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Introduction and Overview

Subdivision surfaces can be viewed from at least threerdiftevantage points. A
designer may focus on the increasingly smooth shapefiofed polyhedraThe pro-
grammer seekcal operators applied to a graph data structurghis book views
subdivision surfaces apline surfaces with singularitiesnd it will focus on these
singularities to reveal the analytic nature of subdivisgamfaces. Leveraging the
rich interplay of linear algebra, analysis and differelgiometry that the spline ap-
proach affords, we will, in particular, be able to clarifyethecessary and sufficient
constraints on subdivision algorithms to generate smoatfases. Viewing subdi-
vision surfaces as spline surfaces with singularitiestipresent, an unconventional
point of view. Visualizing a sequence of polyhedra or tragkh sequence of control
nets appears to be more intuitive. Ultimately, howeverhvi¢ws fail to capture the
properties of subdivision surfaces due to their discretereand lack of attention to
the underlying function space. In Secti¢nSalahdT R we now briefly discuss the
two points of view not taken in this book while in Sectionkh.te analytic view of
subdivision surfaces as splines with singularities isaed out. Sectiofp Tk4delin-
eates the focus and scope and Sedfidmtji%es an overview over the topics covered
in the book. A useful section to read is Secfiodd dh notation.

The trailing two sections are special. We felt a need to tehal state of the
art in subdivision in the regular, shift invariant settiragid to give an overview on
the historical development of the topic discussed in thiskdn view of our own,
limited expertise in these fields, we decided to seek prontihelp. Nira Dyn and
Malcolm Sabin, two pioneers and leading researchers inubdigision community
agreed to contribute, and their insightful overviews forec®nd Tk and T &

1.1 Refined polyhedra

For a graphics designer, subdivision is a tool for autora#iticutting off sharp edges
from a carefully crafted polyhedral object. The goal is tdaib a finer and finer
faceted representation that converges to a visually smianthsurface (see Fig-
ure[IJg). In effect, subdivision is viewed here geometric refinement and smooth-
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Fig. 1.1: Catmull-Clark algorithm: Starting from a giverpirt mesh, iterated mesh refinement
yields a sequence of control nets converging to a smooth $iorface. Vertices with # 4
neighbors requirextraordinarysubdivision rules.

ing. This intuitive view of subdivision has made it popular fan@st of applications.
This book could be faulted for failing to celebrate the ricmtent that can be gener-
ated with such faceted representations that have takeex&onple, movie animation
by storm. Indeed, we neglect the graphics designer’s fd@atetrol polyhedron until
Sectiol8lm This is due to the fact that a number of restrictions andrapsions
have to be placed on subdivision algorithms before the naifca control polyhe-
dron even makes sense. The cases where the control polyhisdvell-defined are
therefore justifiably famous and popular.

The actual relationship between the properties of the fecotgrol polyhedron
and those of the limit subdivision surface is not straightfard, already for position
and more so for higher-order differential geometric quagi Moreover, in many
design packages, the control polyhedron is ultimatelyaegd by projecting the ver-
tices to points on the limit surface.

1.2 Control nets

For the computer scientist, subdivision is primarily a $etgerations on a graph data
structure. While the vertices still carry geometric megnthe edges serve to encode
connectivity. Facets play a subordinate role, relevany o rendering. This point
of view, subtly different from faceted approximation, wdsoataken by the early
literature on subdivision surfaces. Subdivision surfagese correctly characterized
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Fig. 1.2: Stencils for Catmull-Clark algorithnieft threg Rules for determining new B-spline
control points of a uniform bicubic spline from old ones aftmiform knot insertion. The
numbers placed at the grid points give the averaging weiffit@xample Ieft), a new point
is generated ak/4 of each of four control points of a quadrilateral. The rulstablish a new
control point for each face, edge and vertex respectivegiht) Vertices withn # 4 neighbors
require a rule generalizing the regular case: 4.

as generalizing a property of tensor-product B-splinesnelthe vertices connected
by edges form a regular grid, they are interpreted as theliBespontrol net of a
uniform tensor-product spline. Representing such splarea subdivided domain,
by a standard technique called ‘uniform knot insertionglgs a finer regular grid.
FigurelT B, left threg illustrates this process for bicubic splines.

When the regular grid of control points is replaced by argiatar configuration,
the rules of regular grid refinement can obviously no longeapplied. The contri-
bution of the seminal papels]DS78,CC78] are ‘extraordisabdivision rules’ that
mimic the regular rules and apply to irregular networks dhps The vertices of the
input polyhedron are taken to be control points and the edgesmine how anesh
refinement operatais applied (Figur€Tkgright).

To analyze these extraordinary rules, the early subdivisierature viewed sub-
division surfaces as the limit of a sequence of ever finerrobnets. The rules of
refinement correspond to smoothing operators that map almeigood of the con-
trol point to an equivalent neighborhood of the correspogdiontrol point in the
refined control net. To track the mesh near any given conwuitpall smoothing
operators are placed into the rows of a subdivision mat@pdated refinement can
then locally be viewed as repeated application of the sugidiv matrix to a vector
of control points of the neighborhood. Thdsscrete, linear algebraigiew immedi-
ately yields important guidelines for constructing extdinary rules. In particular,
it providesnecessary conditionfor a smooth limit surface that take the form of
restrictions on the eigenvalues of the subdivision matrix.

However, the discrete, linear-algebraic point of viewddi provide sufficient
conditions since it neglects the functions associated hiéhcontrol points. The
splines defined by the ever-increasing regular parts ofdéh&al net give a foothold
to tools of analysis and differential geometry.
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Fig. 1.3: Types of mesh refinemendp Initial mesh andbottomrefined mesh. We focus on
algorithms of type pQ4 and dQ4 that result in quadrilategtipes; the analysis and structure
of other subdivision algorithms is analogous (see Chitay. 9

1.3 Splines with singularities

To adequately characterize the continuity properties dfdadsion surfaces, this
book emphasizes a third view. As before, where the conrigctitows, the points
of the control net may be interpreted as, e.qg., spline caeffiis. Refinement isolates
pieces of the surface where such an interpretation is naifjesand extraordinary
rules have to be applied. These pieces of the surface areeded® the union of
nested sequences of rings and their limit paiffisis approach supplies a concrete
parametrization that allows us to leverage toolamdlysis and differential geometry
to expose the structure of subdivision surfaces. We carttrasoncepts as follows.

e Mesh refinemens generating a sequence of finer and finer control nets, cgnve
ing to a limit surface. This is the appropriate setup for agions.

e Subdivisioris generating a sequence of nested rings, whose union fospisa
in the generalized sense. This is the appropriate setumédytic purposes.

Typically, the resulting objects coincide: the union ofgsdefines the same surface
as the limit of control nets. Because this book investigateslytic properties, it
focuses on subdivision in the sense of the second item. Theséion will use the
following concepts.

Splines in a generalized sens&.he common attribute of the numerous variants of
splines appearing in the literatflis a segmentation of the domain. Hence, we use

! The ‘zoo of splines’ is a crowded place: A large part of thénlaind greek alphabets is
already reserved for one-letter prefixes such as for ‘Bagplor ‘G-spline’. In addition,
there are arc splines, box splines, Chebyshev splinesetiissplines, exponential splines,
trigonometric splinesational splines, simplex splines, perfect splineswsplines, Euler splines, Whittaker splines .
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the term ‘spline’ in the following, much generalized sen&esplineis a function
defined on a domain which consists of indexed copies of a atdritbmain, such as
the unit square for quadrilateral bivariate splines (cffiligon BJm). Beforehand,
we make no assumptions on the particular type of functiorisetased. Therefore
our use of the word ‘spline’ covers not only linear combioat of B-splines or
box—splineE, but also a host of non-polynomial cases like piecewise egptials or
even wavelet-type functions. The key observation is thatareregard subdivision
surfaces as a special case of these general splines. Beghinsately, we are aiming
at the representation of smooth surfaces, we assume thoauttat splines are at
least continuous.

Quadrilateral splines. We focus on splines defined on a union of indexauit
squares calledcells and subdivision that iteratdsnary refinemenof these cells.
The analysis of subdivision surfaces based on a triangolaiath partition (see Fig-
urelTBm) is analogous; as is ternary or finer tessellation ratherdyadic refinement
(see for exampld[IDS0Z, AlellZ,Z901] for various classiftas of mesh refinement
patterns). Even vector-valued subdivision does not requéw concepts but is fully
covered by the theory to be developed. Chdgtenists classes of subdivision algo-
rithms that share the structure of subdivision based onrijatatal splines and that
therefore need not be developed separately.

Splines as union of rings.To properly characterize continuity, the spline domain is
given the topological structure of a two-dimensional malaif This avoids a more
involved characterization by means of matching smoothoesditions for abutting
patches. The key to understanding subdivision surfacetharisolated singularities
of splines on a topological domain. That is, we focus on thghtrhood of extraor-
dinary domain points whene # 4 quadrilateral cells join.

In the language of control points and meshes, each refineemdarges the ‘regular
parts’ of the control mesh, i.e. the submeshes where stdisdadivision rules apply.
At the same time, the region governed by extraordinary rsiemks. As this pro-
cess proceeds, a nested sequence of smaller and smallshepgd surface pieces
is well-defined, corresponding to the newly created regeigion. Eventually, these
rings, together with a central limit point, cover all of theface (see FiguleZ&3.

In the language of splines,

A spline in subdivision form is a nested sequence of rings.

Since all rings are mappings from the same annular domdif tavhere typically
d = 3, we can consider spaces of rings spanned by a single, fiimtergional sys-
tem ofgenerating rings

A subdivision algorithm is a recursion that generates a seqe of rings

within the span of such a system of generating rings. The warg’ will not lead
to confusion since no rings in the algebraic sense will besictamed in this context.

Smoothness at singularitiesWith rings contractingad infinitumtowards a singu-
larity of the parametrization, it is necessary to use, inlimét, a differential ge-

? see e.g[[dHRY3] of[PBPD2,Chap. 17].
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ometric characterization of smoothness. Smoothness isurg@in a natural local
coordinate system. Injectivity with respect to this coaede system is crucial but not
always guaranteed by subdivision algorithms; and the l&skecond-order differen-
tiability with respect to the coordinate system presentsalenge for characterizing
shape. We therefore devote Chap. 2 of this book to a revievowtepts of differ-
ential geometry specifically of surfaces with isolated siagties. This differential
geometry of singularities is rarely discussed in the ctadditerature and is crucial
for understanding subdivision surfaces.

1.4 Focus and scope

The analysis of subdivision on regular grids has been wadlichented and we can
point to a rich literature (see Sectibnka)7on the subject. In particulaf. JTCDMBP1,p.
18] gives a general technique for evaluating functions imdatision form, polyno-
mial or otherwise, at any rational parameter value. Diffiéiebility of such functions
can typically be established by proving contraction ofeati#ince sequences of the
coefficientd The resulting surfaces are splines in the generalized s#insessed
above.

The continuity and shape analysis in this book will thereffocus on the sin-
gularities corresponding to ‘extraordinary rules’. Thesgularities are assumed to
be isolated so that Bcal analysis based the union of rings, suffices to establish
necessary and sufficient conditions @ and C? continuity.

We look atstationary linear algorithmsThe analysis then combines the discrete,
linear-algebraic view with the analytic differential geetric view, i.e., considers
both the subdivision matrix and the surface parametrinatio

This analysis developsmple recipedor checking properties of subdivision al-
gorithms and their limit surfaces. Such recipes are neexeerify the correctness of
newly proposed algorithms and to assess their strengthdefiiencies. An impor-
tant component in deriving these recipes is to make assangéxplicit. For exam-
ple, if we fail to check for ‘ineffective eigenvectors’ (Defiion[Z£1%m), we cannot
conclude that the subdivision matrix ought to have a singéeling eigenvalue of
1, a property that is often taken for granted. Or, to conclindé aC*!-subdivision
algorithm generates @'-surface, we need to check that the input control points
are ‘generic’ (Definitiof.5l). Once such prerequisites have been established, even
the ‘injectivity-test’ becomes simple (see, e.g., TheokeBkm). We illustrate this
process for three well-known subdivision algorithms anavjgte a framework for
constructing new algorithms, in particular for generatiifgsurfaces.

3 The technique relies on the following observation _[CDOMBIGIYT, [Kob98h]
[PBPO2,p.117]: Leg™ :=[...,q", . ..] be a sequence witti"*V**1¢™ converging uni-
formly to zero asn tends to infinity. Then the limig> is aC* function and forj = 0 : k,
the sequence®™ V7 ¢™ converge uniformly to the derivatives ¢>°.
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1.5 Overview

Chaptef® reviews some little known material on the differential gestng of sur-
faces in the presence of singularities. The chapter laygithendwork for most of
the proofs in ChaptefSes8-[Amand motivates the sequences of chapters in this book.
Chaptells formally defines the objects of the investigation: splinesapological
domains and their forced singularities. Chapleridtroduces the refinement aspect
for these splines and defines the resulting class of surtamaied by subdivision.
We now narrow the focus to stationary algorithms, i.e., atgms where the same
rules are applied at each step.

ChapteElm characterizes stationary subdivision algorithms thaegete smooth
surfaces, that is, at leaét!-manifolds. While a very general class of algorithms is
covered here, particular scrutiny is given to ‘standarebatgms’ which are char-
acterized by subdivision matrices with a double subdontieagenvalue. In Chap-
ter[@m the resulting powerful analysis techniques are appliettitee well-known
subdivision algorithms. In ChaptEzwe derive constraints that further restrict the
class of admissible subdivision algorithms to those thadile to represent the full
spectrum of second order shapes. A further restriction isf ¢lass finally yields
C?-subdivision algorithms, and we present a new frameworlcémrstructing such
algorithms. Finally, in Chaptdi, we determine bounds on the distance of a sub-
division to a proxy surface, and in particular to its conolyhedron. Further, the
guestion of local and global linear independence of systEmagnerating splines is
discussed.

For aquick tourthrough the material, one may proceed as follows. Not shkigpi
the notational conventions in Sectionki below, Sectiol 2k is indispensabléor
understanding whatever follows; also Secfiafk?should not be missed. In Chap-
ter[3m Sectiond32H3 Zm are fundamental, as well as the whole of Chaplar 4
In Chapteilm, Sectio 518 may be skipped on first reading. Chafiiefarovides
examples by applying the techniques to specific algorithitsispntent is not prereg-
uisite to understanding the remaining chapters. Partseafterial in Chapte S
and@m are brand-new. Here, the exposition is less tutorial, bilteraintended to
prepare the ground for new research in the field.

1.6 Notation

As a mnemonic help, in particular to discern objects and niaaesthe rangeR?

from objects and maps into the bivariate domain, we use b@digletters for ob-
jects and for maps int®?. For example, planar curves and reparametrizations, such
as the ‘characteristic’ reparametrization, will be repraed by bold greek letters.
We use plain roman letters for real or complex-valued fumdgiand constants. The
constants) for eigenvalues and for curvature, are an exception to conform to well-
established usage. Bold roman font is used, in particwdapdints and functions in
the embedding spad®?. For example, the subdivision surfageits normam and

the control pointsy; are so identified.
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Points and functions iR? andR¢ are always understood asw vector e.g.
6:[€1a€2]€R27 X:[Xla"'axd]ERd'

Consequently, linear maps k? andR? are represented by matrix multiplication
from the right For example,

~ cost sint
§:=¢R R:= [sint cost}

is a counter-clockwise rotation about the origin by the angiVe summarize:

Bold greek — point or map int&2 — row vector
Bold roman — point or map int&“ — row vector

As in Matlab, elements in a row of a matrix or vector are sejgardy a comma,
while rows are separated by a semicolon. For example,

123
[1,2,3;4,5,6] = [456].
We have made an effort to clarify concepts by a consistenbfisames. For ex-
ample, what appears currently in the literature as ‘charastic map’ is called char-
acteristic ring when we want to emphasize its structure as@ower a topological
ring and distinguish it from the characteristic spline tisatefined as a union of rings
and their limit point (cf. Figur€Z4kg). Replicated from the Index, here are the key

variables:

x spline x"  m-th ring of x

by generating spline ge generating ring

e; eigenspline fe eigenring

X Characteristic spline tp  characteristic ring

Generating splines span the space of subdivision surfabeg.have no relationship
with the formal power series of thetransform that is sometimes called generating
function (see also the footnote on pége 16).

1.7 Analysis in the shift-invariant setting

Contributed by Nira Dyn

A ‘classical’ subdivision scheme orregular mestgenerates a limit object, such
as function, curve, surface, from initial data consistirfigliscrete points (control
points), parametrized by the vertices of the mesh. The bivjiect is obtained by two
processes; first by recursive refinements of the controltpdimsed on a fixed local
refinement rule, and then by a limiting process on the seguehcontrol points
generated by the recursive refinements.

The theory of subdivision schemes on regular meshes is diffexent from
the analysis presented in this book. It can be traced backa@éapers by de Rham



