
segment partially coincides with a segment of the otherablijethe sweep line status. The operatsaattr
(getattr) sets (gets) an attribute for (from) a segment in the swewpsiatus. This attribute can be either a
Boolean value indicating whether the interior of the reggabove the segment or not (the “Interior Above”
flag), or it can be an assigned segment classification. Thetpeget pred attr yields the attribute from
the predecessor of a segment in the sweep line status. Thatiopgred exists(commonpoint.existg
checks whether for a segment in the sweep line status a gest@caccording to the verticglorder (a
neighbored segment of tlgher object with a common end point) exists. The operapoed of_p searches
the nearest segment below a given point in the sweep lingsstihe predicateurrent existstests whether
such a segment exists. The predigade on_seg(poi_in_seg checks whether a given point lies (in) any
segment of the sweep line status.

Intersections of line segments stemming from twes2D objects, tworegion2D objects, or dine2D
object and aegion2Dobject are of special interest, since they indicate topoldghanges. If two segments
of two line2D objects intersect, this can, e.g., indicate a proper ietgie, or a meeting situation between
both segments, or an overlapping of both segments. If a segofie line2D object intersects a segment
of aregion2D object, the former segment can, e.g., “enter” the regicggvé” the region, or overlap with
the latter segment. Overlap numbers can be employed heetdomine entering and leaving situations. If
segments of tweoegion2D objects intersect, this can, e.g., indicate that they sha@mmon area and/or a
common boundary. In this case, intersecting line segmews éspecially an effect on the overlap numbers
of the segments of botiegion2D objects. In Section 4.2 we have tacitly assumed that any egmsnts
from bothregion2D objects are either disjoint, or equal, or meet solely in ammam end point. Only if
these topological constraints are satisfied, we can useotiwepts of overlap numbers and segment classes
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for a plane sweep. But the general case in particular allovessections. Figure 7 shows the problem of
segment classes for two intersecting segments. The segfasatofs; [s;] left of the intersection point is
(0/1) [(1/2)]. The segment class sf [s;] right of the intersection point i§1/2) [(0/1)]. That is, after the
intersection point, seen from left to righs, ands, exchange their segment classes. The reason is that the
topology of both segments changes. Whereas, to the lefteahtirsections; (s;) is outside (inside) the
region to whichs, (s1) belongs, to the right of the intersectiai,(s,) is inside (outside) the region to which

S (s1) belongs.

Figure 7: Changing overlap numbers after an intersection.

In order to be able to make the needed topological detectindgo enable the use of overlap numbers
for two general regions, in case that two segments from tiferdnt regions intersect, partially coincide,
or touch each other within the interior of a segment, we passgplitting strategy that is executed during
the plane sweep “on the fly”. If segments intersect, they emgpbrarily split at their common intersection
point so that each of them is replaced by two segments (oer, Halfsegments) (Figure 8a). If two seg-
ments partially coincide, they are split each time the emdpef one segment lies inside the interior of the
other segment. Depending on the topological situationsciwban be described by Allen’s thirteen basic
relations on intervals [1], each of the two segments eitberains unchanged or is replaced by up to three
segments (i.e., six halfsegments). From the thirteen plessalations, eight relations (four pairs of symmet-
ric relations) are of interest here (Figure 8b). If an endpof one segment touches the interior of the other
segment, the latter segment is split and replaced by twoeetgnii.e., four halfsegments) (Figure 8c).

This splitting strategy is numerically stable and thus ifdasrom an implementation standpoint, since
RATIO ensures correctness, numerical robustness, ane hepalogical consistency of intersection opera-
tions. Intersecting and touching points candxactlycomputed, lead to representable points with rational
coordinates provided by RATIO, and are thus precisely kxtan the intersecting or touching segments.

However, as indicated before, the splitting of segmentailsnsome algorithmic effort. On the one
hand, we want to keep the halfsegment sequences ding2D and region2D objects unchanged, since
their update is expensive and only temporarily needed ®ptane sweep. On the other hand, the splitting
of halfsegments has an effect on these sequences. As a acoiseydor eachine2D or region2D object,
we maintain its “static” representation, and the halfseginebtained by the splitting process are stored in
an additional “dynamic” halfsegment sequence. The dyngmaitis also organized as an AVL tree which

(a) (b) (c)

Figure 8: Splitting of two intersecting segments (a), twdipfly coinciding segments (without symmetric
counterparts) (b), and a segment whose interior is toucleanbther segment (c). Digits indicate part
numbers of segments after splitting.
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(a) (b)

Figure 9: Sweep line status before the splittingté be inserted) (a) and after the splitting (b). The vertical
dashed line indicates the current position of the sweep line

is embedded in an array and whose elements are linked inrsegjoeder. Assuming th&tsplitting points
are detected during the plane sweep, we r@dd additional space, and to insert them requité&logk)
time. After the plane sweep, this additional space is reldas

To illustrate the splitting process in more detail, we cdastworegion2DobjectsR; andR,. In general,
we have to deal with the three cases in Figure 8. We first cendiie case that the plane sweep detects an
intersection. This leads to a situation like in Figure 9ae Tio static and the two dynamic halfsegment
sequences d®; andR; are shown in Table 2. Together they form thent point schedulef the plane sweep
and are processed by a parallel object traversal. Beforeutrent position of the sweep line (indicated
by the vertical dashed line in Figure 9), the parallel objeatersal has already processed the attributed
halfsegmentih t), (h' f), (h{,l, ), and(hv f) in this order. At the current position of the sweep line,
the parallel object traversal encounters the halfsegm(méatst and (h' f). For each left halfsegment
visited, the corresponding segment is inserted into thepwire status according to tlyecoordinate of its
dominating point and checked for intersections with itedirupper and lower neighbors. In our example,
the insertion o4 leads to an intersection with its upper neighiaprThis requiresegment splittingwe split
v1 into the two segmentg; ; andv; » andss into the two segments, 1 andss 2. In the sweep line status, we
have to replace; by vi; ands, by 43 (Figure 9b). The new halfsegmerity, , f) 342, f), and(hy,, f)
are inserted into the dynamic halfsegment sequend®_.ofnto the dynamic halfsegment sequencedRef
we insert the halfsegmenth), .t), (h{,lz, ), and(h}, ,,t). We need not store the two halfsegme(mi§_1, f)
and(h{,ll, ) since they refer to the “past” and have already been prodesse

On purpose we have accepted a little inconsistency in tlusgolure, which can fortunately be easily
controlled. Since, for the duration of the plane swesfy;1) has been replaced Isy1 (v11) andss 2 (v12),
the problem is that the static sequence parRp{Ry) still includes the now invalid halfsegmefiy,, f)
((h{,,t)), which we may not delete (see Figure 9b). However, this tsanproblem due to the following
observation. If we find a right halfsegment in the dynamiasege part of agion2Dobject, we know that
it stems from splitting a longer, collinear, right halfsegmh that is stored in the static sequence part of this
object, has the same right end point, and has to be skipp@&wdhe parallel object traversal.

R; dynamicsequence part (hg41,f) (. f) (hg“,f)

R, staticsequence part ( (hs,, f) | (hg,t) | (R, f) | (h.b)
(he, £) | (hy.f) | (he. f) | (K5.1)
(h'vyf) (hv27f) (M. ) | (h, )

)
)
R, staticsequence part ( ot
)

R, dynamicsequence part (h, ,t) (h{,lz,t) (hp, ,.t)

Table 2: Static and dynamic halfsegment sequences of tiensdg; andR; in Figure 9.
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For the second and third case in Figure 8, the procedure gathe but more splits can occur. In case of
overlapping, collinear segments, we obtain up to six nevisegiments. In case of a touching situation, the
segment whose interior is touched is split. In all casesidensd, each right halfsegment of a split segment
contained in the static sequence part gets a new countémghg dynamic sequence part pointing to it.

5 The Exploration Phase for Collecting Topological Informaion

For a given scene of two spatial objects, the goal of the eaptm phase is to discover appropriate topo-
logical information that is characteristic and unique fuistscene and that is suitable both for verification
queries (query type 1) and determination queries (query 3pOur approach is to scan such a scene from
left to right by a plane sweep and to collect topological ahteng this traversal that later in the evaluation
phase helps us confirm, deny, or derive the topologicaliogiship between both objects. From both phases,
the exploration phase is the computationally expensivesoree topological information has to be explicitly
derived by geometric computation.

Our research shows that it is unfavorable to aim at desigaurgversalexploration algorithm that cov-
ers all combinations of spatial data types. This has thrée masons. First, each of the data typemt2D,
line2D, andregion2D has very type-specific, well known properties that are diffé from each other (like
different dimensionality). Second, for each combinatidérsmatial data types, the topological information
we have to collect is very specific and especially differeotrf all other type combinations. Third, the
topological information we collect about each spatial dggee is different in different type combinations.

Therefore, using the basic algorithmic concepts of Sectiom this section, we present exploration
algorithms for all combinations of complex spatial dataetyp Between two objects of type®int2D,
line2D, or region2D, we have to distinguish six different cases, if we assumethtiwafirst operand has an
equal or lower dimension than the second opetaml algorithms except for thgoint2D¥point2D case
require the plane sweep technique. Depending on the typgsatil objects involved, a boolean vectpr
consisting of a special set of “topological flags” is ass@jteeachobjectF. We call it atopological feature
vector lIts flags are all initialized tdalse Once certain topological information about an object hesnb
discovered, the corresponding flag of its topological featector is set torue. For all type combinations,
we aim at minimizing the number of topological flags of bothtsd argument objects. In symmetric cases,
only the first object gets the flag. The topological featuretmes are later used in the evaluation phase for
predicate matching. Hence, the selection of topologicgkfla highly motivated by the requirements of the
evaluation phase (Section 6, [37]).

Let P(F) be thesetof all points of apoint2D objectF, H(F) be thesetof all (attributed) halfsegments
[including those resulting from our splitting strategy]aline2D (region2D) objectF, andB(F) be the set
of all boundary points of #ine2D objectF. For f € H(F), let f.s denote its segment component, and; if
is aregion2D object, letf.ia denote its attribute component. The definitions in the neksections make
use of the operations on robust geometric primitives (8e@&i2) and halfsegments (Section 3.3).

5.1 The Exploration Algorithm for the point2D/point2D Case

The first and simplest case considers the exploration oflagpral information for twopoint2D objectsF
andG. Here, the topological facts of interest are whether (ihhaiijects have a point in common and E)
(G) contains a point that is not part & (F). Hence, both topological feature vectersandvg get the flag
poi_disjoint. But only vg in addition gets the flagoi_sharedsince the sharing of a point is symmetric. We
obtain (the symbol “=" means “equivalent by definition”):

2If, in the determination query case, a predicaté, B) has to be processed, for which the dimension of objésthigher than
the dimension of objeds, we process the converse predicpt&™(B, A) wherep®™ has the transpose of the 9-intersection matrix
(see Figure 2) op.
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01 algorithm ExplorePoint2DPoint2D 11 else/* object=both*/

02input: point2DobjectsF andG, topological feature 12 Vg [poi_shared := true;

03 vectors/g andvg initialized with false 13 endif

04 output: updated vectorgs andvg 14 selectnex(F, G, object statug;

05begin 15 endwhile

06 selectfirst(F, G, object statug; 16 if status= end.of first then vg[poi_disjoint := true
07  while status= end.of_-noneand not (v [poi_disjoint] 17 else ifstatus= end.of_secondhen

08 and vg[poi_disjoint and vg [poi_shared) do 18 Vg [poi_disjoin{] := true

09 if object= first then vg [poi_disjoin{ := true 19 endif

10 else ifobject= secondhen vg[poi_disjoint] := true 20 end ExplorePoint2DPoint2D

Figure 10: Algorithm for computing the topological featwextors for twopoint2D objects

Definition 1 LetF,G € point2D, and letvg andvg be their topological feature vectors. Then

(i) ve[poishared & JfeP(F)3geP(G):f=g
(i) vg[poidisjoint & 3IfecP(F)vVgeP(G): f#g
(i) vg[poidisjoint] < 3JgeP(G)VfeP(F): f#g

For the computation of the topological feature vectorsaa@lsweep is not needed in this case; a parallel
traversal suffices, as the algorithm in Figure 10 shows. Thikevloop terminates if either the end of one of
the objects has been reached or all topological flags havedseotrue (lines 7 and 8). In the worst case,
the loop has to be traverséd- m times wherd (m) is the number of points of the first (secormqint2D
object. Since the body of the while-loop requires constiamt tthe overall time complexity i©(l + m).

5.2 The Exploration Algorithm for the point2D/line2D Case

In case of goint2D objectF and aline2D objectG, at the lowest level of detail, we are interested in the
possible relative positions between the individual pooft& and the halfsegments @. This requires a
precise understanding of the definition of the boundary lofie2D object, as it has been given in [45]. It
follows from this definition that each boundary point®@fis an endpoint of a (half)segment Gfand that
this does not necessarily hold vice versa, as Figure 11¢&dtes. The black segment endpoints belong to
the boundary o, since exactly one segment emanates from each of themtivatyi they “bound”G. In
contrast, the grey segment endpoints belong to the intefiGi; since several segments emanate from each
of them. Intuitively, they are “connector points” betwedfiedtent segments db.

The following argumentation leads to the needed topolddiags forF andG. Seen from the perspec-
tive of F, we can distinguish three cases, since the boundaFyisfempty [45] and the interior df can
interact with the exterior, interior, or boundary Gf First, (the interior of) a poinf of F can be disjoint
from G (flag poi_disjoint). Second, a poinf can lie in the interior of a segment &f (flag poi_on_interior).

(a) (b) (c)

Figure 11: Boundary points (in black) and connector poimsg(ey) of aline2D object (a), a scenario
where a boundary point of Ene2D object exists that is unequal to all points opaint2D object (b), a
scenario where this is not the case (c).
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01 algorithm ExplorePoint2DLine2D 19 if not look.aheadh, G) then

02input: point2DobjectF andline2D objectG, 20 vg[boundpoi_disjoint] := true
03 topological feature vectors andvg 21 endif

04 initialized withfalse 22 endif

05 output: updated vectorg= andvg 23 else/* object= both*/

06 begin 24 h:= geteventG); /* h= (s,d) */

07 S:=newsweef); lastdp:=¢; 25 if d then add.left(S s) elsedelright(S, s) endif;
08 selectfirst(F, G, object statug; 26 last.dp := dp(h);

09 while status# endof_secondand status# end.of_bothand 27 if look_aheadh, G) then

10 not (ve [poi_disjoint and vg [poi_on.interior] and 28 Vg [poi_on.interior] := true

11 Vg [poi-on.bound and vg[boundpoi_disjoint]) do 29 elsevg [poi_on_bound := true endif
12 if object= first then p := geteven(F); 30 endif

13 if poi.in_sedS, p) then vg [poi_on.interior] := true 31 selectnex(F, G, object statu;

14 elsevg [poi_disjoint] := true endif 32  endwhile

15 else ifobject= seconahen 33 if status= end.of_secondhen

16 h:=geteven(G); /* h=(s,d) */ 34 Vg [poi_disjoin{] := true

17 if d then add.left(S, s) elsedeLright(S, s) endif; 35 endif

18 if dp(h) # last.dpthen last.dp := dp(h); 36 end ExplorePoint2DLine2D

Figure 12: Algorithm for computing the topological featwectors for gooint2Dobject and dine2D object

This includes an endpoint of such a segment, if the endpsiatcionnector point db. Third, a pointf can

be equal to a boundary point &f (flag poi_on_bound. Seen from the perspective Gf we can distinguish
four cases, since the boundary and the interioaan interact with the interior and exterior Bf First,

G can contain a boundary point that is unequal to all points {flag bound poi_disjoint). SecondG can
have a boundary point that is equal to a poinfin But the flagpoi_on_ boundalready takes care of this
situation. Third, the interior of a segment Gf(including connector points) can comprehend a poirft of
This situation is already covered by the flagi_on.interior. Fourth, the interior of a segment Gfcan be

part of the exterior oF. This is always true since a segmentfepresents an infinite point set that cannot
be covered by the finite number of pointsin Hence, we need not handle this as a special situation. More
formally, we define the semantics of the topological flagsodews:

Definition 2 LetF € point2D, G € line2D, andvg andvg be their topological feature vectors. Then

(i) vg[poi_disjoint] < IfeP(F)VgeH(G): —on(f,g.s)
(i) vp[poi_oninterior] < JfeP(F)3geH(G)VbeB(G):on(f,gs) A f#Db
(i)  vg[poi_on.bound < 3JfeP(F)3dgeB(G):f=g

(iv) vglboundpoidisjoinf & 3JgeB(G)VfeP(F):f#g

Our algorithm for computing the topological informationr fthis case is shown in Figure 12. The
while-loop is executed until the end of ttiee2D object (line 9) and as long as not all topological flags
have been set toue (lines 10 to 11). The operatiorselectfirst and selectnextcompare a point and a
halfsegment according to the order relation defined in 8e@&i3 in order to determine the next element(s)
to be processed. If only a point has to be processed (linewi2know that it does not coincide with an
endpoint of a segment @ and hence not with a boundary point@f But we have to check whether the
point lies in the interior of a segment in the sweep line statwuctureS. This is done by the search operation
poi_in_segon S (line 13). If this is not the case, the point must be locatetdida the segment (line 14). If
only a halfsegmeni has to be processed (line 15), its segment component igedseto (deleted from)
Sif his a left (right) halfsegment (line 17). We also have to téshé dominating point oh, sayv, is a
boundary point of5. This is the case ¥ is unequal to the previous dominating point stored in thétxde
last dp (line 18) and if the operatiolbok aheadfinds out thatv does also not coincide with the dominating
point of the next halfsegment (lines 19 to 20). In case thatiatw of F is equal to a dominating point of
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0lalgorithm ExplorePoint2DRegion2D 16 elsevg [poi_outsidé := true endif

02input: point2DobjectF andregion2DobjectG, 17 elsevg [poi_outsidé := true

03 topological feature vectors andvg 18 endif

04 initialized withfalse 19 endif

05output: updated vectorgs andvg 20 elseh := geteven(G); ia := getattr(G); /* h=(s,d) */
06 begin 21 if d then add.left(S s); setattr(S ia)

07 S:=newsweef); 22 elsedelright(S, s) endif;

08 selectfirst(F, G, object statug; 23 if object= boththen vg [poi_on_bound := true endif
09 while status= end of_noneand not (vg [poi_insidg 24 endif

10 and vg [poi_on_bound and vg [poi_outsidé) do 25 selectnex(F, G, object statugy;

11 if object= first then p := geteven(F); 26  endwhile

12 if poi_.on_sedS, p) then vg [poi_on.bound :=true 27 if status= endof secondthen

13 elsepred.of_p(S, p); 28 VE [poi_outsidé := true

14 if currentexistgS) thenia := getattr(S); 29 endif

15 if ia then vg [poi_insidg := true 30 end ExplorePoint2DRegion2D

Figure 13: Algorithm for computing the topological featwrectors for apoint2D object and aegion2D
object

a halfsegmenh in G (line 23), we know that has never been visited before and that it is an end point of
the segment component bf Besides the update &(line 25), it remains to decide whethers an interior
point (line 28) or a boundary point (line 29) bf For this, we look ahead (line 27) to see whether the next
halfsegment’s dominating point is equalvor not.

If I is the number of points df andm is the number of halfsegments Gf the while-loop is executed
at mostl + mtimes. The insertion of a left halfsegment into and the reshof/a right halfsegment from the
sweep line status nee@glogm) time. The check whether a point lies within or outside a sedr(@edicate
poi_in_seg also requiresD(logm) time. Altogether, the worst time complexity &((I +m)logm). The
while-loop has to be executed at leastimes for processing the entitime2D object in order to find out
whether a boundary point exists that is unequal to all pahtke point2D object (Figures 11(b) and (c)).

5.3 The Exploration Algorithm for the point2D/region2D Case

In case of goint2D objectF and aregion2D objectG, the situation is simpler than in the previous case.
Seen from the perspective Bf we can again distinguish three cases between (the intfjiar point of F
and the exterior, interior, or boundary Gf First, a point ofF lies either inside (flag poi_insidég), on the
boundary ofG (flag poi_on_bound, or outside of regior (flag poi_outsidg. Seen from the perspective of
G, we can distinguish four cases between the boundary andtémeor of G with the interior and exterior of
F. The intersection of the boundary (interior)@iwith the interior ofF implies that a point oF is located
on the boundary (inside) @. This situation is already covered by the flagi_on_bound(poi_inside. The
intersection of the boundary (interior) Gfwith the exterior ofF is always true, sincé as a finite point set
cannot covefG's boundary segments (interior) representing an infinitetpget. More formally, we define
the semantics of the topological flags as follows (we asspai@Regionto be a predicate which checks
whether a point lies insider@gion2D object):

Definition 3 LetF € point2D, G € region2D, andve andvg be their topological feature vectors. Then

(i) ve[poi.insidg < 3f € P(F) : poilnRegiori f,G)
(i) ve[poionbound :< 3IfeP(F)3geH(G):on(f,g.9)
(i)  ve[poi_outside & 3If eP(F)VgeH(G): —poilnRegiori f,G) A —on(f,g.s)
We see that/ is not needed. The algorithm for this case is shown in Fig@e The while-loop is
executed as long as none of the two objects has been prodéissed) and as long as not all topological
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flags have been set toue (lines 9 to 10). If only a point has to be processed (line 119, must check
its location. The first case is that it lies on a boundary segntéis is checked by the sweep line status
predicatepoi_on seg(line 12). Otherwise, it must be located inside or outsid&oflWe use the operation
pred.of_p (line 13) to determine the nearest segment in the sweepthtesswhose intersection point with
the sweep line has a lowgrcoordinate than thg-coordinate of the point. The predicaterrentexists
checks whether such a segment exists (line 14). If this ishetase, the point must be outsideG(line
17). Otherwise, we ask for the information whether the ioteof G is above the segment (line 14). We
can then derive whether the point is inside or outside themnegines 15 to 16). If only a halfsegmeht
has to be processed or a ponof F is equal to a dominating point of a halfsegmérith G (line 20), h's
segment component is inserted into (deleted fr&ii)his a left (right) halfsegment (line 20 to 21). In case
of a left halfsegment, in addition, the information whettter interior ofG is above the segment is stored in
the sweep line status (line 21).\fand the dominating point df coincide, we know that the point is on the
boundary ofG (line 23).

If | is the number of points df andmis the number of halfsegments Gf the while-loop is executed
at mostl + mtimes. Each of the sweep line status operatimd left, deLright, poi_on_seg pred.of_p, cur-
rentexists getattr, andsetattr needsO(logm) time. The total worst time complexity 5((I + m)logm).

5.4 The Exploration Algorithm for the line2D/line2D Case

We now consider the exploration algorithm for thirme2D objectsF andG. Seen from the perspective bf
we can differentiate six cases between the interior anddenyrofF and the interior, boundary, and exterior
of G. First, the interiors of two segments BfandG can partially or completely coincide (flaggshared.
Second, if a segment &F does not partially or completely coincide with any segmédrsowe register this
in the flagsegunshared Third, we set the flagterior_poi_sharedif two segments intersect in a single point
that does not belong to the boundariesobr G. Fourth, a boundary endpoint of a segmenfofan be
located in the interior of a segment (including connectants) of G (flag boundon.interior). Fifth, both
objectsF andG can share a boundary point (flagundshared. Sixth, if a boundary endpoint of a segment
of F lies outside of all segments &, we set the flaghounddisjoint Seen from the perspective Gf we
can identify the same cases. But due to the symmetry of tHréee six topological cases, we do not need
all flags forG. For example, if a segment &f partially coincides with a segment &, this also holds vice
versa. Hence, it is sufficient to introduce the flaggunsharedboundon.interior, andbounddisjoint for

G. More formally, we define the semantics of the topologicaiglas follows:

Definition 4 LetF,G € line2D, and letvg andvg be their topological feature vectors. Then

(i) ve[segshared & JfeH(F)3geH(G): segintersedtf s, g.s)
(i) vg[interior_poi_shared < 3JfeH(F)3geH(G)VpeB(F)UB(G):
poilntersectf.s,g.s) A poilntersectiorif.s,g.s) # p

(i)  ve[segunshared & JfeH(F)VgeH(G): —seglintersedtf.s,g.s)
(iv) ve[boundoninterior] < 3JIfeH(F)3geH(G)IpeB(F)\B(G):
poilntersectiorif.s,g.s) =
(v) Vve[boundshared < dJpeB(F)3qeB(G):p=q
(vi) vg[bounddisjoint] & dJpeB(F)vge H(G): —on(p,g.s)
(vii) G[segunshare¢l & JgeH(G)VfeH(F): ﬂseglntersec(tf S,0.9)
(viii)  vg[boundorinterior] < 3IfeH(F)3geH(G)3 p €B(G) \ B(F):
poilntersectiorif.s,g.s) =

(ix) vg[bounddisjoint] & 3geB(G)VfeH(F): ﬂon(q, f.s)

The exploration algorithm for this case is given in Figure T#he while-loop is executed until both
objects have been processed (line 9) and as long as not allbgppal flags have been settioie (lines 9 to
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01 algorithm ExploreLine2DLine2D 36 else ifobject= secondthen h := geteven(G);

02input: line2D objectsF andG, topological feature 37 ... I*like lines 15 to 35 withF andG swapped */
03 vectorsyr andvg initialized with false 38 else/* object= both*/

04 output: updated vectorgs andvg 39 h := geteven(F); v [segshared := true;

05 begin 40 if d then add.left(S s) elsedelright(S, s) endif;
06 S:=newswee); lastdp.in_F :=¢; lastdp.in_G :=¢; 41 if dp(h) # lastdp.in_F then lastdp.in_F := dp(h);
07 lastboundin_F :=¢; lastboundin_G :=¢; 42 if not look.aheadh, F) then

08 selectfirst(F, G, object statug; 43 last boundin_F := dp(h)

09  while status# end of_bothand not (vg [segshared 44 endif

10 and vg [interior_poi_shared and vg [segunshared 45 endif;

11 and vg [boundon.interior] and ve [boundshared 46 if dp(h) # last.dp.in_G then last.dp.in_G := dp(h);
12 and vg [bounddisjoin and vg[bounddisjoin{ 47 if not look aheadh, G) then

13 and vg[boundon.interior] and vg[segunshared) do 48 last boundin_G := dp(h)

14 if object= firstthen h := geteven(F); /* h= (s, d)* 49 endif

15 if d then add.left(S, s) 50 endif;

16 elsedelLright(S, ); ve [segunshared := true endif; 51 if lastboundin_F = last boundin_G then

17 if dp(h) # lastdp.in_F thenlastdp.in_F :=dp(h); 52 Vg [boundshared := true

18 if not look_aheadh,F) then 53 else

19 last boundin_F := dp(h); 54 if lastboundin_F = lastdp.in_G then

20 if lastboundin_F = lastboundin_G then 55 vg [boundon.interior] := true

21 Vg [boundshared := true 56 endif;

22 else iflast boundin_F = last. dp.in_G then 57 if lastboundin_G = last.dp.in_F then

23 vr [boundon.interior] := true 58 vg[boundon.interior] := true

24 else if notlook-aheadh, G) then 59 endif

25 vg [bounddisjoint] := true 60 endif

26 endif 61 endif;

27 endif 62 if status= end.of_first then

28 endif; 63 vg[segunshared := true;

29 if dp(h) # lastboundin_F then 64 else ifstatus= end.of_secondthen

30 if dp(h) = lastbound.in_G then 65 Vg [segunshared := true;

31 vg[boundoninterior] := true 66 endif

32 else ifdp(h) = lastdp.in_G then 67 selectnex(F, G, object statug;

33 VE [interior_poi_shared := true 68 endwhile

34 endif 69 end ExploreLine2DLine2D

35 endif

Figure 14: Algorithm for computing the topological featwectors for twdine2D objects

13). If a single left (right) halfsegment &f (line 14) has to be processed (the same&I¢line 36)), we insert

it into (delete it from) the sweep line status (lines 15 anyl Tkhe deletion of a single right halfsegment
further indicates that it is not shared ®y(line 16). If the current dominating point, sayis unequal to the
previous dominating point df (line 17) and if the operation loa&head finds out thatis also unequal to
the dominating point of the next halfsegmentrofline 18),v must be a boundary point &f (line 19). In
this case, we perform three checks. Firsy doincides with the current boundary point@) both objects
share a part of their boundary (lines 20 to 21). Second, wiker if v is equal to the current dominating
point, sayw, in G, w must be an interior point 0B, and the boundary df and the interior ofG share a
point (lines 22 to 23). Third, otherwise, \¥fis different from the dominating point of the next halfsegme
in G, F contains a boundary point that is disjoint fragn(lines 24 to 25). Ifv has not been identified as a
boundary point in the previous step (line 29), it must be &riar point ofF. In this case, we check whether
it coincides with the current boundary point@(lines 30 to 31) or whether it is also an interior point in
G (lines 32 to 33). If a halfsegment belongs to both objecte(B88), we can conclude that it is shared by
them (line 39). Depending on whether it is a left or right Baffment, it is inserted into or deleted from the
sweepline status (line 40). Lines 41 to 45 (46 to 50) test drehe dominating point of the halfsegment
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0lalgorithm ExploreLine2DRegion2D 35 elseve [boundoutsideé := true endif

02input: line2D objectF andregion2DobjectG, 36 elsevg [boundoutsidé := true endif
03 topological feature vectorg andvg 37 endif

04 initialized withfalse 38 endif

05 output: updated vectorg= andvg 39 endif;

06 begin 40 if dp(h) # lastbound.in_F and

07 S:=newswee); lastdp.in_F :=¢; lastdp.in_G :=¢; 41 dp(h) = last.dp.in_G or look aheadh, G)) then
08 lastboundin_F :=¢; 42 Vg [poi_shared := true

09 selectfirst(F, G, object statug; 43 endif

10 while status# end.of_first and status+# end of_both 44 else ifobject= secondathen

11 and not (ve [seginsidg and vg [segshared 45 h := geteven{G); ia := getattr(G);

12 and vg [segoutside and v [poi_shared 46 if d then add left(S, s); setattr(S, ia)

13 and vg [bound.insidd and ve [boundshared 47 elsedelright(S s); vg[segunshared := true endif;
14 and vg[bounddisjoint] and vg[segunshared) do 48 if dp(h) # last.dp.in_G then

15 if object=firstthenh:=geteven(F); /* h= (s, d) */ 49 last.dp.in_G := dp(h) endif;

16 if d then add left(S, s) 50 else/* object= both*/ vg [segshared := true;
17 else 51 h := geteven(G); ia := getattr(G);

18 if pred_existgS,s) then 52 if d then add.left(S, s); setattr(S, ia)

19 (mp/np) := getpredattr(S, s); 53 elsedelright(S, s) endif;

20 if np = 1then vg [seginsidg := true 54 if dp(h) # last.dp.in_F then last.dp.in_F := dp(h);
21 elsevg [segoutsidé := true endif 55 if not look_aheadh,F) then

22 elsevg [segoutsidé := true endif; 56 Ve [boundshared := true

23 delright(S s); 57 elsevg [poi_shared := true endif

24 endif; 58 endif;

25 if dp(h) # lastdp.in_F then lastdp.in_F := dp(h); 59 if dp(h) # lastdp.in_G then

26 if not look_aheadh, F) then 60 last.dp_in_G := dp(h) endif;

27 last boundin_F := dp(h); 61 endif;

28 if lastboundin_F = lastdp.in_.G 62 if status= end.of secondthen

29 or look_aheadh,G) then 63 VF [segoutsidé := true endif;

30 vr [boundshared := true 64 selectnex(F, G, object status;

31 else 65 endwhile;

32 if pred_existgS, s) then 66 if status= endof first then

33 (mp/np) = getpredattr(S, s); 67 vg[segunshared := true endif

34 if np = 1 then vr [boundinsidg := true 68 end ExploreLine2DRegion2D

Figure 15: Algorithm for computing the topological featurectors for aline2D object and aegion2D
object

is a boundary point oF (G). Afterwards, we check whetheris a boundary point of both objects (lines

51 to 52). If this is not the case, we examine whether one ahtlsea boundary point and the other one
is an interior point (lines 54 to 59). Lines 62 to 66 handle dhse that exactly one of the two halfsegment
sequences is exhausted.

Let | (m) be the number of halfsegments bf(G). Segments of both objects can intersect or par-
tially coincide (Figure 8), and we handle these topologgalations with the splitting strategy described
in Section 4.3. If, due to splittings is the total number of additional halfsegments stored indyramic
halfsegment sequences of both objects, the while-loopaswgd at modt+ m+ k times. The only opera-
tions needed on the sweep line statusaate left anddeLright for inserting and deleting halfsegments; they
requireO(log(l +m+k)) time each. No special predicates have to be deployed foowising topological
information. Due to the splitting strategy, all dominatieigd points either are already endpoints of existing
segments or become endpoints of newly created segmentopEnationlook aheadneeds constant time.
In total, the algorithm require®((I + m+ k) log(l +m+k)) time andO(l + m+ k) space.
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5.5 The Exploration Algorithm for the line2D/region2D Case

Next, we describe the exploration algorithm fofiree2D objectF and aregion2D objectG. Seen from
the perspective df, we can distinguish six cases between the interior and moyraf F and the interior,
boundary, and exterior db. First, the intersection of the interiors Bf and G means that a segment of
F lies in G (flag seginsidg. Second, the interior of a segmentfintersects with a boundary segment
of G if either both segments partially or fully coincide (flaggshared, or if they properly intersect in a
single point (flagooi_shared. Third, the interior of a segment & intersects with the exterior @ if the
segment is disjoint fron® (flag segoutsidg. Fourth, a boundary point d¥ intersects the interior o if
the boundary point lies inside & (flag boundinside. Fifth, if it lies on the boundary o6, we set the flag
boundshared Sixth, if it lies outside ofG, we set the fladpound disjoint

Seen from the perspective Gf we can differentiate the same six cases as before and abtainof the
topological flags as before. First, if the interiors®andF intersect, a segment 6fmust partially or totally
lie in G (already covered by flageginside. Second, if the interior o6 and the boundary df intersect,
the boundary point of a segmentBfmust be located i (already covered by flagoundinside. Third,
the case that the interior @ intersects the exterior @f is always true due to the different dimensionality
of both objects; hence, we do not need a flag. Fourth, if thentay of G intersects the interior df,
a segment oF must partially or fully coincide with a boundary segment®f(already covered by flag
segshared. Fifth, if the boundary ofG intersects the boundary &f, a boundary point of a segment of
F must lie on a boundary segment@f(already covered by flagoundshared. Sixth, if the boundary of
G intersects the exterior ¢f, a boundary segment & must be disjoint front (new flagsegunsharedl.
More formally, we define the semantics of the topologicaldlag follows:

Definition 5 LetF € line2D, G € region2D, andvg andvg be their topological feature vectors. Then

(i) ve[seginsidg & JfeH(F)VgeH(G):
—seglIntersedtf.s,g.s) A seginRegioff.s,G)
(i) vg[segshared & df eH(F)3geH(G): segintersedtf s, g.s)

(i)  ve[segoutside & JfeH(F)VgeH(G):
—seglntersedtf.s,g.s) A —segIlnRegioff.s,G)
(iv) ve[poishared &< Jf eH(F)3ge H(G): poilntersectf.s g.s) A
poilntersectionif.s,g.s) ¢ B(F)
(v) Vvelboundinsidd & 3feH(F):poilnRegiortdp(f),G) A dp(f) € B(F)
(vi) ve[boundshared :< 3feH(F)3geH(G): poilntersectf.s g.s) A
poilntersectiorif.s,g.s) € B(F)
(vii) vg[bounddisjoint] < 3JfeH(F)VYgeH(G): —poilnRegionidp(f),G) A
dp(f) e B(F) A —on(dp(f),qg.)
(viii) vg[segunshared :< 3dgeH(G)VfeH(F):-segintersedtf.s g.9)

The operatiorseginRegioris assumed to check whether a segment is located insideanyreagis an
imaginary predicate and not implemented as a robust gemnpeimitive.

The exploration algorithm for this case is given in Figure Tbe while-loop is executed until at least the
first object has been processed (line 10) and as long as rtopalbgical flags have been setttae (lines
11 to 14). In case that we only encounter a halfsegrheafitF (line 15), we insert its segment component
into the sweep line status if it is a left halfsegment (ling. 16it is a right halfsegment, we find out whether
his located inside or outside & (lines 18 to 23). We know that it cannot coincide with a bougdggment
of G, since this is another case. The prediqatesd existschecks whethes has a predecessor in the sweep
line status (line 18); it ignores segments in the sweep liakeis that stem frork. If this is not the case (line
22), s must lie outside ofs. Otherwise, we check the upper overlap numbes®predecessor (line 19).
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The overlap number 1 indicates thslies insideG (line 20); otherwise, it is outside @ (line 21). After
this check, we remove from the sweep line status (line 23). Next we test whetherdtmainating point
of h is a boundary point of (line 26) by using the predicateok ahead If this is the case, we determine
whether this point is shared Iy (lines 28 to 30) or whether this point is located inside osalg ofG (lines
31 to 38). Last, if the dominating point turns out not to be armary point ofF, we check whether it is an
interior point that shares a boundary point wa@l{lines 40 to 43). In case that we only obtain a halfsegment
h of G (line 44), we insert its segment componesninto the sweep line status and attach the Boolean flag
ia indicating whether the interior @& is aboves or not (line 46). Otherwise, we delete a right halfsegment
h from the sweep line status and know that it is not share# Ifyne 47). In case that both andG share
a halfsegment, we know that they also share their segmerpaoents (line 50). The sweep line status is
then modified depending on the statushdfines 52 to 53). If we encounter a new dominating poinEof
we have to check whethé&r shares a boundary point (lines 55 to 56) or an interior pdimé 67) with the
boundary ofG. If the halfsegment sequence®fshould be exhaused (line 62), we know tRahust have a
segment whose interior is outside ®f(line 63). If after the while-loop onl¥ is exhausted but nd@ (line
66), G must have a boundary segment that is disjoint ffoifine 67).

Let| be the number of halfsegments lef m be the number of attributed halfsegmentsGfandk be
the total number of new halfsegments created due to outisglgtrategy. The while-loop is then executed
at mostl + m+ktimes. All operations needed on the sweep line status e@(log(l + m+k)) time each.
Due to the splitting strategy, all dominating end pointsaready endpoints of existing segments or become
endpoints of newly created segments. The operatiok aheadneeds constant time. In total, the algorithm
requiresO((l +m+ k) log(l + m+Kk)) time andO(l + m+ k) space.

5.6 The Exploration Algorithm for the region2D/region2D Case

The exploration algorithm for theegion2D0region2D case is quite different from the preceding five cases,
since it has to take into account the areal extent of bothctdjel'he indices of the vector fields, with one
exception described below, are not flags as before but ségtasses. The fields of the vectors again contain
Boolean values that are initialized withlse The main goal of the exploration algorithm is to determime t
existing segment classes in eaegion2Dobject. Hence, the topological feature vector for eachaibgea
segment classification vectdeach vector contains a field for the segment clag3€b), (1/0), (0/2), (2/0),
(1/2), (2/1), and(1/1). The following definition makes a connection between regmwetional concepts
and point set topological concepts as it is later neededdretaluation phase. For a segmeat (p,q) €
seg2D the functionptsyields the infinite point set afaspts(s) = {r € R?|r = p+A(q—p),A€R,0<A <

1}. Further, forF € region2D, we definedF = Uscn ) pts(f.s), F*={p€ R? | poilnRegiorip,F)}, and

F~ =R2?—0F — F°. We can now define the semantics of this vector as follows:

Definition 6 LetF, G € region2Dandvg be the segment classification vectoofThen

() ve[(0/1)] & JfeH(F):fia A ptg(f.s) C G~

(i) ve[(1/0)] & dfeH(F):—f.ia A pts(f.s) C G~

(i) ve[(1/2)] & JfeH(F):fia A ptg(f.s) C G°

(iv) Vve[(2/1)] & JfeH(F):—f.ia A pty(f.s) C G°

(v) Ve[(0/2)] & dfeH(F)3geH(G): f.s=gs A fia A gia
(vi) Vve[(2/0)] & dfeH(F)3geH(G): f.s=gs A —f.ia A —g.ia
(vi) ve[(1/1)] & JfeH(F)3dgeH(G): f.s=gsA

((f.ia A —g.da) v (—f.ia A g.ia))
(vii) vg[boundpoi_shared :< 3IfcH(F)3geH(G): f.s£g.s A dp(f)=dp(g)

The segment classification vectag of G includes the cases (i) to (iv) witk and G swapped; we
omit the flags for the cases (v) to (viii) due to their symmey equivalence) to flags d¥. The flag
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Figure 16: Special case of the plane sweep.

boundpoi_sharedindicates whether any two unequal boundary segments ofdig#itts share a common
point. Before the splitting, such a point may have been a segendpoint or a proper segment intersection
point for each object. The determination of the booleanevaliithis flag also includes the treatment of a
special case illustrated in Figure 16. If two regidhsand G meet in a point like in the example, such a
topological meeting situation cannot be detected by a ydaak sweep. The reason is that the plane sweep
forgets completely about the already visited segment$it(hglfsegments) left of the sweep line. In our
example, afteg; ands, have been removed from the sweep line status, any informabtout them is lost.
Whens; is inserted into the status sweep line, its meeting \witkannot be detected. Our solution is to
look ahead in objeds for a next halfsegment with the same dominating point bedpre removed from the
sweep line status.

The segment classification is computed by the algorithm gufe 17. The while-loop is executed as
long as none of the two objects has been processed (line &sdondg as not all topological flags have been
set totrue (lines 8 to 12). Then, according to the halfsegment order,nigxt halfsegmertt is obtained,
which belongs to one or both objects, and the variables ®ola$t considered dominating pointsFirand/or
G are updated (lines 13 to 20). Next, we check for a possiblenvanboundary point ifr andG (lines 21 to
25). This is the case if the last dominating point$adndG are equal, or the last dominating pointhn(G)
coincides with the next dominating point @ (F). The latter algorithmic step, in particular, helps us solv
the special situation in Figure 16. lifis a right halfsegment (line 26), we update the topologieatdre
vectors ofF and/orG correspondingly (lines 27 to 32) and remove its segment coripts from the sweep
line status (line 33). In case thltis a left halfsegment, we insert its segment composeénto the sweep
line status (line 34) according to tlyeorder of its dominating point and thyecoordinates of the intersection
points of the current sweep line with the segments momdytiarithe sweep line status. Hs segment
components either belongs td- or to G, but not to both objects, and partially coincides with a segim
from the other object in the sweep lines status, our sgiitsimategy is applied. Its effect is that the segment
we currently consider suddenly belongtath objects. Therefore, we modify tlubjectvariable in line 35
correspondingly. Next, we compute the segment class 6br this purpose, we determine the lower and
upper overlap numbers, andn, of the predecessap of s (lines 36 to 37). If there is no predecessoy
gets the ‘undefined’ value<’. The segment classification of the predecegs@® important since the lower
overlap numbem of sis assigned the upper overlap numhgmof p, and the upper overlap numbeyof s
is assigned its incremented or decremented lower overlaghay depending on whether the Boolean flag

s 11 2|1 2 1 2|0 1 2 0 1 2 0 1 2,0 1 0 1
ms| O 0/ 0 O o0 o0;j2 1 1 1 1 1 1 1 12 2 2 2
nn |/ (0 0 O O({1 1 1 1 1 1 1 1 112 2 2 2
m|* (1 1 2 20 0 0 1 1 1 2 2 20 0 1 1

Table 3: Possible segment class constellations between two cansesagments in the sweep line status.
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01 algorithm ExploreRegion2DRegion2D 29 else ifobject= secondthen vg[(ms/ns)] := true

02input: region2DobjectsF andG, topological feature 30 else ifobject= boththen

03 vectors/g andvg initialized withfalse 31 Vg [(ms/Nns)] := true; vg[(ms/ns)] = true
04 output: updated vectorgs andvg 32 endif;

05begin 33 delright(S, s)

06 S:=newsweef); lastdp.in_F :=¢; lastdp.in_G :=¢; 34 elseadd left(S s);

07 selectfirst(F, G, object statug; 35 if coincidentS, s) then object:= bothendif;
08  while status= end.of_-noneand not (ve[(0/1)] and v [(1/0)] 36 if not pred.existgsS, s) then (mp/np) := (x/0)
09 and vg[(1/2)] and ve[(2/1)] and v [(0/2)] and 37 else{(mp/np)} := getpredaattr(S) endif;
10 Ve [(2/0)] and vg[(1/1)] and ve [bound poi_shared 38 Mg 1= Np; Ns := Np;

11 and vg[(0/1)] and vg[(1/0)] and vg[(1/2)] and 39 if object= first or object= boththen

12 vg[(2/1)]) do 40 if getattr(F) thenns:=ns+1

13 if object=firstthen/* h= (s,d) */ 41 elsens := ns— 1 endif

14 h := geteven(F); lastdp.in_F := dp(h) 42 endif;

15 else ifobject= seconahen 43 if object= secondor object= boththen
16 h := geteven(G); last.dp.in_G := dp(h) 44 if getattr(G) thenns:=ng+1

17 else/* object=both*/ 45 elsens := ng— 1 endif

18 h := geteven(F); 46 endif;

19 last.dp_in_F := dp(h); last.dp_in_G := dp(h) 47 setattr(S {(ms/ns)});

20 endif; 48 endif;

21 if lastdp.in_F =lastdp.in_.G 49 selectnex{F, G, object statug;

22 or lastdp.in_F = look aheadh, G) 50 endwhile;

23 or lastdp.in_G = look aheadh, F) then 51 if status= endof first then

24 Vg [bound poi_shared := true 52 vg[(0/1)] :=true; vg[(1/0)] := true

25 endif; 53 else ifstatus= end.of_secondhen

26 if d =right then 54 Vi [(0/1)] := true; ve[(1/0)] := true

27 {(ms/ns)} := getattr(S); 55 endif

28 if object= first then vg[(ms/ns)] :=true 56 end ExploreRegion2DRegion2D

Figure 17: Algorithm for computing the topological featwectors for tworegion2D objects

‘Interior Above’ obtained by the predicatgetattr is true or falserespectively (lines 39 to 46). The newly
computed segment classification is then attachex{lioe 47). The possible 19 segment class constellations
between two consecutive segments in the sweep line statushawn in Table 3. The table shows which
segment classegns/ns) a new segment just inserted into the sweep line status can get, given aioert
segment clasémy/np) of a predecessor segmemt The first two columns show the special case that at
the beginning the sweep line status is empty and the first @egi® inserted. This segment can either be
shared by both region object§0(2)-segment) or stems from one of the®(1)-segment). In all these
cases (except the first two cases)= ms must hold.

Let | be the number of attributed halfsegmentsFofm be the number of attributed halfsegments of
G, andk be the total number of new halfsegments created due to oitirgpistrategy. The while-loop
is then executed at mobkt- m-+ k times. All operations needed on the sweep line status re@imost
O(log(I + m+k)) time each. The operations on the halfsegment sequendesd G need constant time.
In total, the algorithm require®((l + m+k)log(l +m+k)) time andO(l + m+ k) space.

6 Direct Predicate Characterization as a Simple EvaluatiorMethod

In the previous section we have developed sophisticatecffictent algorithms for the computation of the
topological feature vectorg andvg of two complex spatial objects, G € {point2D,line2D, region2D}.
The vectors/r andvg contain specific topological feature flags for each type doatton. The flags capture
all topological situations betwedhandG and are different for different type combinations. Conseily,
each type combination has led to a different exploratiooraigm.
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Figure 18: The 9-intersection matrix number 8 for the pratiicmeetbetween twdine2D objects (a) and
the 9-intersection matrix number 7 for the predidatgdebetween twaegion2D objects (b)

In this section, we present a first method for #healuation phasevhose objective it is to uniquely
characterize the topological relationship of two giventispa@bjects of any type combination. Our general
evaluation strategy is to leverage the information kephatbpological feature vectors and accommodate
the objects’ mutual topological features with an existiogalogical predicate for both predicate verification
and predicate determination. The method presented hewdpsoadirect predicate characterizatioof
all stopological predicates of each type combination (see Talig for the different values dod) that is
based on the feature values\gf andvg of the two spatial argument objedisandG. For example, for
theline2D/line2D case, we have to determine which topological flagsroéndvs must be turned on and
which flags must be turned off so that a given topological joad (verification query) or a predicate to be
found (determination query) is fulfilled. For tmegion2D'region2D case, the central question is to which
segment classes the segments of both objects must belomagt sogiven topological predicate or a predicate
to be found is satisfied. The direct predicate charactévizagives an answer for each individual predicate
of each individual type combination. This means that we iobt&4 individual predicate characterizations
without converse predicates and 248 individual predichtracterizations with converse predicates. In
general, each characterization is a Boolean expressioonjurctive normal form and expressed in terms
of the topological feature vectovg andvg.

We give two examples of direct predicate characterizatidkxsa first example, we consider the topo-
logical predicate number 8neej between twdine2D objectsF andG (Figure 18(a) and [45]) and see how
the flags of the topological feature vectors (Definition 4) ased.

ps(F,G) < -—ve[segshared A —vg[interior_poi_shared A vg[segunshared A
—Vg [boundon.interior] A ve[boundshared A ve [bounddisjoint] A
vg[segunshared A —vg[boundon.interior] A vg[bounddisjoint]

If we take into account the semantics of the topologicaluieatlags, the right side of the equivalence
means that both objects may only and must share boundary. pddre precisely and by considering the
matrix in Figure 18(a), intersections between both intsrie-ve[segshared, —Vg[interior_poi_shared)
as well as between the boundary of one object and the intefrive other object-{ve [boundoninterior],
—-Vg[boundon.interior]) are not allowed; besides intersections between both lariesd/- [bound shared,
each component of one object must interact with the extesfothe other object & [segunshared,
vg[segunshared, v [bounddisjoint], vg[bounddisjoint]).

Next, we view the topological predicate numberiiisi{de between tworegion2D objectsF and G
(Figure 18(b) and [45]) and see how the segment classesrkéye topological feature vectors (Definition 6)
are used.

p7(F,.G) = —Ve[(0/1)] A =Ve[(1/0)] A =Ve[(0/2)] A —Ve[(2/0)] A —Ve[(1/1)] A
—Vg [boundpoi_shared A (Ve[(1/2)] V Ve[(2/1)]) A
—V6[(1/2)] A =v6[(2/1)] A (ve[(0/D)] V v6[(1/0)])
For theinsidepredicate, the segments Bfmust be located inside @ since the interior and boundary
of F must be located in the interior &; hence they must all have the segment clag$g) or (2/1). This
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Figure 19: Predicate verification (a) and predicate detsaition (b) based on the direct predicate charac-
terization method

“for all” quantification is tested by checking whether[(1/2)] or ve[(2/1)] aretrue and whetheall other
vector fields ardalse The fact that all other vector fields af@se means that the interior and boundary
of F do not interact with the boundary and exterior@f That is, the segments @ must be situated
outside ofF, and thus thewll must have the segment clasg8¢1) or (1/0); other segment classes are
forbidden forG. Further, we must ensure that no segmerf shares a common point with any segment of
G (—Vg [boundpoi_shared).

The predicate characterizations can be read in both directif we are interested predicate verifica-
tion, i.e., in evaluating a specific topological predicate, waklérom left to right and check the respective
right side of the predicate’s direct characterization @ifgg19(a)). This corresponds to an explicit imple-
mentation of each individual predicate. If we are interéstepredicate determinatign.e., in deriving the
topological relationship from a given spatial configuratad two spatial objects, we have to look from right
to left. That is, consecutively we evaluate the right sideb® predicate characterizations by applying them
to the given topological feature vectors andvg. For the characterization that matches we look on its left
side to obtain the name or number of the predicate (Figure)L9(

The direct predicate characterization demonstrates hosewdeverage the concept of topological fea-
ture vectors. However, this particular evaluation methad three main drawbacks. First, the method
depends on the number of topological predicates. That ¢ ebthe 184 (248) topological predicates be-
tween complex spatial objects requires an own specificaB@tond, in the worst case, all direct predicate
characterizations with respect to a particular type comtimn have to be checked for predicate determina-
tion. Third, the direct predicate characterization is emmne. It is difficult to ensure that each predicate
characterization is correct and unique and that all preeliclaaracterizations together are mutually exclusive
and cover all topological predicates. From this standpadims$ solution is arad hocapproach. In [37] we
present a sophisticated approach that avoids these simantg® and has a formal foundation.

7 Implementation and Testing of the Approach

To verify the feasibility, practicality, and correctnedstlte concepts presented, we have implemented and
tested our approach. The system implementation of the mgeltkage SPAL2D (Section 3.1) for handling
two-dimensional spatial data includes the implementatioall six exploration algorithms from Section 5.
These algorithms are implemented at the highest level SD(F&jure 3). The implementation makes use
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of the complex spatial data typpsint2D, line2D, andregion2D, as they have been specified in Section 3.4.
Since performance is one of the goals of this implementa@s is our employed programming language.

A universal interface metho@lopPredExploratioris provided to explore the topological events of two
interacting spatial objects. This interface is overloattegiccept two spatial objects of any type combination
as input. The output consists of two topological featurgamscwhich hold the topological information for
both argument objects. This information is then used totiflethe corresponding topological predicate.
Since the direct predicate characterization method hasegrtm be an ad hoc, error-prone, and inefficient
solution for this purpose, we have not fully implemented thiethod (i.e., all 184 characterizations). Instead,
an efficient, well-founded, and systematical method dbedrin [37] has been implemented for this purpose.

Our implementation incorporating the data structures tierdpatial data types and the exploration al-
gorithms underwent various tests in order to verify the edirress of the concepts. We use a mixture of
black-boX andwhite-box testing techniques known asay-boX testing. The black-box testing part ar-
ranges for well defined input and output objects. Each inpjeab is a correct element of one of our spatial
data types. Each output is guaranteed to be a topologidairée@ector and is tailored to the respective type
combination. This enables us to test the functional behafiour implementation by designing a collec-
tion of test cases to cover all type combinations of spatiggas as input and all possible valuési¢ and
false of all topological feature flags as output. The white-bostitey part considers every single execution
path and guarantees that each statement is executed abreast This ensures that all special cases that
are specified and handled by the algorithms are properlgde€ur collection of test cases consists of 184
different scenes corresponding to the total number of tapcél predicates between spatial objects. They
have been successfully tested and verified and indicateotihectness of our concepts and the ability of our
algorithms to correctly discover the needed topologictdrmation from any given scene.

A special test case generation technique has been levei@agkdck the functionality of the exploration
algorithms and the correctness of the resulting valueseofdpological feature vectors. The vector values
have to be independent of the location of the two spatial atbjevolved. In order to check this, this
technique is able to generate arbitrarily many differergrdgations of a topologically identical scene of two
spatial objects with respect to the same sweep line and ic@bedsystem. The idea is to rotate such a scene
by a random, rational angle around a central reference.pSpecial test cases including vertical segments
or a meeting situation like in Figure 16 are considered toor. tRis rotation scenario, we especially take
care of maintaining the robustness of geometric compurtatinal preserving the topological consistency of a
scene. We ensure that segment end points are rotated to ietglypivh rational coordinates (and not floating
point coordinates) by involving the Newton Method for appneating the results of numerical computations
by rational numbers from our special rational number sygRnlO (Section 3.1). Intersecting segments
are broken up into four segments in advance.

Starting with a set of 184 explicitly constructed base cdeas for each topological predicate) which
cover the special test cases if possible, we have genertiledsa 20,000 test cases for the topological
predicates of each of the six type combinations by our ransicene rotation technique. In total, more than
120,000 test cases have been successfully generated, tastechecked in the exploration phase. All test
cases have been checked for predicate verification andcatedietermination.

3Black box testing takes an external perspective of the tgstbto derive test cases and does not consider the inttrnature
of the test object. The test designer selects valid andithigbut, determines the correct output, and checks theactiress of the
functional behavior of the test object.

4White box testing takes an internal perspective of the tgisioband designs test cases based on its internal strudiuegester
chooses test case inputs to exercise all paths through ftineas® and determines the appropriate outputs. It reqpir@gramming
skills to identify all paths through the software.

5Gray box testing maintains the advantages of black-box aritevbox testing and is not impeded by the limitations ofteac
particular one.
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8 Conclusions and Future Work

While, from a conceptual perspective, topological pretisdhave been investigated to a large extent, the
design of efficient implementation methods for them has heiglely neglected. Especially due to the
introduction of complex spatial data types, the resultimgyeéase of topological predicates between them
asks for efficient and correct implementation concepts. &roach has been implemented as part of our
SPAL2D software library which is a sophisticated spatigdetysystem currently under development and
determined for an integration into extensible databasespktjpose a two-phase approach which consists
of an exploration phase and an evaluation phase and whicheapplied to both predicate verification
and predicate determination. The goal of the exploraticasphs to traverse a given scene of two objects in
space, collect any topological information of importareg store it in topological feature vectors. The goal
of the evaluation phase is to interpret the gained topotgndormation and match it against the topological
predicates. In this article, we have focused on the exptorgihase and in detail developed exploration
algorithms for all type combinations.

Future work refers to the design of efficient and correctieadn methods that interpret and match the
information provided by the topological feature vectorsiagt the topological predicates. In this article,
we have presented the direct characterization method ast adlution. However, we have also pointed out
its shortcomings. In [37] we propose evaluation methods dha robust, correct, and independent of the
number of topological predicates of a particular type coraton and that have a formal basis.

References

[1] J. F. Allen. Maintaining Knowledge about Temporal In&lis. Communications of the ACN26:832—
843, 1983.

[2] T. Behr and M. Schneider. Topological Relationships ohtplex Points and Complex Regiorist.
Conf. on Conceptual Modelingp. 56—69, 2001.

[3] M. de Berg, M. van Krefeld, M. Overmars, and O. SchwarZk@omputational Geometry: Algorithms
and Applications Springer-Verlag, 2nd edition, 2000.

[4] A. Brodsky and X. S. Wang. On Approximation-based Quewaldation, Expensive Predicates and
Constraint Objectslnt. Workshop on Constraints, Databases, and Logic Prognamg, 1995.

[5] J. Claussen, A. Kemper, G. Moerkotte, K. Peithner, andSkinbrunn. Optimization and Evaluation
of Disjunctive QuerieslEEE Trans. on Knowledge and Data Engineeridg(2):238-260, 2000.

[6] E. Clementini and P. Di Felice. A Model for Representirgpdlogical Relationships between Complex
Geometric Features in Spatial Databadaformation System$0(1-4):121-136, 1996.

[7] E. Clementini and P. Di Felice. Topological Invariants Lines.IEEE Trans. on Knowledge and Data
Engineering 10(1), 1998.

[8] E. Clementini, P. Di Felice, and G. Califano. Compositgi®ns in Topological Queriesnformation
Systems20(7):579-594, 1995.

[9] E. Clementini, P. Di Felice, and P. van Oosterom. A Small & Formal Topological Relationships
Suitable for End-User Interactior8rd Int. Symp. on Advances in Spatial Databadd$CS 692, pp.
277-295, 1993.

[10] E. Clementini, J. Sharma, and M.J. Egenhofer. Modeliogological Spatial Relations: Strategies for
Query ProcessingComputers and Graphicd8(6):815-822, 1994.

[11] Z. Cui, A. G. Cohn, and D. A. Randell. Qualitative and dtgmical Relationships3rd Int. Symp. on
Advances in Spatial DatabasddNCS 692, pp. 296-315, 1993.

30



[12] J.R. Davis. IBM's DB2 Spatial Extender: Managing Gega8al Information within the DBMS.
Technical report, IBM Corporation, 1998.

[13] M. J. Egenhofer. A Formal Definition of Binary TopologidRelationships3rd Int. Conf. on Founda-
tions of Data Organization and AlgorithmsNCS 367, pp. 457-472. Springer-Verlag, 1989.

[14] M. J. Egenhofer. Definitions of Line-Line Relations fGeographic Databased6th Int. Conf. on
Data Engineeringpp. 40-46, 1993.

[15] M. J. Egenhofer. Spatial SQL: A Query and Presentatianduage |EEE Trans. on Knowledge and
Data Engineering6(1):86—94, 1994.

[16] M. J. Egenhofer and R. D. Franzosa. Point-Set Topotddipatial Relations.Int. Journal of Geo-
graphical Information System5§(2):161-174, 1991.

[17] M. J. Egenhofer and J. Herring. A Mathematical Framéwfor the Definition of Topological Rela-
tionships.4th Int. Symp. on Spatial Data Handlingp. 803—-813, 1990.

[18] M. J. Egenhofer and J. Herring. Categorizing Binary dlogical Relations Between Regions, Lines,
and Points in Geographic Databases. Technical Report 9Bidibnal Center for Geographic Infor-
mation and Analysis, University of California, Santa Bagha 990.

[19] M. J. Egenhofer and D. Mark. Modeling Conceptual Neigtiimods of Topological Line-Region
Relations.Int. Journal of Geographical Information Systerf¢5):555-565, 1995.

[20] M.J. Egenhofer. Deriving the Composition of Binary Biqgical Relations.Journal of Visual Lan-
guages and Computing(2):133-149, 1994.

[21] M.J. Egenhofer, E. Clementini, and P. Di Felice. Togital Relations between Regions with Holes.
Int. Journal of Geographical Information SysterB8§2):128—-142, 1994.

[22] ESRI Spatial Database Engine (SDE). Environmentate®ys Research Institute, Inc., 1995.
[23] S. Gaal.Point Set TopologyAcademic Press, 1964.

[24] V. Gaede and O. Gunther. Multidimensional Access Mdth ACM Computing Survey80(2):170—
231, 1998.

[25] R. H. Giting. Geo-Relational Algebra: A Model and Quéanguage for Geometric Database Sys-
tems.Int. Conf. on Extending Database Technolpgy. 506-527, 1988.

[26] R. H. Giting and M. Schneider. Realms: A FoundationSpatial Data Types in Database Systems.
3rd Int. Symp. on Advances in Spatial Databas#$CS 692, pp. 14-35. Springer-Verlag, 1993.

[27] R. H. Glting and M. Schneider. Realm-Based SpatiahDgpes: The ROSE Algebr&LDB Journa)
4:100-143, 1995.

[28] R.H. Giting, T. de Ridder, and M. Schneider. Implena¢ioh of the ROSE Algebra: Efficient Algo-
rithms for Realm-Based Spatial Data Typ&®. Symp. on Advances in Spatial Database295.

[29] J. M. Hellerstein. Practical Predicate Placemex@M SIGMOD Int. Conf. on Management of Data
pp. 325-335.

[30] J. M. Hellerstein and M. Stonebraker. Predicate MigratOptimizing Queries with Expensive Pred-
icates.ACM SIGMOD Int. Conf. on Management of Dapgp. 267-276, 1993.

[31] Informix Geodetic DataBlade Module: User’s Guide.dmhix Press, 1997.
[32] JTS Topology Suite. Vivid Solutions. URL.: http://wwwividsolutions.com/JTS/JTSHome.htm.

[33] OGC Abstract Specification. OpenGIS Consortium (OGC),999. URL:
http://www.opengis.org/techno/specs.htm.

31



[34] OGC Geography Markup Language (GML) 2.0. OpenGIS Cdnsa (OGC), 2001. URL:
http://www.opengis.net/gml/01-029/GML2.html.

[35] Oracle8: Spatial Cartridge. An Oracle Technical Wiktger. Oracle Corporation, 1997.

[36] J. A. Orenstein and F. A. Manola. PROBE Spatial Data Miodeand Query Processing in an Image
Database ApplicationlEEE Trans. on Software Engineerint4:611-629, 1988.

[37] R. Praing and M. Schneider. Efficient Implementatioehr@ques for Topological Predicates on Com-
plex Spatial Objects: The Evaluation Phase. Technicalrtepmiversity of Florida, Department of
Computer & Information Science & Engineering, 2006.

[38] F. P. Preparata and M. I. Sham&omputational GeometrnySpringer Verlag, 1985.

[39] M. A. Rodriguez, M. J. Egenhofer, and A. D.Blaser. Querg-Processing of Topological Constraints:
Comparing a Composition-Based with Neighborhood-Baseg@régch. Int. Symp. on Spatial and
Temporal Databased.NCS 2750, pp. 362—-379. Springer-Verlag, 2003.

[40] N. Roussopoulos, C. Faloutsos, and T. Sellis. An EfficRictorial Database System for PSQEEE
Trans. on Software Engineering4:639-650, 1988.

[41] M. Schneider.Spatial Data Types for Database Systems - Finite Resol@®ometry for Geographic
Information Systemsolume LNCS 1288. Springer-Verlag, Berlin Heidelberg919

[42] M. Schneider. Implementing Topological PredicatasGomplex Regionsint. Symp. on Spatial Data
Handling pp. 313-328, 2002.

[43] M. Schneider. Computing the Topological RelationsbipComplex Regions. 15th Int. Conf. on
Database and Expert Systems Applicatigns 844—-853, 2004.

[44] M. Schneider and T. Behr. Topological Relationshipsvaen Complex Lines and Complex Regions.
Int. Conf. on Conceptual Modelin@005.

[45] M. Schneider and T. Behr. Topological Relationshipsieen Complex Spatial Object&CM Trans.
on Database Systen31(1):39-81, 2006.

[46] M.F. Worboys and P. Bofakos. A Canonical Model for a GlaAreal Spatial Objects3rd Int. Symp.
on Advances in Spatial DatabasédNCS 692, pp. 36-52. Springer-Verlag, 1993.

32



