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Abstract

We present a framework for deriving non-uniform interpotgitsubdivision algorithms
closely related to non-uniform spline interpolants. Famsibf symmetric non-uniform
interpolatory2n-point schemes of smoothne€g ! are presented fon = 2,3,4
and even higher order, as well as a variety of non-unifornoiBtpschemes withC?
continuity.

1. Introduction

Uniform linear curve subdivision is well understood (seg §>L02, Sab10]) but
is too restrictive for some applications. One approach tackimg the shape repertoire
of subdivision curves is to devise non-linear or geometrleesnes such as [ADS10],
[DH]. We, instead, focus on subdivision that starts with fumiformly-spaced ab-
scissae, e.g. spaced according to the distance betweepolated data points. Moti-
vated by the fact that interpolatory 4-point subdivision_{EB8] can be interpreted as
(up)sampling aC'* Catmull-Rom spline, we extend the idea by devising a number o
non-uniform interpolating splines and then filter out thosembinations of interpolant
values and control points that yield* schemes.The unexpectedly simple charac-
teristic polynomials of the new Catmull-Rom-baséd andC? subdivision schemes
enables us to fully analyze their continuity. For highedesrschemes, analysis via
Rouche’s theorem and separation of roots allow for symblidiltering out new
schemes of remarkably high smoothness.

1.1. Literature

Interpolatory subdivision algorithms with non-uniformrpeneter spacing or knots
were analyzed by Warren [War95] and generalized in [DGS®&rren’s construc-
tions associate new points with the midpoints of knot-iveiés and so create internally
uniformly partitioned segments that join non-uniformlyeattraordinary points. The
corresponding continuity analysis can then focus on theexdinary points and uses
spectral analysis, well-known in the context of surfaceSTB, WW02, PR08], but
here applied to interpolatory curve subdivisiée build on Warren’s approach but ap-
ply additionally Rouck’s Theorem [Lan85] to recast the otherwise difficult estesa
suitable for symbolic computing. Compared to [War95, DG3f28 schemes are sim-
pler or yield higher continuity: neither Warren nor Daubieshachieve” for 6-point
schemes.
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Our linear, non-uniform, interpolatory subdivision camnstions are similar in spirit
to those of [BCR11a, BCR11b] but differ in the detail. Forexde, in [BCR11b] one
up-samples fundamental splines with non-uniform knotsl(NR$). We use and create
different families of spline interpolants, e.g. a parameésl form of the non-uniform
Catmull-Rom spline for theC'!' rule and its generalization for a non-unifor@¥ 6-
point construction. Low degree spline constructions evelay” non-uniform 6-point
schemes, and higher-order schemes can be derived by sigtlpes. Both [BCR11a,
BCR11b] have degrees of freedom associated with edge< winilconstructions focus
on a global parameter familiar from the classic 4-point scheme [DLG88] and the 6-
point Weissman scheme [Wei90].

Overview. We use results in the literature and the z-transform to #stekmoothness
in the uniform case, then analyze non-uniform subdivisionilar to [War95]. Sym-
bolic computation is essential for otherwise tedious bke&ping during the analysis.
We do not attempt to typeset the intermediate expressiamather present the frame-
work of proof. For all examples, we use knot-sequences véttirpetal spacing. We
do not modify shape by adjusting knot-spacing, noting thahe case of splines, shape
is better controlled by adjusting local tension parameters

Section 2 reviews basic techniques of non-uniform, gedmspline theory for
use in the interpolants and introduces the local polynomtarpolants and splines to
be sampled for our constructions. Section 3 reviews the knamiform interpolatory
subdivision schemes and presents the analysis-framewornioh-uniform, symmetric,
interpolatory binan2n-point subdivision. Section 4 defines and analyzes new Btpoi
6-point and higher-order subdivision schemes. Sectioni&lyprcompares the new
subdivision schemes to the underlying splines.

2. Non-uniform interpolatory splines

Since we will sample splines to obtain new points, we brieflygatl some facts
about interpolatory splines in&ier form. We then introduce specialized spline con-
structions for our sampling.

2.1. Splines and jets in&ier form

We refer to two curve segmenfsandg, each defined over the unit intervél. . 1],
asC™ connectedt common poing(0) = f(1) if

g™ ) =B (1), k=1,...,m. (1)

This is a special case @" continuity with linear reparameterizatiorl.et {¢;} be
a sequence of strictly increasing numbers, called knots.s&Vg for the ith join of
segments at; to
tit1 — t;
= 2

fi= )
mimicking the transitions of non-unifor@” splines with interval ratig; at¢;. Then
thelinear reparameterization— ¢;(1 — t) + t,4.1¢ turns segments related by (1) into
standard”" splines with knot sequendg; }. Conversely, the linear reparameterization



t — ti% relates splines to segments related by (1). To emphasigesfigcial

relatioﬁ, we refer to the curve segments satisfying (1J"agonnected rather tha@"
connectedIf f(t) := -7 b;B;(t) andg(t) := 37" b; B, () are in Bezier form,

ie. B;(t) := (") (1 — )"/, thenf andg join

CVif by := Bm;
C if they join C° and
B - 1
bo i= ——buy_1 + ——bi; 3
R A ke ®)

C? if they join C° and
by := agby_s + aibg + azby, by_1 :=doby,_2 + a1bg + d2ba,  (4)
B2 1+ 8 1
ag = —————, a1 := , Qg = ————;
0 20+p) 2 T 21+ B)
C3 if they join C'* and

by := agby_3 + aiby_1 + aszby + azbs, )
b9 := dobym_3 + @1bym_1 + daby + asbs,
B3 1 2 1
= =—-p(1 = (1 =

W= Ey @ 35( + ), as 3( +B), as )

where, forC" continuity,a;, is defined by replacing — % ina,_g.
SinceC" continuity involves only the first or the last+ 1 Bézier coefficients of

either curve, we definecal r-jetsat either endpoint of a degree Bézier curvey as

Iy (9) == {bi}izo,..., IT"(9) :={b] :==bpm_i}i=o,...r- (6)

Since neither re-representing thgets in degreé: form for & # m, k > r, nor change
of variable affectC"-continuity, we freely use representations of a jet in défe de-
gree form or after change of variable and drop the secondrscniet m of J.""™.
Specifically,J;"™ can be represented d$'" in terms of the coefficienti%j of the
curve of degree, n > r, whereb, := bgandfori = 1,...,r;5 =0,...,4

i . j—1 i—j—1
Q 2 —_olm —s _ n—m-—s
b; =Y " cimb;, i = () Lo ZES—O ( ), ©)
=0 J [Tizo(n —5)

After the change of variable — ou, the new jet-point®, are defined by formula

b; = 1—0)"%0°bs. 8
; <8)< 7)o 8)
If J7(f) is scaled by'*/* andJj(g) by o"*9"*, then the original parametgf is re-
placed byZ 7 3.

The coefficients of tw@'” jets can be concatenated into the+ 2 tuple
{bg,...,b,, bk ..., bj} that can be interpreted as the coefficients otaiBr curve of



degreer + 1. Alternatively, after scaling the variable by:= 1/(r + 1) and adjusting
the degree, the jets can be interpolated ky"aspline consisting of- + 1 pieces of
degreer + 1. We use both constructions to generate families of spliterfpolants
from which samples are derived for interpolatory subdosisi

2.2. Polynomial interpolants, Catmull-Rom splines andrtbescendants

Let f* be the polynomial of degrelethat interpolates, fos = 0, ..., k, the points
Pi—x+s atthe values, ... s wherex := ng. We define the localized interpolant to be
(see Fig. 1a): ~

fl-”fj(u) = fj’-“((l —u)t; +utiy1), we[0..1]. 9)
C' splines. We represent the'-jets J§(f?;) and J{(f?,,,), in degree 3 form and
concatenate them to form a cubic interpolanpgfandp;;. Since we can scale the
variable and hence the tangentdbywe denote this spline by tr That is, withb; the
control points of the classic Catmull-Rom spliné ¢Fig. 1b, top),cr. has the same

endpoints but interior coefficienfd — w)by + wb; and(1 — w)bs + wbso.

J5(£2)

Ji(E2 )

dPi—1 Piy2

(a) Local interpolants (b) w-scaling

Figure 1: Construction of Catmull-Rom splines. (a) The IEﬂdIinterpoIantff and its Iocalizatiorf”f,i pro-
vide the left two Eezier coefficients, collected i]%(?fi), of the cubic ct (disks in (b), top). Concatenation

with the right blue) jet J}(£7,, ;) yields all four coefficients of gr. (b) bottomillustrates ct, i.e. scaling
by 2. !

From cr,, we can derive piecewise quadratit splines as follows. We represent
the C-jets J}(f;) andJ}(f;) of the cubic segment; in degree 2 form and scale the
variable by%. Then choosing the common point of the two quadratics tg‘il()é)
yields aC* join between the pieces! We denote this spline y*crThe spline c}2

(w = 1) coincides with the symmetri€' quadratic NULIFS used in [BCR11b].

C? splines. We re-represent thah segment of ¢, f;, in degree 4 form with control
pointsbt, k = 0,...,4 and then redefinb?, b} according to (4). This yields the spline
cr2. The same construction, starting wih (u) in place of cf,, yields the spline ctr*.

In turn, each degree 4 segment can be replaced by twoonnected cubics. This
yields the splines denoted ag,érand c#:3. The splines cti® coincide with symmetric
C? cubic NULIFS. In more detail, the tw6™2-connected cubics interpolate the quar-
tic's C2-jets J3(f) andJi(f) — in degree 3 form and with the variable scaledjy



(a) Polygon and curves (b) curvatures (c) direct smoothing

Figure 2: C3 curves. rec C2 spline from cf ,; green 6-point Agjgﬁf-subdivision;blue C3 spline
directly fromcn ;5.

and share the common point
1 1 1
m4(f) = E(bo + b4) + E(bl + bg) + §b2 (10)

Remarkably, the so-constructed cubics joih. (The analoguous construction for de-
gree 5 curves would only joi6'.)

Repeated smoothing of interpolating spliné& derive interpolating splines of higher
continuity from those of lower, we interlace degree-rajsivith smoothing corrections
(3), (4), (5), etc. Compared to immediately setting the degind enforcing smooth-
ness, this step-by-step procedure yields, over many,thatser curvature distribution,
as illustrated in Fig. 2b,c. For example, we gétgrfrom cr! - via degree-raising fol-
lowed by (4) and then increase smoothness ftétio C2 by degree-raising to 6 with
Bézier coefficientdi, k = 0, ..., 6 and finally overwritingb? andbf[1 according to
(5). If, instead, we immediately enforc& continuity for degree-raise@! splines
cri 15, the curvature distribution is clearly worse Fig. 2c. Weenthtat the degree of
the spline can be reduced by replacing the single piece okdegby fourC3-joined
sub-segments of degree

3. A framework for non-uniform interpolatory subdivision

Given a sequence of increasing scalgrg, called knots, and a sequence of points
{p;}in R4, thek + 1st point sequence is derived from thih, starting withp? := p;,

by

2n

k+1 .k k+1 . _ ok

Pai = Pis P2iq1 = Ze’bjpifn+j' (11)
=1

Thatis, in every refinement step, we insert one new pointéetviwo old ones. Thzn
coefficientse;; depend or2n—2 scalars; _,, 12, . . ., Bi+n—1 thatin turn depend on the



Table 1: Uniform symmetri€™—! 2n-point interpolatory schemes with parameter

2n | e,j=1,...,n ™! range forw
4 | —w,w+ 3 [HMRO9]
6 | w,—3w— 1=, 2w+ 1% (0..0.042]

8 | —w,5uw + 555, 0w 25% 5w + 5 0.0016 .. 0.0084]
10 | w, —Tw — 55, 20w + 55, 220458, 14w + 225 | [0.0005 .. 0.0016]
knots viag; := T+1 —i 'the ratio of the adjacent knot intervals. In our constarti

new knots are plcked as midpoints of interveg; := L(tF + ¢k, ), 65! =tk a
choice that [DGS99] calls semi-regular. Therefore
sti=pF, gyt =1 (12)

All constructions will be invariant under the replacements
symmetry: e — €iont1—;  Bimntots = Bign—1-s)""
translation: €ij — Cits,j 51‘_71_;,_2, ey 51‘_._“_1 — 6i—n+2+sa - 7ﬂi+71—1+s-
Following [War95], we first establish the smoothness in thdaum cases; = 1.

Then we focus on the isolated extraordinary points corneding to an isolated # 1.

3.1. Review of uniform symmetgle-point interpolatory schemes with parameter

For uniform knotsg; = 1 for all i. Abbreviating the coefficients te;, we obtain
the Laurent polynomial(z) := 7, ;22142 4 14 32" | ;27201421 For
the schemes in this paper,

(1 + Z)?rz+1

alz) = S b(z), (13)

i.e. the schemes arg™ if for some integef > 0 ||S,£”||OO < 1, where

S = max{zjez B, 0 < i< 2L bl(z2) = b<z)b(z2).-.b(z2’*1)} [Dyn92,
DLO2, DFHO04]. Table 1 lists the classical 4-point schemeitmdeneralizations, such
as Weissman'’s 6-point and higher-order schemes from [KI{With correction of the
8-point scheme). Sinc&,,—; = &;, Table 1 only list&;, j = 1,...,n. The maximal
range forw for the 4-point scheme was derived in [HMRO09].

3.2. Framework for proving” continuity of non-uniform symmetric interpolatory
2n-point subdivision
Following [War95], the now isolated non-uniform locatioren be analyzed by the
following process. This process typically benefits from bpiit computation to avoid
tedious book-keeping and consists of the following foupste

1. Repeated knot insertion at the middle of intervals issl@ach knot where == 1
by surrounding it by knots wherg = 1. Theg at this isolated extraordinary knot
is denoted ~ in the following.



2. Uniform subdivision applies where = 1. Table 1 gives thev-ranges forC™
continuity.

3. The(4n —1) x (4n — 1) subdivision matrix for the now isolated extraordinary
point has the rows

Ly := (Ep, 0" ) Lyp_q:= (0*"1 Ey);
Lo == (0" 1,0°" 7% [ i=1,...,2n—1, (14)
Loy = (0", E;,0*" 1)) [ i=1,...,2n 2,
where0* is a sequence of zeros,

E(Bi—nt2, - Bitn—1) = (€i1, -, €i2n),

maps the2n — 2 ratios to the2n coefficientse;;, and, with1® a sequence of
ones,Ey, := E(1?2" 27k 4 1F71) k= 1,...,2n — 2, Ey := E(1*>"2). For
an example see e.g. [War95, Sec.5].

Since the constructions are chosen to reproduce polynsuonieto degreer, the

matrix L has eigenvaluek %, cee 2%” whose eigenfunctions are the polynomials
1,¢,...,t™. The characteristic polynomigl(\) of L is
1 1
X(A) = const(A = 1)(A = 2) - (A = )N (A), (15)

where the roots of the polynomié()) aredominatedby .-, i.e. absolute value
of the roots is strictly less thafg.

4. It only remains to prove that the roots of the polynomigl) are dominated by

A= Zim We note that(\) also depends on the extraordinary ratio

a. Let7(\) be the polynomial obtained by replacing— % By checking
that7(\)y™ = r(\) for somem, we may assume thate (0, 1].
b. Since we only want to sho@™ continuity for some range of the parameter

w, we select a candidate range w] by experiment. (Maximal bounds can
be hard to determine; see [HMRO09]).

c. r(A) == YP_,ds(v,w)A* has coefficientsi, (v, w) that are themselves
polynomials (with Eezier coefficientd;;) of bi-degreet’ x k" over|0, 1] x
[w, w].

d. We check, for each paii, j) separately, by symbolic computation that
p—1
D ldg A —dl AP <0, dl>0. (16)
s=0

Letg(z) := >_F_, ds(7, w)z* andh(z) := d,(y, w)z? for z on acircle of radius
. Then (16) implies the strict inequality in

p—1 p—1
19(2) = h(2)| =Y dez®| < |ds||2°] < [A(2)]-
s=0 s=0
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L (b) scaled magnification (c) flatness (d) extremew = 0.19

(a) defaultw = 5

Figure 3: Comparing, for an input square, (a) 4-point sulséivi (with defaultw = 1/16, red, to the
Catmull-Rom spline, black. (b) Magnification, verticallyaded by 50, after six subdivision steps, (c) mag-
nification near a first-inserted point, without verticallgog. Changing the parameterto its extreme value
results in an almost fractal 4-point curve but a reasonablsm@&Rom variant (see (1)).

Roucté’s Theorem [Lan85] implies thgtandh have the same numbgof roots
in the A-disk, i.e. by the degree g@fall roots ofg are confined to tha-disk and
hencer () is dominated by\ := L.

With this framework, proving smoothness of a new schemeiregjonly determining
£ andr, and verifying that their roots are dominated gy

4. Non-uniform interpolatory subdivision

We concretely determine formula (11) for the new p@nt, ; by combining val-
ues of local interpolants and theieBier coefficients. We note that the rules below
have been filtered from a large set of ‘natural choices’ usplies or Lagrange con-
structions. Many choices fail already as uniform rules arehidne wrong spectrum or
simply can not be analyzed by the presented techniques.

While it is customary to present the coefficieats for each scheme, typesetting
them for higher degree does not add insight. We thereforemmelsent some formulas
for lower degree, e.g. (17) and (19), to give the flavor. Alinfolas fore;; can be
generated by writing the interpolants in termstpbr in terms of3;. We explicitly
name only two families of subdivision schemes: \C&nd Af. In either case the su-
perscriptk indicates the smoothness amds a tuple specifying the degrees of sampled
interpolants combined in the rule. CR is to remind of CataRdim and A of averaging
interpolants.

4.1. Non-uniformC* 4-point subdivision rules
We define a new poinp’gjjrl1 of the scheme CR by evaluating the segment of
crig, that joins the pointp? andp¥, ;. For uniform knots, i.e = 1, this new

scheme reduces to the classic 4-point scheme. Equivalertlgan evaluate

ffz(“) + Fi%iJrl (u)
w :

+(1-w)f;(u), w=16w,

2
(which proves that refinement rules preserve linear funs)ioThe explicit rules are
7 1+ 5 4(8; + Bifiy1 — 1
ej1 = —2 bi w, €9 = + Bits + 4(Bi + BiBin Jw a7
1+ 5; 2(1 + Biy1)



and the coefficients;s, e¢;4 are defined by symmetry (see definition after (12)). [HMRO09]
provides the exact rand@. .w*) such that uniform 4-point subdivision with parameter
w € (0..w*)is C': w* ~ 0.19273 is the unique real solution of the cubic equation
32w +4w —1=0.

Proposition 1. CR! subdivision isC! for the maximal rangev € (0 .. w*).

The analysis of CR yields¢(\) = (A + w)?(A — 2w), 7(\) = 2A% — X\ + 2w. Forw
in the range defined by [HMRO09], the rootsigf\) are dominated by. [
By contrast, defining the new point of a scheme by evaluatiognabination of cubic
and linear interpolants, %! averaging,

Wi (u) + (1 — w)E (1), w=16w, (18)

as in [Dyn92], does not allow for the full range of [HMRO09]:rfexample, forw :=
0.13, curves are generally nat!.

4.2. Non-unifornC? 6-point subdivision rules

In this section, we present four alternative non-unifoffh 6-point subdivision
rules: Repeated 4-point subdivision, £Rubdivision, subdivision from é-splines
and A%53 subdivision. In each, the new poipb; . ; is defined by a knot sequence
{ti—2+4s}s=0,...,5 and a point sequend@; 2 }s—o,... 5-

Repeated 4-point ruleWe first create intermediate poings; 1 (P2; := p:). The
pointspo;1 are computed fromip; }i—1,i,i+1,,+2 by @ 4-point scheme, either Qﬁ(j
or A7s of (18). In a second step, we obtajn; 1 by applying the same rule with

scalars23; and %ﬂiﬂ t0 {Dj }2i—1,2i,2i+2,2i+3 (P2: := pi). In the case of uniform
spacing, this is the Weissman 6-point scheme wits 1/96.

Proposition 2. Repeated 4-point subdivisionds’.

For the CR ; scheme/()\) = (A — a5)2 andr(X,~) is a polynomial of bi-degree
(s,2) for s = 6. Forthe A schemef(\) = (A—$)(A— g5)? andr(),~) a polyno-
mial of bi-degreg(s, 4) for s = 5. All roots of () are real and dominated Bysince
for an increasing sequensg € [—1 .. 1],k = 0,...s, the sign ofr(\x, -) alternates.

Despite its provenance, curvature plots of the scheme dshoot severe problems;
but, the curvature distribution of this construction issiei than that of the following
schemes.

SubdivisionCR?, from cr? splines. The new point is defined by evaluating a segment
f* of cr? from p¥ to p¥, , and averaging with the poimh*( ) of (10)

Pait1 = a;f”(%) + (1 —o)m*(fY), @:=576w—2. (19)



Forw = 1, cr? reproduces quadratic polynomials. With the abbreviatipns= 3;_1,
B := Bi, By := Pit1, the explicit refinement rules are

o AB2E o BO4B+32B 48+ B )w)
S+ s) 8(1+B)(1+ B+) ’
- 3+4B8 + 484 + 588+ + 32w(BB4 — 1)
o 8(1+8)(1+ B4)
and the coefficients;4, ¢;5, e;6 are defined symmetrically. For a uniform knot sequence
the scheme reduces to Weissman'’s 6-point subdivision [0}ei9
Proposition 3. CR2, subdivision isC?.
The analysis yield§(\) = (A — 1)(A — w)? and

r(A) = (16A%+(1—32w)A —256w?) (64A° + (256w — 12)A* + (64w — 1) A +256w?)

— €41 — €42,

whose roots are dominated %ywhenw is in theC?-range of Table 1 for the uniform
6-point scheme. [

The CR,, scheme is special in that its characteristic polynomiakdag depend on
the interval ratioy. This simplifies the analysis compared to otb&r6-point schemes
discussed next.

Subdivision froncu?# splines. Rules (19) applied to a segment ofcuyields aC?
6-point scheme that, far = coincides with the symmetric version of the 6-point
scheme in [BCR11b].

1
288"

TheA2;5:3 6-pointC? scheme.Averaging values of a quintic and a cubic interpolant
defines new points of the?&*® as
3 1 1 256
P2it1 = Wf”(§) +(1— w)ffl(i), wi= ow.

Forw := 33+, A% coincides with the scheme investigated in [War95].

(20)

Proposition 4. A25:3 subdivision isC?.

The analysis yieldg(\) = (A — 1)(A — w)?, andr()) is a polynomial of degree 5
whose roots are dominated Bywhenw € [0.001,0.02] — which is a sub-range of the
C?-range of the uniform 6-point scheme (cf. Table 1). [
Since A3 reproduces cubicg()\) contains the factok—% and a necessary condition
for a uniform 6-point scheme to b@&® is 0.0124 < w < 0.0169 [Wei90]. However,
close analysis fory € (0, 5] andw in the Weissman-range showé}) < 0 while
(%) > 0, implying thatr(\) has a root greater thah
4.3. Non-uniformC? 6-point subdivision rules

Remarkably, two additional 6-point schemes can be showret0for specific
values ofw. The new points of A3 subdivision are defined by

1 1 8 256

i 1 1. N
P2i4+1 = Wfi,i(§)+ (1 *W)i(fis,i—l(g) +fis,¢+1(§))a wis o g (21)

10
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For uniform knot sequences this scheme re- y
duces to Weissman’s 6-point subdivision. For ,,

w := 3/256, it becomes the 6-point rule analyzed
in [War95].
0. 05- kl

Proposition 5. Ay%:%% is C® continuous.
The characteristic polynomial has the facior % A
required forC® continuity, /(\) = (A — w)?

and r(\) is a polynomial of degree 5. Since .,
we only want to show the existence of a non- key
uniform C® 6-point scheme, we cheak® con-
tinuity for specificw values rather than for a '
range. Using the z-transform (13), the uniform *é
Weissman scheme is found to i6& for w =

0.0139,0.0140, 0.0141,0.0142,0.0143 since the Figure 4: Bounding the roots efas a func-
1 lforl =9 Wech h | tion of A and~ for A;’ 747 - The function-
norm||.S,"[|oc < 1fori=9. We chose the values nositive when restricted to any blue curve

w = 0.0141. The polynomial-()\) is of degree 5 and negative when restricted to red curves.
in A and of degree 8 in. (i) Since the coefficients The pre-images of = 0 are green.

of r(u,v) == r(3+wu), vy € (0..1], are positive,

the real roots of (\) are less thag; and since the

coefficients ofr~(u, ) := r(—1 — u) are nega-

tive, the real roots of()\) are gSreater than-%. Thatis,r(3) > 0 andr(—3) < 0.

(if) The two thick red curveg~,k;(v)), j = 1,2, in Fig. 4 are polynomials of de-
gree 4. Restricting()\) to the curves yields a polynomial of degree 28yimvith all
negative EBzier coefficients. (iii) The restriction of(\) to k3 = —0.075 has all pos-
itive Bézier coefficients. (iv) Hence, for any € (0 .. 1], the polynomialr(\) of
degree 5 has three (green) real root curves of modulus Iaa%trBy (i), the remain-
ing two roots must be complex-conjugate, if their modulugrisater or equal t%.
Denoting the coefficients of(\) by a(v), the complex-conjugate roots are bounded
by \/|aol/(las||k1[|k2]|ks]) < %, proving, by contradiction, that all roots of\) are
modulo< . Il

Alternatively, for f of degree 5 with coefficients;, i = 0,. .., 5, we replacef by
two C'' connected cubics that match its scaled 2-jets and set th@imon point to

1 5
m®(f) := ﬁ(bo +bs) + E(bz + bs)
(which coincides Withf(%) if f is a degree-raised cubic). The new points of the

scheme A;° are

1 _
Pois1 i= wf;’ji(§) + (1= w)m?®(F;), w:=28 — 2304w . (22)

Forw := 0.0141 the proof ofC* continuity follows that for the &5 scheme.

11



(a) Curves (b) magnification (c) 'normal’ curvatures (d) extreme curvature

Figure 5: Uniform Weissman 6-point scheme for variewsgreen:w := 0.0141; blue: w := %6; red:
1 . 1 .

W 1= 145 CYaNi w = 5o black: w := 0.04. Due to symmetry only a half of curvature plots are
displayed.

Comparing 6-point schemesSince much of each subdivision curve is defined by the
uniform Weissman rules, we focus on setting the weighdr the uniform case. Fig. 5a
shows an input polygon with sides of equal length. Smaligields a curve that more
closely hugs the input polygon (cf. (b)) and shows a poorevature distribution,
Fig. 5¢c. Weights as small as = 0.001 make the 4&;5:3-scheme very close to a classic
4-point scheme withy = % and Fig. 5d demonstrates that the upper baund 0.042

of C2-range of Table 1 is equally undesirable. Similar to @e4-point scheme, we
can therefore say that GRealizes the full practical range af.

4.4, Subdivision of higher continuity

We present here non-unifor@® 8-point andC* 10-point schemes, andumiform
C® 12-point subdivision scheme. TH&® 12-point scheme does not appear in the
literature, presumably because a uniform DeslauriersuDdgheme from degree 11
interpolants is onlyC* [Ri092] (which implies that the conjecture in [War95], that
interpolatory schemes with order + 1 polynomial precision ar€” continuous, is
incorrect). The earlier 6-point constructions hinted thigher-order schemes are better
derived by up-sampling the local interpolants rather thightorder splines.

Non-uniformC? 8-point subdivision.New points are defined as

1 = 1 2048
Poit1 = wl . (= 1— 5 (Z = 2
P2i+1 wfz,z(2) + ( w)fz,z(2)7 w 5 w
For uniform knot sequence this scheme reduces to the 8-pctieime of [KLYQ7].
The analysis yield$(A\) = (A — £=)(A — 55)(A + w)? andr(}) is a polynomial
of degree 7 whose roots are dominatedibwhenw € [0.0011, 0.0035]; therefore the
scheme i€2.

(23)

Non-uniformC* 10-point subdivision.New points are defined as

- — 1 1 - 1 — 1
P2it+1 = sz?,i(i) + (1 - w)i(fi?,i—l(i) + fZi+1(§))a wi=1-—w. (24)
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For uniform knot sequences this scheme reduces to a 10gutiatne of [KLYO07].
The analysis yield§(\) = (A — 55) (A — g1) (A — 135 ) (A —w)? andr () is a poly-
nomial of degree 9 whose roots are dominatedbyhenw € [0.000915, 0.001046].

Therefore a scheme &*.

Uniform C® 12-point subdivision.New points are defined as

. -1, =9 1
P2it1 = Wfil,zl(i) + (- W)fig,i(§), w = 2. (25)
Using the z-transform (13), we checked that the scher6g iwith norm| |S;E” oo <1
fori =7.

5. Non-uniform schemesvs splines

The construction of subdivision schemes via splines rédlsegjuestion ‘why not
use the spline directly’. After all, subdivision continpianalysis requires non-trivial
spectral analysis while explicit formulas for smooth spfirare comparatively easy to
derive (see e.g. (5)).

Part of the answer is that the schemes ultimately feed intael constructions,
where extraordinary points present challenges regardfesbether spline or subdivi-
sion schemes are chosen. Another is that we do not fully gieted the trade-off in
terms of curvature distribution. Sometimes the localiztelp-by-step subdivision con-
struction performs better than splines, while usuallyreggihave better global behavior
since step-by-step procedures introduce higher freqasn@h similar trade-off exists,
but is not discussed here, when we add flexibility via tenpiarameters.)

As a first example, Fig. 3 juxtaposes 4-point subdivision@38] and the Catmull-
Rom spline [CR74]. Visually, in Fig. 3a, the two curves areeba distinguishable.
However, while the classical 4-point scheme somewhat simgty does not even pre-
serve the convexity of the input square (Fig. 3b), the singpline remains convex.
Conversely, 4-point subdivision is unduly flat near the finsterted points Fig. 3c.

Fig. 6a shows that, visually, theZcspline and the CRsubdivision are hard to
distinguish. However (b) shows higher curvature fluctuafmr the subdivision curve
while (c) shows A-5:3-subdivision improving on érsplines. (We note that = 1 is
mandatory to obtaii©? subdivision. The splines still have an option of changing
Experiments show that = 1.15 is a better choice, not only for this configuration.)
Fig. 7 provides a third comparison. In Fig. 7a only gy is displayed since the other
curves are visually indistinguishable. Fig. 7b shows impobcurvature distribution

2,5:3 2,5:3 ,5:3
from the default CI%/192 to CRZ ,,,4; and from A)556 10 Ag o141 —€Ven though %256

reproduces up to degree 5 Whil%jg“ﬁ11 reproduces polynomials only up to degree 3.
While, for uniformly spaced data, increased degree of raprtioh is usually associ-
ated with better shape, reduced degree appears betterdagist non-uniform con-
figurations. Fig. 8 illustrates how higher reproductionataifity derived from higher
degree interpolants either has low fidelity to the input ghapresults in worse shape
for strongly non-uniform inputs. The simple T-input, insgd by [BCR11b], results
in smooth curves that do not follow the initial shape closdReplacing the corners
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(a) Polygon and curves (b) c?; CR%/192 (©) c? s Ag’/521536

Figure 6: (a) {op) A polygon (from a talk by Nira Dyn),rtiddlg) the interpolating spline §rwith original
w = 1, (botton the correspondin@R?, subdivision withw = —L-. (b) Curvature plots of (a). (c)

192°
2,5:3 . ;
Curvature plots ofblue—A3/256, black — c# ; ; spline.

by short edges improves closeness at the cost of non-urifforithis non-uniformity
challenges high-degree reproduction schemes.

6. Conclusion

We developed a framework for non-uniform interpolatory diuision algorithms
of prescribed smoothness, and presented exampisspbint schemes of smoothness
Cn~1 for n = 2,3,4, as well as non-uniform interpolatory 6-point schemes with
continuity, i.e. higher than expected. In particular, werfd that the schemes based on
lower degree interpolants are advantageous for highlyuroform data. We discussed
the trade-off between splines and subdivision by concreaengles, the simplicity of
analysis and the quality of curvature plots. The final judgetnas to how practical
non-uniform subdivision can be vis-a-vis the spline staddis still out — we should
not shy away from exploring all options.
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