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Abstract

Current techniques in quantum simulations are often used to provide insight into a variety of particle interaction phenomena.  These techniques are varied and in recent times have become highly specialized.  However, the focus of this project is a more general technique: the finite difference method.  Unlike other techniques in quantum simulation, a certain form of finite difference scheme has been previously shown to be computationally reversible ([Hey1999] pp.337-348).  It is this scheme that is analyzed and simulated.  A simulation application was written in Java based on this scheme.  The results of simulations are presented and analyzed.  Display using the HSB (Hue, Saturation, Brightness) color space in two dimensions is done as well.

The main result of the mathematical analysis is a proof of convergence and stability for this finite difference scheme.  We have been able to show this scheme is consistent, convergent, and stable under certain conditions.  This analytical result is in good agreement with simulation.  A more complete summary of the analysis is documented in a separate report.

1. Introduction

Several techniques are commonly used for simulation of quantum effects.  However, the simulation of a system that is physically reversible is not often done in a computationally reversible way.  The finite difference scheme analyzed here is interesting since it has been shown to be reversible computationally.  Reversible computations be implemented in thermodynamically reversible hardware, increasing energy efficiency.

The finite difference method is a common, general idea of discretizing a differential equation so that it can be simulated numerically.  For simulations of quantum particle evolution, the differential equation to be discretized is the Schrödinger equation.  Previous work has been done in showing this system to be computationally reversible.

For the reversible finite difference scheme, a formal analysis of its consistency, convergence, and stability are summarized in this report. In addition, an extension of this scheme into multidimensional systems is presented. A Java simulation of this finite difference scheme is used to verify many results experimentally and investigate other issues. Different visualization methods are explored in Java as well.

1.1 Problem Domain

Although the reversible discretization of the Schrödinger equation has been known for some time, certain properties about it remained uninvestigated formally.  The goals of this project are to characterize the numerical properties of this simulation and provide different methods for visualization of the output.  


For this simulation to be useful in practice, it would be helpful to have an understanding of these numerical properties.  Also simulations are becoming more common as learning aids as well. Visualization of elementary phenomenon as well as complex interactions can be useful to the student overwhelmed with the myriad of equations shown in many quantum mechanics courses. Having a method to "see" particle behavior can be an invaluable tool, either when attempting to grasp a concept or interpret complex numerical data. 

1.2 Previous Work and Relevant Literature


In the past, the simple existence of a computationally reversible method for simulation of the Schrödinger equation was an important result. A summary of the derivation of this difference equation is found in [Hey1999] pp.337-348.  In addition, further properties of this difference equation are investigated in [Fran1999] pp.373-384.  The reversibility of this simulation is explicitly shown in [Fran1999] by implementing a simulator in a reversible language.


An excellent introduction and reference to quantum mechanics is found in [Cohe1977].  This text was used for many of the results.

2. Analytical Approach

To begin a discussion of the mathematical analysis of this discrete simulation it is useful to recall the Schrödinger equation from quantum mechanics.  When any wave function ψ(x,t) in one dimension is subject to a potential energy V(x,t) the corresponding (non-relativistic) motion of that particle is given by 

iħ (d/dt)ψ(x,t)= -[ħ2/2m] (d2/dx2)ψ(x,t) + V(x,t)ψ(x,t).

In this formula, ħ is Planck’s constant divided by 2(, and m is the mass of the particle.  It is this form that is the basis for the majority of the analysis and simulations. 

The basic goal lies in simulating a discrete version of this differential equation. Given some initial condition ψ(x,0), we wish to be able to determine the state of the system ψ(x,t) at any time t > 0. The relationship between ψ(x,t) and ψ(x,0) can be determined by using the Schrödinger equation.  It should be noted that in general, ψ(x,t) is complex.

To express difference equations compactly, it is useful to adopt the following notation: ψmn = ψ(h·m, k·n), where h, k are constants and m, n are integers.  In this notation, then, the position coordinate x is obtained by x = h·m and the time coordinate t is given by t = k·n.  This reflects the fact that to simulate this equation, a discrete, equally spaced set of points is chosen to represent the true function ψ(x, t).  The constant h is the spacing between position coordinates, i.e. xm+1 – xm = h, while the constant k is the spacing between time coordinates (tn+1 – tn = k).  In this notation, the superscript ψmn is not used to indicate raising ψ to some power, but rather to indicate the discrete time index.

  The finite difference scheme that is the subject of this analysis is then given by

ψmn+1 = ψmn-1 + i[ (αk/h2) ( ψm+1n - 2ψmn +ψm-1n)  + βkVmnψmn]


(2.1)

where the physical constants have been grouped together as α =ħ/2m, β = -2/ħ for simplicity.  Since the potential energy V(x, t) = Vmn  is completely arbitrary for a given experiment, in the analysis we consider the case when V(x, t) ≡ 0.  This absence of an external force leads to the some of the simpler analytic solutions to the Schrödinger equation, and also allows insight to be gained into the numeric simulation of its difference equation.


The first step in analyzing the difference scheme 2.1 is to confirm that it indeed represents the Schrödinger equation over a discrete set of points.  This concept is known as the consistency of the scheme.  Conceptually speaking, a finite difference scheme is consistent if it approaches the differential equation as the grid spacing is reduced. It is important to verify this directly for the difference equation 2.1. 

Within the context of a finite difference scheme, consistency has a precise mathematical definition ([Stri1989] p. 20). Given a partial differential equation Pu=f and a finite difference scheme, Pk,hv=f, the finite difference scheme is consistent with the partial differential equation if for any smooth function ψ(x,t)

 lim k,h(0 [ Pψ - Pk,hψ] = 0

(where P is a differential operator and Pk,h is a difference operator). From this definition,  the consistency of the scheme represented in 2.1 is easily shown.


To begin, the differential operator P is determined from the Schrödinger equation.  This is done by simply rewriting the Schrödinger equation (with V(x, t) = 0) in the form

( iħ(d/dt) + ħ2/2m (d2/dx2) ) ψ(x,t) = 0.

The differential operator P is then simply:

Pψ(x,t) = ( iħ(d/dt) + ħ2/2m (d2/dx2) ) ψ(x,t) = 0.

A similar procedure is used for the difference equation 2.1 to give the difference operator

Pk,hψmn = (iħ/2k)(ψmn+1 - ψmn-1) + (ħ2/2m) (ψm+1n-2ψmn+ψm-1n) / (2h2).

Using these operators, after some work 

Pψ - Pk,hψ = O(h2) + O(k2)

Where O(n) is defined to be meaningful for small values (see [Stri1999] p. 21). Thus, 

lim k,h(0 [ Pψ - Pk,hψ] = lim k,h(0 [O(h2) + O(k2)] = 0.

Because this limit converges, the difference scheme is consistent with the Schrödinger equation.  Also there is some idea of the “order” of consistency: the approximation is correct to within second order.


Showing the difference scheme 2.1 is stable and convergent is much more difficult.  Convergence of a finite difference scheme is equivalent to requiring that given a solution to the differential equation, then the approximation (given by the difference equation) must converge to this solution as the grid spacing is made arbitrarily small. Stability is the requirement that the solution remain bounded. 

Although both of these terms have a precise mathematical definition, considering each of them independently is not required because of the Lax-Richmyer Equivalence Theorem ([Stri1989] p. 222). This theorem states simply that convergence is a necessary and sufficient condition for stability. Because of this, we may limit our investigation to finding when the scheme 2.1 is stable. 

The result of stability is determined by a discrete Fourier analysis of the system.  The difference equation gives a relationship between the state at time n, and the state at time n+1.  By finding a relationship between the Fourier transform of ψ at time n, and the Fourier transform of ψ at time n+1, certain bounds can be placed on the system.  This relation between the Fourier transforms determines, in a sense, how much each frequency present in the system is amplified after a given time step.  By restricting this amplification factor to be less than or equal to 1, one can ensure that certain frequencies do not experience a geometric growth, and that the system is stable.

The exact details of the calculations are quite complicated and detailed in the longer report.  For brevity, the result is that in order for the scheme 2.1 to be stable, 

| α·k/h2 | < 1/2.

The usefulness of this is in setting parameters for the simulation.  For instance, the constant α is predetermined, but for a given simulation the grid spacing is variable.  Once the grid spacing h for the position variable x is chosen, one can determine the values of k that will give a stable simulation, and the ones that will yield erroneous results.


It is important to note that if this amplification factor is strictly less than 1, the wave function amplitude will diminish over time.  This is not the case in a true physical system.  A particle will spread over time, but never diminish to 0.  When the condition 

| α·k/h2 | < 1/2 

is met, the amplification factor is identically 1, meaning the system will not diminish over time.  This is in good agreement with the physical system.

3.  Simulation Results


To perform simulations based on the scheme 2.1, a Java program was written incorporating the difference equation, graphical display, and user interface.  The code was done using Sun’s JDK 1.2.  The display and interface were written using Swing.  The simulation was tested on the Win32 and Solaris platforms, however some of the simulations produced poor output on the Solaris systems.  This was because the Solaris systems viewed graphics using a 256-color display.  To get a more accurate experience a 24-bit display is recommended.  With Java’s portability, the application should run on a variety of machines.  In addition, the simulation is fully computationally reversible.  The simulations were performed on an AMD Athlon 550MHz with 128MB RAM.


While many simulations were performed using this application framework, only a few key highlights are shown here.  The first simulation presented is that of a Gaussian wave packet with V(x, t) = 0.  This “free particle” case simplifies the Schrödinger equation somewhat, and allows an analytical solution to be obtained.  The analytical solution is plotted alongside the numeric solution, and the results are compared.  The real component of the simulated solution is drawn in blue, while the imaginary component is drawn in red.  The analytic solution is drawn in gray.


In the initial position, the numeric solution and analytic solution overlap perfectly, since the simulation is seeded with an analytic form for the Gaussian wave packet.
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Figure 1: The initial conditions.

After some time, the simulated and analytic solutions drift apart.
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Figure 2: Drifting Away from the Analytic Solution

In Figure 2, the gray portion of the display, representing the analytic solution to the Schrödinger equation, is highlighted.  This disparity increases at time goes on.

These simulations, however, do not give a good measure of the accuracy of the simulation.  In the implementation, different results are obtained depending on how the endpoints of this one-dimensional grid are handled.   Since the simulation cannot extend over an infinite set of points, the endpoints in this case are clamped to 0.  This has the effect of introducing a seemingly infinite potential V(x, t) at these endpoints, which prohibits the particle from escaping.  Since the analytic solution for the free particle has no such restriction, they drift apart as time passes.  This is not a result of the accuracy of the simulation.  As a result, a suitable extension of this work would be to compare the simulation with an analytic solution to the case of a Gaussian wave packet in an infinite potential well.

When the particle nears the far edge, much of the simulated state is “reflected” off this infinite potential.
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Figure 3: Reflection off an Edge

In Figure 3, the analytic solution can be seen to extend past the end of simulation space.  The numerical solution can be seen as a superposition of waves.  The original wave travels in the +x direction  (left), and closely matches the analytic solution.  The reflected wave travels in the –x direction (right) and is seen as a series of variations between the numerical and analytic solution.  


To demonstrate the visualization techniques used in this program, a two-dimensional system will be shown.  A two-dimensional formula was obtained via a derivation which parallels the original derivation used by Fredkin ([Hey1999]) to derive the reversible difference equation.

The system in this case is a particle interacting with a potential energy function V(r, t) that is the superposition of several Coulomb potentials.  This grid of Coulomb potentials is similar to the effect a particle might see when approaching a lattice, however since no parameters of the simulation correspond to a true physical experiment, no useful physical conclusions may be drawn.


The visualization demonstrated is done by drawing the particle in the HSB (hue, saturation, brightness) color space.  The complex state is decomposed into amplitude and phase.  The amplitude is drawn as the brightness of a particular point, while the phase corresponds to a hue.
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Figure 4: 2D Initial Conditions

The initial conditions were taken to be a Gaussian wave packet given a momentum toward the potential grid as seen in Figure 4.
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Figure 5: Initial Interaction

        Figure 6: Further Interaction

4. Conclusions

With this project, many goals were achieved.  For the free particle system, an analysis showed that the finite difference scheme was both consistent and stable for certain values of k/h2.  In addition the effectiveness of this tool to simulate arbitrary systems was investigated through experiment.  The visualization of quantum evolution was a useful addition.

In working on this project, I feel I gained experience working with methods for analyzing difference schemes mathematically.  Also I learned to use Swing and gained experience with Java.  A more complete summary of results was written in LaTeX using a program called Lyx.  Having no prior experience with LaTeX typesetting, I feel I benefited from this a great deal.  

For the finite difference scheme, the question of a global propagator needs to be investigated.  If the potential V(x, t) was time independent, then the discrete operations used in updating the wave function should correspond to multiplication of the entire system by some matrix M.  If M were written explicitly, it would not change with respect to time (since the potential is time independent). Consequently, it appears that to calculate the state at some step n, one can simply find Mn. This could reduce the simulation time logarithmically. This avenue would be interesting to explore, as well as to consider stability and accuracy of this type of scheme.

Finally a three-dimensional surface plot could be done of the wave function.  Visualization of a three-dimensional wave function opens other interesting avenues as well.  The role of reversibility in the finite difference scheme needs to be addressed. Each of these is a possible step that can be taken.
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