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Conclusion

The analysis of stationary linear subdivision algorithmesgnted in this book, sum-
marizes and enhances the results of three decades of imé=esech and combines
them into a full framework. While our understanding@f-algorithms is now al-
most complete, the generation and the analysis of algositbfthigher regularity
still offers some challenges. Guided subdivision and th&ER-framework pave a
path towards algorithms of higher regularity, that, for agdime, were considered
to be not constructible. Various aspects of these new idaas to be investigated,
and the development s in full swing, at the time of writing.

In focusing on analytical aspects of subdivision surfacesfa differential geo-
metric point of view, we left out a number of other interegtand important topics,
such as the following.

e Implementation issue#n applications, subdivision is mostly considered a recipe
for mesh refinement, rather than a recursion for generaéggences of rings.
The availability of simple, efficient strategies for implentation[ZS00,SAUKO04],
evenin the confines of the Graphics Processing Unit [BSTESS.JP0%a], eval-
uation of refinable functions at arbitrary rational pareene{CDM91] and, for
polynomial splines, at arbitrary parameters [Sta98a.&ipand inclusion into
the graphics pipeliné Tead8. DKT98] largely account for dlverwhelming suc-
cess of subdivision in Computer Graphics.

e Sharp(er) featuresBy using modified weights for specially ‘tagged’ vertices
or edges, it is possible to blend subdivision of space cuares subdivision
surfaces to deliberately sharpen features and even rettecentoothness of
subdivision surfaces to represent creases or clisps_[DHSICHR6]. In a simi-
lar way, subdivision algorithms can be adapted to matchesiand boundaries
[N&s9 [Tev99é, Lev0(, Nas03].

e Multiresolution: Based on the inherent hierarchy of finer and finer spaces, one
can develop strategies for multiresolution editing of obdivision surfaces
[CDW97]. There are close relations to the study of wavelbtd, this develop-
ment is still in its infancy.
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e Applications in Scientific Computingeyond the world of Computer Graphics,
subdivision surfaces can be employed for the simulatiohiofghells and plates
[COSO0[GKS0Z, Gri03,GTS0D2]. Also use in the boundary elgnmeethod is
conceivable.

The book of Warren and Weimdr [WW02] offers an excellent cibatipn of these
and other application-oriented issues.

Necessarily, the material presented here is a compromigebe generality and
specificity. Therefore, to conclude, we want to review theibassumptions of our
analysis framework, check applicability to the rich ‘zod’subdivision algorithms
in current use, and discuss possible generalizations. \Weider in turn function
spaces, types of recursion, and the underlying combirstricture.

9.1 Function spaces

The spaces of splines and rings that we considered throtigim®book cover to a
very wide range of algorithms. Many popular algorithms agaegalizations of sub-
division schemes for B-splines or box-splinEs TVellIbNe&I[VZ01[ZS01, CCi8,
[DS78[PRII7]. According to the classical definition of thertéspline’, the rings are
piecewise polynomial then. However, except were expyicitentioned, e.g. in the
degree estimate in Theordm A#9this concepts and proofs of this book never re-
lied on the particular type of functions used to build thegyating ringsy,. In fact,
DefinitiondZ kmandZ ®rare very general. The only limiting factors on the function
spaces are:

e The segments ai@' and joinparametricallysmooth.

e All rings x™ can be represented by usinge and the same finite-dimensional
systemG' of generating rings.

e The generating rings form a partition of unity.

Therefore, the framework covers for instance all schemesrevtheg, are derived
from tensoring univariate subdivision, such as the intlejooy algorithms discussed
in [DGL87,[DL99[HIDS02[ Leb94. Kob96a]. Moreover, not evibie tensor product
structure is crucial. Using genuine bivariate subdivisohemes operating on a reg-
ular square grid, such as Simplest subdivision or non-potyial variants thereof,
is equally covered by the framework. By contrast, subdivishlgorithms generat-
ing patches that joigeometrically smootlare not considered by our analysis. In
the terminology of this book, geometric continuity can bt using non-rigid
embeddings. The first algorithm of that type was suggest bytPsch for subdivid-
ing Freeform splined[PraP7]. Here, the limit consistinitely manypolynomial
patches so that no limit analysis is required. Other algor#t exploiting geometric
continuity can be found i [KPOTb] and in [ZLLTD6].

The last bullet above, requiring that generating rings farpartition of unity,
and, similarly, that the rows of the subdivision matrix tavsto 1, are not strictly
necessary but a relict of the fact that most algorithms wermftlated by forming
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local affine combinations of ‘control points’. Only the folling is actually needed.
The ring with constant valuemust be contained in the space spanned@and it is
mapped to itself by the recursion: for some veetor

Ge=1, Ae=ce.

The changes required to adapt our analysis to this more glesedting are marginal.

We emphasize thatot stipulatinglinear independencef the generating system
G is a crucial for generality. Example-Zldives a first indication that the class
of overcomplete generating systems provides a much richacs of algorithms. In
fact, by not assuming linear independence&-gfour analysis appliesnchangedo
most kinds ofvector-valued or matrix-valued, Hermite or jet subdivisalgorithms,
see for instancé [XYDUE, KMPO6, CJ06]. The mapping to theieavork of the book
is as follows. All components of the vectors, matrices, ¢ ja question are col-
lected in the single vectd®, and all subdivision rules are encoded in a single subdi-
vision matrix A. Since some of the coefficients, representing for instaeceative
information, are not needed for the parametrization of thg,r(although they are
involved in determining the coefficients of subsequentsjnthe vectoiG of gen-
erating rings is simply padded with zeros at the correspanpiaces. The iteration
x" = GA™Q is then perfectly able to model the vector-valued or matakied,
Hermite or jet subdivision. All that remains to be done isdmpve ineffective eigen-
vectors fromd4, if there are any, by the procedure of Theofem20

9.2 Recursion

Throughout, we assume that the recurd@i — Q™! is

e stationary and
e linear.

That is, there exists a square matdxsuch that we can write
Q" =AQ, m e N.

Due to its simplicity, this class of algorithms is predonmmihan applicationsNon-
stationarylinear algorithms may use a different rulém) for each step,

Qm-',-l _ A(m)Qm.

In the univariate case, such schemes arise in a natural way whbdividing L-
splines. In particular, subdivision for exponential angdnometric splines falls into
that class. An important feature of special trigopnomefplnes is their ability to re-
produce conic section, and in particular circles IMWWOIh&ECJIa ANMOB].
Such schemes aneot covered by our approach. Generally, the analysis of non-
stationary algorithms is complicated, compared to ourpséeby the need to char-
acterize the joint spectrum of a sequence of subdivisiomicest, i.e., the spectrum
of arbitrary products of members of these familles [RIGI20P].
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Even less is known abouabn-linearalgorithms. Here, we have
Q" = A(m, Q™)

for some non-linear functior. For instance, positions of new control points could
be defined by geometric algorithms like the intersectionlahes associated with
the given points. Such an algorithm, which provably geresramooth surfaces, was
suggested by Dyn, Levin, and LilLJDLLB2]. Definif@™ ! as the coefficients of
the solution of a non-linear fairing problem for the corressging ring yields another
rich source of non-linear subdivision schemes. Howeveratialysis is far from be-
ing well understood. Further, non-linear schemes are ariteced when generalizing
subdivision to operate on manifolds or Lie groups. In thevanate case, there are
some results in that direction due to Wallner and Dyn [WIDQ@#jle the regular
bivariate case is currently studied by Grohs[Gio07].

Concerning the recursion, the framework is implicitly béhs a further as-
sumption. The algorithm are assumed tolbeal in the sense that only control
points in the vicinity of an extraordinary point influencesthecursion. This need
not hold. There are algorithms, knownagiational subdivisionwhere new control
points are computed as the solution of a global, linear orliv@ar fairing problem
[HKD932 [Kob95hl Kob96h]. The visual results of these aitpons are impressive,
but more or less nothing is known about the underlying thigzaikproperties.

9.3 Combinatorial structure

In discussing the topological and combinatorial structifrthe space of the param-
eters, we have to, first of all, distinguish subdivision ie tmivariate, the bivariate,
and the general multivariate setting. As summarized ini@edi iz there exists an
extensive literature covering the univariate case. Ref@nslhift-invariant construc-
tions can be obtained in the multivariate setting by temgpuinivariate subdivision,
or by subdividing box spline§ [dHRP3]. The non-shift inani setting, in three vari-
ables, has been studied, for instance[in [BMD$02Z, SHWO04thimbook, we focus
on the bivariate case.

For local algorithms, it is admissible to reduce the analysia vicinity of an
isolated singularity. In ChaptEk#we chose

e thelocal domairs,, := [0, 1] x Z,, to consist ofx copies of the unisquare and
e ahbinary refinementf cells. That is, each square is subdivided into four new
ones.

The algorithms of Catmull-Clark and Doo-Sabin, but also [@&sat subdivision or
4-8-subdivision fit that pattern. However, many other populgogthms, like Loop’s
subdivision[Loo8F7], the Butterfly algorithrhi [DLGEQ, ZSY98 the three-direction
box splines of Sabin’s thesis [Sah77] are based on triangalghes. Here, the ap-
propriate structure is obtained when replacing the uniasgi¥’ = [0,1]? by an
equilateral triangle. Conceptually, the framework for lstigangular subdivision
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Fig. 9.1: Combinatorial Layoutldft) (J-sprocket (Catmull-Clark subdivision) layoumi{d-

dle) A-sprocket (Loop subdivision) layoutight) polar layout[@X=m). Halving of the domain
only the vertical direction.tép ) Two nested characteristic ringfoftom) S andS /2 of the

prolongationy (S /2) := Ap(S)

algorithmsis exactly the same. However, certain technical detailcenring the
neighbor relation and the contact conditions have to betadafhe regular case
for triangular subdivision i3 = 6, corresponding to a lattice spanned by three di-
rections. As in the quadrilateral case, the regular p&rof the cells is obtained by
subtracting one half o¥ from itself,

X0 .= 3\(x/2).

As shown in Figur&Qkm X° is a trapezoid rather than L-shaped.

Another generalization is to modify the number of new ceit® iwhich a given
cell is subdivided. For binary refinement, each quadritdteftriangular cell is split
into 2 x 2 = 4 new ones. It is equally possible to uséax v)-partition. In such a
v-ary refinementwe set

X=X\ (X /v).

For example, Kobbelt's/3-subdivision [Kob0D] is based oternary refinement
i.e., v = 3, and several other algorithms use the same or even finelatsee
[DIS03[OS08, Loo02h, NNPOIZ, IDS05,LG00]. The analysis geoteed in exactly
the same way as in the binary setting except for replacing; 149, the factor*"
that are ubiquitous in the binary setup. The partition ofdbenain inv-ary subdi-
vision is uniform in that the domain is split evenly into swainthins. Goldman and
Warren [GW98] extend uniform subdivision of curves to knuaeivals that are in a
globally geometric progression. Sederberg etfal. [S5SA&jgse Non-uniform Re-
cursive Subdivision Surfaces where every edge of the Irdtanain is allowed to
be scaled differently. This presents challenges, cugremt met by the state of the



186 9. Conclusion

@9 4
® g9
8 &
&8¢
44 9
KK
=8 4

&
&
&
v ¢ O VeV VYV

Fig. 9.2: Different patterns of control nets to be consideren proving smoothness of a
tri/quad algorithm for ffom top n = 3,4, 6, 12.

analysis. By contrast, theon-uniformsubdivision algorithm[KPO7a] has been fully
analyzed within the framework presented in this book. Heeeddges near a singu-
larity are recursively subdivided in a rato: (1 — o) whereo € (0, 1) is chosen to
adjust the relative width of the rings and the ‘speed of cogwrce’.

For high valence, the rings of a subdivision surfaces considered so farciflyi
featuren sharp corners corresponding to the corners of the doBaiRReferring to
Figure[&. 3= right, we call this arrangement treprocket layoutTo remove related
shape artifacts, the so-callpdlar layout as described below, offers an interesting
alternative. Recall that, il (38, we connect the cell& using the neighborhood
relations(e4,j) ~ (e1,5 + 1),j € Z,. As illustrated in Figurd Ok, right, the
cells can be glued together differently to form a ring stuuet Inpolar subdivision

[KPO7¢[KMPOBLKPO7d]
(547j) ~ (627j + 1); ] € Zn (91)

That is,oppositeedges of each cell are identified with the edges of its twoheig
bors. A ring with polar structure is therefore bounded ohesitside by a closed
smooth curve. The papers on Guided subdivisfon [KIPO7b, KR6&apose polar
and sprocket layout. It turns out that polar subdivisiorehjienodels features of high
valence, especially rotationally extruded features. Agéir the analysis of polar
subdivision, the neighbor relations and contact conditioave to be adapted, while
the core methodology applies with minor modifications.

A further generalization is obtained when permitting a nfixjoadrilateral and
triangular cellsto enclose an extraordinary kndt [LL03, SILO3, PS04, SW05kiB
cally, one has to cope with two technical difficulties notewmctered in the standard,
symmetric setting. First, due to a lack of shift invarianwe,cannot apply the Dis-
crete Fourier Transform to simplify the analysis of spdabr@perties of the sub-
division matrix. Rather, to obtain general results, a nudie of different patterns
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has to be analyzed individually. FigurelR=jives an impression of the combinato-
rial complexity of the problem. Second, the smooth traasitietween neighboring
patches of different type may be more difficult to establisént between triangles
only or squares only. This problem, which is very intergstmits own right, is con-
sidered in [[R109¢, DLOZ, TL03, PSD4]. For example, [PS04vars C'-continuity

and bounded curvature for a quad-tri algorithm.



