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Abstract. This paper presents new univariate linear non-uniform interpolatory
subdivision constructions that yield high smoothn&gsandC*, and are based

on least-degree spline interpolants. This approach is motivated by eeideartly
presented here, that constructions based on high-degree locablategpfail to
yield satisfactory shape, especially for sparse, non-uniform samplieie this
improves on earlier schemes, a broad consideration of alternativiels yweo
technically simpler constructions that result in comparable shape andttsmo
ness: careful pre-processing of sparse, non-uniform sampteingerlaced fit-
ting with splines of increasing smoothness. We briefly compare these saltbio
recent non-linear interpolatory subdivision schemes.

1 Introduction

For non-uniformly spaced samples, uniform linear inteapaly curve subdivision al-
gorithms [DL02,Sab10] often results in dramatic overshaod oscillation. Starting
with [War95], non-uniform constructions have been proplosech that new knots are
inserted at the midpoints of knot-intervals. Mid-pointenson yields locally uniform
knot spacings that meet at the original data points. Theptztds thereby become iso-
lated ‘extraordinary points’ where left and right knot intals may differ; and extraor-
dinary point neighborhoods become the focus of the analRgisent examples of such
non-uniform constructions are the edge parameter sulmina$BCR11b,BCR11a] and
C', C?, C® andC* interpolatory curves [KP13b].

However, for higher smoothness, even these new non-unifmmstructions ex-
hibit shape problems for non-uniform data such as showngn 2, pointing to the
classical trade-off between smoothness, convexity arefgotation (cf. Fig. 10(c)).
For example Warren'€'? 6-point scheme [War95] as well as@® 6-point scheme
of [KP13b] unexpectedly loose the convexity of the piecewisear interpolant to the
samples (see Fig. 1c (top)); and'4 10-point scheme visibly oscillates. By contrast the
Catmull-Rom-inspired constructicﬁRﬁ/256 ( see Fig. 1 for the meaning of super-and
subscripts) fares considerably better. We think these aard/rather examples indicate
that large support, resulting from high-degree interplacauses problems and not just
because of the increased complexity of the rules. To witréves scheme is based on
local polynomial interpolants of degree 5, th€ 6-point scheme uses interpolants of
degree 5 and 3 and the 10-point scheme polynomials of degreééreas th€R§/256
construction is based on local interpolants of degree 2.



e

(a) input polygon (b) 3 interpolants (c) part scaled by 10 ip

Fig. 1. Thumb tag data. The constructions use centripetal knot spacing [Lee89] simcroh-
uniform samples, centripetal is superior to chordal. (b) brown = Iiftgoheme of [KP13b] with
w = 0.00098, dipping down in the center; black = Catmull-Rat constructionCR3 55 ( The
notation of [KP13b] exposes, in the superscript, continuity and possiklylégrees of local in-
terpolants and, ir;t5h3eSsubscript the setting of the free parametefrthe constructio) red =C*

6-point scheme\ 7% Vvisually identical toAg’/i;sG, i.e. Warren’sC? 6-point scheme[War95].

(c) The roofs of the T-shaped polygon &f,”; (top) andCRS ,54 (bottom) are displayed with
different offset for clarity and scaled by 10 in thalirection to emphasize the curvature oscilla-

tion of A%2:3

3/256"
————————
(a) new interpolants (b) scaled by 10 iry

Fig. 2. Minimal degreel local interpolant constructionslue= C*® 6-point,d = 3; cyan= almost
C* 8-point,d = 4; green= C* 10-point,d = 4.

While reproduction of polynomials of degréeés important for approximation, min-
imal degree of the interpolants seems consistently adgaotes both for controlling
shape and for simplicity of downstream use. Hence, in thfgepave construct new
C3 and C* non-uniform schemes using only the local interpolants afimal degree
d = 3, 4. Indeed, the construction usidg= 3 clearly improves on earlier schemes. But
d = 4 interpolants used in a new 8-point scheme @ld¢r regularity> 3.96 as well
as in aC* 10-point scheme, provide only slight improvement and loomavexity for
highly non-uniform data. By contrast, as illustrated in.FAgthe curve generated by the
6-point scheme witld = 3 preserves the expected convexity.

This partial failure led us to explore a broader set of alves: initial refinement
of data with lower-order schemes followed by higher-orddresnes to achieve the re-
quired smoothness; and, secondly, interlaced fitting witmss of increasing smooth-
ness. We also consider, in Section 4.2, locally-determkmed spacings that reduce th
enon-uniformity by spreading it out.

For ease of comparison, we illustrate all our experimentk aurves derived from
the ‘thumb tag’ data Fig. 1(a). Many other data sets weredesith like results, e.g.
the ‘bread loaf’ data of Fig. 10(a).

Structure of the paperSection 2 reviews the analysis of non-uniform interpokator
midpoint-insertion subdivision schemes of [KP13b] addingproved techniques to



establish Roudtis Theorem for subdivision from low-degree interpolai@ection 3
presents new non-uniford@?® andC* subdivision constructions based on least-degree
spline interpolants. Section 4 contrasts them with altdre@onstructions: careful pre-
processing of sparse, non-uniform samples and interlaited fivith splines of increas-
ing smoothness. Section 4.4 and Section 4.5 develop restedifast changing discrete
curvature and Section 5 comments on the minimality of therpdlants.

2 Non-uniform symmetric interpolatory midpoint subdivisi on

Except for Section 2.1, this section closely follows theasipon of [KP13b]. Given a
sequence of increasing scaldrs}, called knots, and a sequence of poifis} in R¢,
thek + 1st point sequence is derived from thh, starting withp! := p;, by

2n

k+1 . _k k+1 . ok

Po; = Pis Pojy1 = E :eljpifnJrj' 1)
j=1

That is, in every refinement step, we insert one new point éetwiwo old ones. The
2n coefficientse;; depend or2n — 2 scalarss;— 42, . . ., Bi+n—1 that in turn depend

on the knots vigs; := {“—"*, the ratio of the adjacent knot intervals. In the following,

new knots are picked as midpoints of intervells, = 1(tF + ¢¥ ), 5 =1k a
choice that [DGS99] calls semi-regular. Therefore
51‘“ = f’ 65;;11 =1 2)

All constructions will be invariant under the replacements
symmetry: e;; — € on41—j Bi—nt2+s = (Bign—1-5)" ",
translationie;; — eiys;  Bint2,-- -5 Bitn—1 = Bi—nt2yss - Bitn—14s-
As in [KP13b], we follow [War95] and first establish the smoéss in the uniform
cases; = 1, then focus on the extraordinary points corresponding tis@ateds # 1.

For uniform knotsj; = 1 for all : and we may abbreviate the coefficientseto
Sincee,,,—; = ¢; for the schemes in this paper, Table 1 displays eqlyi = 1,...,n
of the relevant generalizations of the classical 4-poiheste. The uniform schemes
are analyzed using z-transforms, see [Dyn92,DL02,DFHO04].

Table 1. Uniform symmetric C"~' 2n-point interpolatory schemes with parameter
[Wei90,KLYO7].

2nle;,j=1,...,n C"Trange forw
6 |w, —3w — 15, 2w + % (0..0.042]

8 |—w, 5w + 525, —9w — 2%, 5w + 12x; [0.0016 .. 0.0084]
10jw, —Tw — 52, 20w + 5o0e, —28w — 245 14w + 12231[0.0005 . . 0.0016]

The now isolated non-uniform locations are analyzed bydHewing four steps of
which especially the last benefits from symbolic computatio



1. Repeated knot insertion at the middle of intervals surdgieach knot where # 1
by knots withg = 1. The g at this isolated extraordinary knot is denoted, in
the following.

2. Uniform subdivision applies whergé = 1. Table 1 gives thev-ranges forC™
continuity.

3. The(4n — 1) x (4n — 1) subdivision matrixL for the isolated extraordinary point
has the rows

Ly = (Eo, 0" 1) Lyn_y1 := (0*"" Eyp);
Lo; := (0" 1 1,0% 1% i=1,...,2n—1, (3)
L22'+1 = (Oi, Ei, 02n717i) y 1= 1, e ,2n — 2,

where0? is a sequence of zeros,

E(ﬁz;wrza . ~«5i+n71) = (eila .- 'aei,Qn)v

maps the2n — 2 ratios 3 to the2n coefficientse;;, and, with1® a sequence of
ones,Ey, := B(127 27k ~ 1F=1) k= 1,...,2n — 2, By := E(1?2"~2). For an
example see e.g. [War95, Sec.5].

Since the constructions are chosen to reproduce polynsmjato degreen, the
matrix L has eigenvalues, %, cee 2%,1 whose eigenfunctions are the polynomials
1,¢,...,t™. For analysis, the characteristic polynomy@h) of L is best factored
into ) )

X(A) = const(A —1)(A — 5) (A= 2—m)€(/\)r(>\), 4)

where/()) is of the form(\ & w)* that allows immediate checking whether its
roots are strictiydominatedin absolute value byz%. To establish smoothness, it
then suffices to show that the absolute values of the root$)jfare dominated,
i.e. strictly less than?-.

4. Note that the polynomial()\) also depends on the extraordinary ratiand the
parametenw. We pick a suitable candidate valueafter numerical experiments.
To prove that the roots of the polynomigl\) are dominated by := 2% we use
Roucte’'s Theorem [Lan85] in the following way.

a. Let7(\) be the polynomial obtained by replacing— % By checking that
F(A)y™ = r()\) for somern, we may assume thate (0, 1].

b. 7(X) := Y_P_, ds(v)A* has coefficientd, () that are themselves polynomials
(with Bézier coefficientsl?) of degreek over|0, 1].

c. We check, separately for eattby symbolic computation that

p—1
D Ol — A <0, dF >0, (5)
s=0

Letg(z) :== Y.P_,ds(7)2* andh(z) := d,(7)z? for z on acircle of radius\.. Then

(5) implies the strict inequality in

p—1 p—1
l9(2) = h(2)| = | Y doz®| < Y |dsll=| < [A()]-
s=0 s=0



Roucte’s Theorem [Lan85] implies thgtand/ have the same numbgrof roots
in the A-disk; i.e. by the degree af all roots ofg are confined to the-disk and
hencer(\) is dominated b.

2.1 Details of proving root domination

Compared to constructions based on higher-degree inter{zplour minimal degree
constructions have a smaller, easily checked faktoy but a more complex factoi(\).
Using Roucle’s Theorem, we show that the roots of the polynomial) are dominated
by A > \:=1/2™, where) = 1/5 for the 6-pointC® scheme of Section 3.3, = 1/7
for the 8-point almostC* scheme of Section 3.2 and = 1/8 for the 10-pointC*
scheme of Section 3.3.

To show that the roots of(\) are dominated by, r(z) is considered as a complex
function over the annulus < |z| < A, z := x + iy. We defineF (z,y) := |r(2)|? and
Fy(z,y) := F1(—y,x) and parameterize the positive quarter-annulus by

1—2v2 20

pi= M1 =) +30) (T Tz )s (wo) €012

We further definef;(u,v,v) := F; o p(u,v), i = 1,2. After scaling the denominator
by (1 + v2?)4, f; becomes a polynomial (of high degree) in the varialttes, v). It

is converted to trivariate &ier form. By looking at the coefficients, we can verify (in
Section 3.1 3.2, 3.3) that thegeand hence the functions,, F, are strictly positive.
The proof for the other two quadrants not coveredpthen follows by substituting the
complex conjugate — z and observing that(z) has real coefficients.

3 Highly smooth non-uniform interpolatory subdivision

This section presents three constructions that yield atispdy C3, almostC* andC*
curves. Denoting by’ the polynomial of degreé that interpolates, fos = 0, ..., k,
the pointsp,_ s at the values; .., k := ng, we define the localized interpolant
to be

fk

Fi(u) = (1 — u)t; + utipr), u€[0..1]. (6)

3.1 C?3 6-point scheme from cubic interpolants

Construction of new pointsy; 1

1. The interpolating curve’,_,, £, andf?,,, of degree 3 are expressed ieder
form of degree 5 with coefficients!, b/, bl k = 0,...,5.

2. The Bezier coefficientd, of a degree 5 curvg are defined as

bl +bp b} + by

by, : Ek=0,1,2; by:= ko k=3,4,5.
k 9 ) y Ly 4y k 2 ; ) Ty

3. Set ) . 5
DP2i+1 ::(I;g(§) +(1-— @)(E(bo +bs) + ﬁ(bz +bs)),

5
0 =16 — 1152 = — ~ 0.01302.
w 6 52w, w 384 0.0130



Analysis The analysis via z-transforms confirms that the constrndtouniform knots
is C3. Sincel()\) = (A —w)?, we only needed to analyze the degree 5 polynontis)
according to Section 2.1 to confir@?® continuity. All Bézier coefficients off, are
strictly positive. Proving strict positivity off, is only possible after subdividing the
domain[0 .. 1]? in the u- and~-directions as shown in Fig. 3: The restriction fafto
each of the subdomains has strictly positivezEr coefficients.

vy=1

=

o=

0
0

u=1

—
c:""
00—
PN

Fig. 3. Subdivision of the(u, v) coordinates off; to prove strict positivity and henag® conti-
nuity of the new 6-point scheme.

Comparison The global shape improvement over thé schemes from [KP13b] can
be observed in Fig. 2.

3.2 AnalmostC* 8-point scheme
Construction of new poinby; 1
1. We Seipl = fffl(eti_l + (]. — e)ti), pT = fz4+2((1 — 6)t¢+1 + 6251'_;'_2).
2. By f' andf” we denote degreepolynomials that interpolate respectively
f'(tii1) = pic1, fletior + (1 —e)t;) = ', £1(t;) = ps,
' (tis1) = Pit1, £ (tig2) = Pito,
£ (tic1) = pi—1, £ (t:) = Pi, £ (tit1) = Pis1,
£7((1 — e)tit1 +etiv2) = p", £ (tit2) = Pita.

3. Set
= -1 ti +t; 1 ti +t;
P2i+1 1=W§(fi4 + ff+1)(Tﬂ) +(1- w)g(fl + fT)(TH), (7
1
W= (6 — 3e — 256we — 512w).

3(2—¢)



Analysis For a uniform knot sequence cancels out. For the choiee := 0.0038, the
analysis via z-transforms confirms that the constructionifisform knots isC'. Careful
numerical treatment shows thablder regularity exceeds96 and that a nearby value
of w yields an upper bound af.04 [Hor12]. That is, the analysis neither confiri$
continuity nor does it rule out* continuity.

Analysis of the non-uniform case yieldé\) = (A +w)? andr()\) of degree 8. The
analysis of Section 2.1 shows that this scheme cafir e := i andw := 0.0038,
if the uniform scheme €. Specifically, all Bzier coefficients are strictly positive for
f2 and the restrictions of the-range off; to subintervalg0, 35, -, &, 1, 3,1) yields
strictly positive Bezier coefficients, hence also positife

3.3 C* 10-point scheme from quartic interpolants

We use the 8-point scheme of Section 3.2 for this constructio

Construction of new poinpo; 1
1. We Setpl = fi4_2(6ti_3 + (1 — e)ti_g), P’ = ff+3((1 — e)ti+3 + eti+4), where

¢ :— 5—2048w
T 546144w "
5. L oo — _5
2. We set := 5, w := 2w + 5048

3. The pointp,; ; is then defined by the 8-point scheme of Section 3.2 with patars
e andw and auxiliary points and knots

p' Pi—2 Pi—1 Pi Pi+1 Pi+2 Pi+3 p"
eti—g + (L —e)ti—o ti—o ti—1 ti tig1 tiye tivs (1 —e)tips + etipa

Analysis The standard analysis of Section 2 yields) = (A —w)? andr(\) of degree
12. For our choice ofv = 0.0014, the analysis described in Section 2.1 yields that all
Bézier coefficients are strictly positive and herfge- 0.

ComparisonWhile the new 10-point construction improves the global hagmpared

to the 10-point scheme in Fig. 1, the improvement is not irsgike and the global
shape is worse than that of the almast 8-point scheme that is also based on quartic
interpolants but has smaller support.

4 Alternative approaches to improve quality

Given the lack of decisive improvement f6f continuity, we explored a broader set of
alternatives to deal with highly non-uniform data.

4.1 C? 6-point preparation

The simpleC? 6-point interpolatory schem@Rfv of [KP13b] consistently exhibits a
good global shape with the choiee = 3/256 yielding a better curvature distribution
than another natural choice = 1/192, see Fig. 4b,c. Wide support and degree in-
terpolants that exhibit poor global shape for highly noiifarm samples benefit from



(a) C* spline (b) CR‘?/IQQ (c) CR§/256 (d) CR§/256 +

Fig. 4.Curvature plots. Visually all curves are simila1rCt76{§/256 shown as black curve in Fig. 1b.
() C* Catmull-Rom spline [KP13b] from which are derived (BR? 9, and (c)CR3 5. (C)
has better curvature distribution and is used for preparation. (d) qmefsit&ig/%ﬁ followed by

A3 /sse thereafter.

(@) 6-pointA3>33  (b) newC® scheme (c) 8-point
from [KP13b],
w = 0.0038

Fig. 5. Curvature ofC* subdivision curves after preparation Wﬁ]’f{g/%ﬁ.

applying a single initial step ocR§/256. After this 6-point preparation the curves
generated by the schemes improve both in global shape andvatare distribution,
to a degree usually observed only for uniformly distributiada. For example, 6-point
preparation of the inferior 10-point scheme of [KP13b] ig.Féa demonstrates that a
curvature distribution can be achieved, as good as for thel®epoint scheme Fig. 6b.
The 6-point preparation also dramatically improves thea@de in Fig. 1c to a curve
visually identical toCR; /256 but with better curvature distribution. We note that re-
peated pre-processing leaves the global shape visuallyanged but appears to harm
the curvature distribution (Fig. 6c¢,d).

4.2 Equalizing knots disappoint

By inserting the knots to make the spacing more uniform, wgeldao maintain cur-
vature quality while switching from complicated non-umiforules to simple uniform



(@ CR3 /256 +  (b) new 10-point (c) 2 steps (d) 3 steps
[KP13b]

Fig. 6.Curvature plots o€ 10-point subdivision curves aﬁérR§/256 preparation: (a) 10-point,
w = 0.00098 from [KP13b] after one step cﬁJRﬁ/?%; (b) one (c) two (d) three steps followed
by new 10-point scheme.

'

(a) CR} 4, equaliz- (b) Equalized cr? (c) uniform comple-
ing + 10 point spline tion

Fig. 7. Curvature plots. (a) new 10-point scheme after three steﬁ}Ré’f/lg2 to equalize knots;
(b) Three steps of equalized sampling ot spline cr? of [KP13b]. (c) uniform 10-point
schemeq = 0.0014) after 4 steps of equalizing sampling@f spline.

ones. We applied up to three steps of the adapimalé/256 construction of [KP13b] to
be able to define new points with equalizing knots accordir&D05]:

k k
ti—i—l - ti—l

\/tf+1 —tF o+ \/tf+2 —tF

However Fig. 7a illustrates that equalizing, followed bg trew 10-point scheme, only
harms the curvature distribution shown in Fig. 4c. (A reéehas suggested that this
follows from the lack of curvature continuity of the curvesngrated in [SD05], as
recently shown in [FBCR1X]).

Several equalizing upsampling steps of a quatticspline (see Fig. 4a) shows no
improvement in Fig. 7b despite increased effort. Subsegu@form 10-point subdivi-
sion when the knot interval ratios are close to 2 clearlydgelo progress; see Fig. 7c.

t]2€i++11 = (1= E)tf + {thrl’ t: (8




@ (b) (©) (d)

Fig. 8. (top) Curvature plots (visually the splines are hard to distinguigttérm magnified
vicinity of curvature distribution marked by the box in the respective topréighiote, (a) is the
same as Fig. 4(a). (b§z? spline (a) smoothed 16°; (c): C* spline (b) smoothed t6"; (d): C*
spline (c) smoothed t6'°.

4.3 Subdivision tracking repeated-smoothing-interpolaing splines

[KP13b] introduced the idea of interlaced smoothing of iptéatory splines. Initially
splines of low continuity and degree determine the globabsh Then the degree of
these splines is raised and the additional degrees of freeded to make the spline
smoother, while still closely conforming to the initial giea For example, we start with
C' Catmull-Rom splines and express them as splines of degfEees. we smooth the
spline, modifying the'! constraint and enforcing at the same time a i&nconstraint

to arrive atC? quartic splines. In a next step theSé quartic splines are raised to degree
6 followed by enforcings? andC? constraints.

Interlacing degree-raising with smoothing is importamtdoality. Compared to im-
mediately setting the degree and enforcing smoothnessldning yields better curva-
ture distribution as demonstrated in [KP13b]; see Fig. 8l&v higher-order smoothing
formulas for Fig. 8c,d are given in the Appendix. The progi@s of Fig. 8 typifies the
beneficial effect of the smoothing process.

We can disguise the pure spline construction as a subdivsgsibeme by uniformly
upsampling their Bzier segments as detailed in the Appendix Section 6.2|litadpe
each segment and inserting a new point at the middle of teevialt Spline construction
plus upsampling amortizes over repeated subdivision stefisat after a few steps the
approach is as efficient as simple uniform subdivision wigfnar continuities.
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@ (b) (c)

Fig. 9. Curvature plots. (a)C? spline from Fig. 8(a) smoothed t6*; (b): C* spline from
Fig. 8(b) smoothed t@®; (c): magnified part of (b).

4.4 Relaxed interpolation

(a) 4pt, 4pt circle preserving (b) zoom of 4pt scheme  (c) simple C*!
spline

Fig. 10. Interpolating C* curves. (a):red = 4-point scheme [DLG88], black = geometric
(non-linear) circle preserving scheme from [DH12]; (b) verticahlsn of [DLG88] (also
[DH12,SD05] visibly oscillates in (a)). (c) convex! spline with collapsed control segment
to deal with the classical trade-off between smoothness, convexity tematation, already
present in the functional datg = ,y; = |i|,i € —2,...,2.

One of the motivations of geometric (non-linear) subdiuisis reproduction of ba-
sic shapes, such as the circle. While this is achieved in pjehe transition between
pieces of different shape often suffers (Fig. 10a, 11a).

An alternative is relaxed interpolation [ADS10]. Relaxederpolation is akin to
quasi-interpolation and generally, compared to stricripblation, improves the shape
for mildly changing data. However, as the oscillation in.Figa illustrates, even relax-
ation does not cope well with rapidly changing discrete atuke. For denser samples,
the reproduction property of geometric subdivision img®the shape but transitions
remain a challenge (see Fig. 11d).
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4.5 Curvature-sensitive interpolation

Not all data admit interpolation by smooth, convex curvapeeially where local dis-
crete curvature changes rapidly, see Fig. 10c. For thefgpease, we can modifg'
spline interpolation to preserve interpolation and coityethe natural requirements for
fair curves. We then have to give up on geometric smoothmassxample by collaps-
ing a control segment. More generally, quasi-interpofratith splines does not fare
well unless it is made ‘curvature-sensitive’ [KP13a] asvehan Fig. 11b. We think
that, without taking into account discrete local curvatafehe input data, any curve
construction, whether subdivision or splines, can and @stillate. Since curvature-
sensitive splines switch depending on local discrete ¢urgawe do not present a sub-
division analog. Such an analogue is surely difficult to yral especially since rigorous
proofs of smoothness of simpler non-linear, geometric sididn are still a challenge.
(For splines we have at least smoothness by constructioa. ndte that curvature-
sensitive splines can be modified to reproduce a circle [KRB42lustrated in Fig. 11e
and that while cubic? B-splines are indeed of high quality, quasi-interpolatfrey
laxed) curvature-sensitive splines are closer to the idptd, see Fig. 11b.

(a) circle preserving (b) relaxed (c) curvature of
(a,b)

L/
[}

(d) circle preserving (e) relaxed (f) curvature of
(de)

Fig. 11. Relaxed interpolation. (a,d) Non-linear subdivision curves: black elecipreserving
[SDO05],red= relaxed circle preserving [Sab10]. (b@)ie= convexC? cubic, relaxed curvature-
sensitive spline [KP13a], (mreen= cubicC? B-spline;
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5 Leastdegree

In our title and later on, we refer to interpolants of ‘minindagree’ and give a rationale
for seeking low degree. Indeed, our schemes use the natigiabmt insertion that gen-
erates piecewise uniformly-spaced knot subsequencesaaoakding to [Dyn00]C*
uniform interpolating schemes have to reproduce all patyiats of degree:. Conse-
quently we used interpolants of degree at léafstr our C* constructions.

®p,

Po ® p1®

Pi+3

Fig. 12.Local linear interpolation yielding the auxiliary points for the 6-point scheme

A more pedantic but precise namingcisnstructiveinterpolants of minimal degree
since, somewhat surprisingly, the interpolating schenfigggin continuity can be ob-
tained using only linear interpolants! Specifically we caildfrom linear interpolants
Warren'sC? 6-point scheme (HERE originally local interpolating deg&, our new
C3 6-point scheme (degree 3) and the alm@$t8-point (degree 4). We conjecture that
such formulas can also be found for the new 10-point schem@at we rush to point
out that, to find such linear-interpolation-based formulas first constructed a good
scheme. To find good schemes from linear interpolants ddeseeon promising.

Formulas for symmetri@n-point schemes for linear interpolants (hence only half
the formulas are needed) have the following constructi@iri{g. 12). For a fixed, we

set
1

f)s = fil_n+1+s(§(ti+ti+l))y SZO,...,Q’H/—Q (9)
and denote?, := Bi—n+t1+s, S = 1,...,2n — 2. Then the new poinp;,+1 can be
expressed via the following poings,

2n—2

DP2it+1 = Z aspswith symmetry3, — (Ban—1-5) "' = @ — agn_a2_,. (10)
s=0
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where for the uniform
4-point* ag := 2w.

6-point «aq := —%w, a1 = %w + %.
8-point «aq := %w, ay = f%w - %, Qg = 6w + 35—2

i — 2 . 16 1 R 7 A 175
10-p0|l’]t Qo = 7?'[0, o = 7’(1) —+ 10241 Qo 1= —8w — 5121 3 — 16w + 1024 "

(*linear interpolating functions are consistent with).
As an example of a non-uniform scheme, €&R? , the formulas are

8w
Qg 1= — 0 0 —,
(14 B3)(1 + B4)(1 + 283)
Qg = (1+ B2)(1+ 283) (1 + fa) + 320(2 + B2 + 265 + fa + 25354_

AL+ B2) (1 + Bs) (1 + Ba) (1 + 23)

6 Conclusions

While uniform schemes can be constructed algebraically aalyzed with z-transforms
(see for example [KLYO7]), it is difficult to see a similar calus for non-uniform
schemes. And with a rigorous prediction of shape and cur@atat even available for
linear subdivision, it is not surprising that the more coicgtied non-linear setting does
not provide proofs. Hence we shared observations and pameg recipes.

Starting fromC?, interpolatory non-uniform subdivision rules are not oglyite
complex, but the shape is unsatisfactory both for highly-noifiorm samples and, as
for all curve constructions, for strong change in discretevature. While careful min-
imal interpolant-based constructions yield some progifesg are still not satisfactory.
An initial step of the simple 6-point schemﬁmg/m, based on degree 2 interpolants,
addresses non-uniform samples well. And strong changestrete curvature can be
handled by relaxing interpolatory requirements and pdgsithding curvature-sensitive
averaging.
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Appendix

6.1 Interlaced spline smoothing

Since formulas folC't, C? and C*® constructions appeared in [KP13b, Section 2], we
list here only formulas for smoothness higher tidah Denote the Bzier control points
of two consecutive curve segments of degrgeconnected with geometric continuity

parametes, by BO, ..., b, respectivelyby, ..., b,,, b,, = by. Each step modifies
theC'*—1 constraint and enforces a néW constraint.

Smoothing”? — C* The curves are assumétt connected. We set (redefine)

b3 :=aob,,_4 + a1by,_2 + azbo + agby + asby

b3 :=Gbym_4 + @1by_2 + dzbo 4 dzba + dsby (11)
= A4 8), a = L
ag 1= 4(1 +6) , a1 1= 2 , A2 1= 4 )
1

033:1+ﬁaa41:m;

anddk(ﬁ) = a4_k(%), k=0,....4.

SmoothingC® — C° The curves are assumétf connected. We set (redefine)

by :=aoby_5 + a1bym—3 + azby,_2 + azba + asbs + azbs ,

b4 :=0bm_5 + @1bm_3 + G2bym_2 + d3ba + dsbs + asbs (12)
doims o= 2B 8) 0= 284 2
51+ 08 5 ’ 5 :
3 7 1
=——(1 2 = —(1 =
as 5( +ﬁ) , A4 5( +6)va5 5(1+5)7

andax(8) := as—k(5), k=0,...,5.

6.2 Interpolatory subdivision replicating an underlying spline

Letf; be pieces of the spline, of any continuity0, in Bézier form of degreen, defined
over[0..1].

— The spline is sampled at the poirﬁ,s(%),j =0,....m, 7 =0,....,m—1,
(F—1(2)=£,.(2)). To the segmerfi.(-L), f,.(LEL) the labelj is assigned. Sampled
points are denoted hyy; and the knot spacing is uniform.

— The new point with labe, corresponding to the segmept;, p;+1), is the value
at % of the polynomial interpolant of degree to the pointsp;_.;, j =
0,...,m. The interpolant coincides with the initiil of this segment defined over
interval [t;_s .. t;—s+m]. Hence insertion rules indeed depend only on labehd
are easily pre-calculated.

— New subsegments are labeled
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Fig. 13.Labelling the upsampled spline (case= 4).

Pre-calculation of insertion ruledVe take Lagrange polynomial of degreeinterpo-
lating ati the pointsp;, © = 0, ..., m, and evaluate it at + % The coefficients fop;
form a mask of a new point corresponding to labeDue to symmetry, only half the

entries,s = 0,..., 5 — 1, are displayed and the entries must be divided By

m =4 : D=7
s:=0 (35,140, 70,28, —5);
s:=1 (-5,60,90,—-20,3).

m :=6: D =10
s:=0 (231,1386,—1155,—-924, —495, 154, —21);
s:=1 (—21,378,945, —420,189, —54,7);
s:=2 (7,-70,525,700,—175,42, —5) .

m =8 : D =15
s:=0 (6435,51480,—60060, 72072, —64350, 40040, —16380, 3960, —429);
s:=1 (—429,10296, 36036, —24024, 18018, —10296, 4004, —936, 99);
s:=2 (99,—1320,13860,27720, —11550, 5544, —1980, 440, —45);
s:=3 (—45,504,—2940, 17640, 22050, —5880, 1764, —360, 35) .



