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Abstract

Box splines provide smooth spline spaces as shifts of a single generating function on
a lattice and so generalize tensor-product splines. Their elegant theory is laid out
in classical papers and a summarizing book. This compendium adds a succinct but
exhaustive survey of the important sub-space of symmetric low-degree box splines on
symmetric lattices with special focus on two and three variables. Tables contrast the
complexity in terms of support size and polynomial degree, analytic and reconstruction
properties, and list available implementations and code.

1. Introduction

As a generalization of uniform polynomial tensor-product splines, and with the beau-
tiful interpretation as a projection of a higher-dimensional box partition [T}, 2], 8] 4], see
Fig. [T, box splines have repeatedly commanded the attention of researchers seeking an
elegant foundation for differentiable function spaces on low-dimensional lattices. No-

(a) shifts of the univariate ‘hat’ func-  (b) shifts of the bivariate ‘hat’ function Mp1y on Zy
tion on Z

Figure 1: Box splines as a projection of (a) 2- and (b) 3-dimensional boxes [4]. Think of sand being
dropped vertically, or of density under a vertical x-ray through uniform material.
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tably, box splines provide the regular prototypes for generalized uniform polynomial
subdivision algorithms [5, [0, [7] and have been advocated for reconstructing signals on
non-Cartesian lattices, see Section [J} Where the repeating structure applies, the low
total degree and support footprint, and the increased choice of isotropy compared to the
tensor-product spline of compatible approximation order make box splines not only a
viable, but a desirable alternative. For example, the four-direction ‘Zwart Powell’ (ZP)
box spline M.;; on Z? is C* of total degree 2, allowing the conic contours of any linear
combination to be traced out as a smooth, rationally parameterized spline of degree
two.

This compendium summarizes the current knowledge, with emphasis on d = 2 and
d = 3 variables, for symmetric box spline spaces, i.e., box splines that have at least
the symmetry of their domain lattice. The aim is to provide a succinct overview, via
tables and illustrations, of the properties, literature and computational tools and code,
and to characterize each box spline’s efficiency in terms of smoothness, polynomial
reproduction, support size and polynomial degree. That is, the compendium is intended
to aid the applied computational mathematician in choosing and using box splines. For
the many other beautiful aspects of box splines we recommend the seminal book [§].

2. Lattices and box splines

The goal of this section is to introduce the means and notation for a structured
enumeration and definition of symmetric box splines: the relevant symmetries, the cor-
responding directions and their relation to box splines.  For a general treatment of
lattices and their symmetry groups, beyond the needs of this compendium, we refer to
[9]. For detailed proofs of box spline properties, we recommend [§].

Lattices and Direction Sets. Given the integer grid Z¢, any non-singular d x d generator
matriz G defines a lattice Zg := GZ<. The symmetry group SG (Zg) of Zg, represented
as an orthogonal matrix group, consists of all orthogonal transformations that leave Zg
invariant:

S8G (Zg) = {Le R :L"L =1, and Lj € Zg for all j € Zg},

where I is the d x d identity matrix. In the plane (2D) and 3-space (3D), five lattices
are known for their high symmetries. They are listed in Table To enumerate box
splines, we collect the lattice direction vectors j € Zg into direction sets DS (Zg, k)
consisting of one vector and its images under the symmetry group of the lattice. The
index k is assigned by non-decreasing vector length, see Fig. [2 and Fig. 3] which is
unique for k£ < 3, the cases of interest. (For k > 3, multiple direction sets can lie in the
same spherical shell [9], e.g. (5,0) and (4, 3) in Z2.) Since —j = G(—14) and —i € Z¢ if
1 € 74, for each j = Gi € Zg also —j € Zg, we list only one of 7 and —j in DS (Zg, k)
in order to avoid listing parallel directions



Table 1: Five domain lattices for d = 2,3. #S§ is the cardinality of the set S.

dim. name symbol  generator matrix ~ #S5G (-)
5 Cartesian 72 I, 8
hexagonal Ly, Gy = %[7\% \/%] 12
Cartesian 7> I 48
FCC 011

3 (face-centered cubic) Liee Grec 1= [% | (1)] 48

BCC -1 1 1
(body-centered cubic) bee e = [ 11 —%] 48

(b) Zn

Figure 2: Stratifying 2D lattice points by distance to the origin ® such that each shell corresponds to

a direction set DS (Zg, k) with k=1, k=2, k=3, k=4, ...
\\‘\
)

> |f/’ |
){\\ %—g\

(a) Z3 (b) Zgcc (¢) Zpee

Figure 3:  Stratifying 3D direction vectors in the (+,4+,+) octant corresponding to direction sets
DS (Zg, k) with k =1, k = 2, k = 3. Table [2|lists coordinates.



Box Splines. Given a domain lattice Zg, direction vectors & € Zg can be collected into
a d X m direction matriz 2 to define the centered box spline Mg recursively, starting
with the characteristic function ygg« on the half-open parallelepiped Z2o¢, 0 := [—%, %),
see [10, 8] and Fig. [&

1
/2 Mg (-—t€)dt ifd<m, &€ €E,
—)J1

= 3 (1)
det G
|‘ deet=|| Xz if d =m and det E # 0.
/Q\L
/
(a) E:=[49] () B:=[591] (©) B:=[o117']

Figure 4: Construction of M.1; via successive directional convolutions along the directions (columns)
of [Boca Eqc) (see Table .

The centered box spline is invariant under exchange of columns and, up to rigid
transformation, under multiplication of a column by -1: Mg, = Mz, if and only if
there exists a ‘signed permutation’ matrix P that can permute and/or change sign of a
coordinate, such that E; = E;P. Moreover, since for any linear map L, see [8, page 11],

many properties for centered box splines on the Cartesian lattice Z? transfer directly to
Zg by a linear change of variables G.

Let 2 € GZ%™ with rank 2 = d, Mz the corresponding box spline, and Sz :=
span(Mzg(- — 7)) the space of its shifts over the lattice Zg. Then Mg and Sg have the
following properties:

1. Mg is non-negative and its shifts over Zg sum to 1: due to the factor | det G| in

(0

2. The support of Mz is E?, i.e., the centered set sum of the vectors in =.
3. Mz is a piecewise polynomial of total degree m — d.



4. M= € C"2. That is, Mz is r — 2 times continuously differentiable, where r is the
minimal number of columns that need to be removed from E to obtain a matrix
whose columns do not span R¢.

5. Sz reproduces all polynomials of degree r — 1.

6. The L? approximation order of Sg is r [8, page 61], i.e., for all sufficiently smooth
f there exists a sequence ¢ : Zg + R such that

Hf =Y d)M=((-—4§)/h)|| =0, h<l. (3)

J€Lc

p

7. Sg forms a basis (the shifts are linearly independent) if and only if all square
nonsingular submatrices of E are unimodular, ie., [detZ]| = 1 for all Z C E
where Z € R4 [8, page 41].

8. With vol (E Dd) denoting the volume of the support of Mz, the number of coef-
ficients on Zg required to evaluate a spline value is vol (E Dd) /| det G|, [8, page
36].

The symmetry group of Mg is defined analogous to the symmetry group of a lattice:
8G (Mz) = {L e R*?:L'L =1, and Mz = Mg(L-)}.

A centered box spline Mz on the domain lattice Zg is symmetric if it has the same
or more symmetries than Zg: SG(Zg) C SG(Mg). For example, the centered box
spline defined by E := [} 1] is not symmetric: its symmetry group is {I, —I5}, but
the symmetry group of Z? has the cardinality 8 of the signed permutation group. If
& € DS (Zg, k) is a column of E then all directions of DS (Zg, k) must be columns
in 2 to make Mg symmetric. This can be seen as follows. For any & € Zg, let
E:={L{:LeSG(Zg)}. Then for any L € SG (Zg), the set of directions 2 equals
the set LE and | det L| = 1 so that by (2) Mg = |det L| Myg(L-) = Mg(L-). That is, Mz
is symmetric. It suffices to include either & or —€ into E since for any & € DS (Zg, k)

1/2 1/2 1/2 1/2

(- — t&)dt = f=t(=§))dt = (- —t&)dt+ [ f(-—t(=§))dt.

~1/2 —1/2 0 0

3. Choice of direction vectors

The algebraic and differential geometric properties of Section [2] imply that the effi-
ciency of a box spline space is closely related to the choice of direction vectors in the
construction of the box spline and favors the vectors to be

- snapped to the lattice: this allows the approximation order to be maximal.
By contrast, the shifts of M[; /9 on Z, whose directions do not snap to the lattice,
do not sum to 1. And M /9, whose shifts on Z sum to 1, form a spline space
Sii,1/2) that has intervals where the spline is constant and cannot match linear
functions.



- short: since longer vectors result in larger support and more vectors are required
to achieve symmetry, increasing the degree.

- uniformly distributed: for the same degree, uniformity increases the continuity
and approximation order.
For example, see Table [3| the bi-linear B-spline M.y and the ZP element M1y
have degree 2, but both the continuity and the approximation order of M., are
higher by one than those of M.

- in DS (Zg, 1): for the five lattices, direction sets with & > 1 yield E that are not
unimodular, and so the box spline shifts are not linearly independent [§].

Uniform distribution on a lattice is in competition with shortness since equi-distribution

of directions requires inclusion of farther lattice points.

Table 2: The direction sets of the five domain lattices in Table [I} repeating directions are grayed out.
Numbers in the parentheses denote the cardinality of corresponding direction set, cf. Fig. [JJand Fig. [3]

. DS (Za. k
lattice =1 k=29 ( k_) k=4
2 EBeor (2) Eqe (2) 282 (2)  {m(2,£1)} (4)
Zn GnE; (3) Gu[?7123] (3)  Gu(2Ey) (3) Gn[3337-1_3] (6)
Z3 E'cc?) (3) Efcc (6) Ebcc (4) 25(,63 (3)
chc Efcc (6) 25003 (3) {7]-(27 :i:lv il)} (12) Ef‘@(f (6)
Zbcc Ehee (4) 2Ecc3 (3) 2B ¢ec (6) {77-(37 :|:1, j:l)} (12)

{m(z1,x2,...,2q)} is the set of vectors generated by permuting the coordinates z;.

E.g. {7r(27 il)} = {(27 1), (27 _1)7 (17 2)7 (_17 2)}

Table [2 lists the direction sets for the bivariate and trivariate domain lattices of
Table [1] in terms of the matrices (see Fig. [2] and [3)):

—_ _ 1 -1 —_ 1 0 -1
d=2: B =1, B = [1 1} , Hs = [O 1 _1} ,
1 -1 1 10 0 -1 1 1 -1
d=3: Bz =I5, Beee:= (1 1 0 0 1 —1], Epe:= 1 -1 1 -1},
0O 01 -1 1 1 1 1 -1 -1

where the subscripts are to remind of Cartesian (cc2, cc3) quincunx (qc), 3 directions,
FCC, and BCC directions, respectively.

4. Bivariate box splines

Since the third direction set in Table [2| of Z? and Zj already repeat the first, we
restrict the list of bivariate box splines in Table [3/to DS (Zg, k) for k < 3, as illustrated
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(a) Bi-cubic B-spline (M 40) (b) ZP (Mc11)
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Figure 5: Directions (arrows) and supports (polygons with black edges) of select bivariate box splines
with polynomial pieces delineated by knot lines (gray lines).

Table 3: Bivariate symmetric box splines up to degree 6. My is the tensor-product B-spline, M1,
is the Zwart-Powell (ZP) element, Mo is the extended 6-direction ZP element, and My1q is the hat
function. The continuity is C™~2 with r defined by Property 4 of Section [2l Some splines lack reference
since they have not been investigated, likely due to their large stencil size.

. direction sets differentiability stencil
lattice degree . reference
1 2 r—2 = size
n 0 2n—2 n—2 n? [11]
1 1 2 1 7 [12 13, [14]
72 2 1 4 2 14 [15], 16, [17]
3 1 6 3 23
2 2 6 4 28
7 n 0 3n—2 2n—2 3n?  [I8, 19, 20, 17]
| 1 4 3 24

in Fig. . We could skip & = 3 and consider the box spline defined by Uy—1 24DS (Z?, k)
with 2 4+ 2 4 0 4 4 = 8 directions, but the corresponding box spline has a large support



and degree 8 — 2 = 6, while the resulting C® continuity is unlikely to match any generic
application needs. Similarly, the box spline defined by DS (Z?,4) yields a box spline of
degree 2with support size 24, whereas the ZP spline M., has the same smoothness but
support size 7.

PO

Mcl()l MCOlO/MﬂOO
> Jé; R
Ve 7
McOOl/MbIOO | MCOOQ/MbQOO
| / @
P
MbllO

Figure 6: Directions and supports of select trivariate box splines.

Denoting by nj the number of repetitions of the kth direction set, the box spline on
Z? are named M,,,,, and those on Z; are namedMy,,,,. Table |3 leaves out direction
sets of the form (0,n) and (1,n) for Z?, since their properties do not improve on (n, ()
and (n, 1), respectively and result in a larger support. Analogously, (0,7n) is omitted
for Zy,. We note that the options for C! continuity are M3 (9) and M.y; (7), with the
stencil sizes listed in parentheses. For C? continuity the options are M,y (16), Mo
(14), and M (12). The only linearly independent symmetric box splines are M,

oo



Table 4: Trivariate symmetric box splines up to degree 9. Note that many splines have not been
investigated, likely due to their large stencil size.

lattice direction sets degree differentiability —stencil note
1 2 3 r—2= size / reference
n 0 0 3n—3 n—2 n3 B-splines [21]
1 1 0 6 3 87 [22]
2 1 0 9 4 172
1 0 1 4 2 53 [23, 24, 25, 26]
Z3 1 0 2 8 4 249
2 0 1 7 4 120
0On 0  6n=3 3n—2 32n3 27
0 1 1 7 ) 216
0 0 n 4n—3 2n—2 16n3
n 0 0 6n—3 3n—2 16n3 [28, 29]
1 1 0 6 3 86 221
Zie 1 2 0 9 4 298
0 n 0 3n—3 n—2 4n? B-splines
0 0 1 9 7 784
n 0 0 4n—3 2n—2 4n? [301 4]
2 1 0 8 4 106
11 0 4 2 30 31
1 2 0 7 4 92
Zpee 1 0 1 7 5 200
0n 0 3n—3 n—2 2n3 B-splines [32]
0 1 1 6 3 174
0 2 1 9 4 344
0 0 n 6n—3 3n—2 64n3

T The box spline proposed in [22] is a sibling of My;19 built from the direction matrix [Efcc Eccg}. Since Ecc3

do not snap to Zg., the resulting approximation order is lower than M119 (but Mg119 has a larger support).

i.e., the B-splines on Z2, and My, on Zy,. Other linearly independent box splines, such
as the three-direction box spline on Z? [33], are not symmetric. The stencil size explains

why several box splines have not been investigated in detail.



5. Trivariate box splines

Analogous to the bivariate case, denoting by ny the number of repetitions of the kth
direction set, the box splines on Z?, Zi.., and Zy.. are named

Mcn1n2n37 an1n2n37 and Mbnlngng,

in Table[d] Fourth direction vectors are not used since, e.g. for My, they are typically too
long and too many. While there are asymmetric box splines whose shifts are linearly
independent, e.g. the four-direction box splines on Z3, the only symmetric linearly-
independent box splines are Mg, the B-splines on Z3, Mgnoo on Zgee, and My, on
Zyee- That is M,,00 are the only symmetric box splines that form a basis. Listing the
support sizes in parentheses, the C' box splines are M09 (27), Meo10 (32), Ms100 (16),
Myoz0 (108), Moz (54), Mygor (64) and the C? box splines are Moo (64), M1 (53),
Mooz (128), Moo (256), Mysoo (32), Miio (30), Myoso (128). Due to their small degrees,
listed in angle brackets, and supports Mcso0 (6), Mco1o0 (3), Moo (3) (see Fig. {4]) stand
out as efficient for C' and Moo (5), My110 (4) for C2.

6. Multi-variate box splines

The five lattices in two and three variables are instances of d-dimensional lattices,
d > 3 whose detailed definition can be found in [4, B4]. The generator matrices of the
four lattices other than Z? [9] are as follows:

[—1 d =1 -+ —1 =1
1 -1 -1 d --- =1 =1
L. . : Do : :
Ad 1 AT L g
1 1 -1 -1 -+ -1 d
1 B |
1 1 | 1 1/2]
~1 -1 1 1 1/2
D, = , and D}, := :
-1 1 1 1/2
~1 1/2

Note that A; and A} are (d + 1) x d and the corresponding lattices are generated
in the hyperplane defined by z; + -+ + 2441 = 0 in R, |

Table[Hllists the first and second direction sets of the five lattices. Asin the bi- and the
trivariate cases, various symmetric box splines can be constructed from these directions.
We observe that for DY , d > 4, there is a rich set of first directions, all corresponding
to B-splines, to build smooth symmetric splines. Table [6]lists some important classes of

10



Table 5: The first and second direction sets of the five main lattices where A4 := A 4Z4, A% = AS74,
Dy == DyZ4, and D} := D}Z%. For ease of notation, opposite directions {£j : j € DS (Zg, k)} are
enumerated and the directions of A are scaled by (d+1) and those of D} by 2. As in [9], a* abbreviates
a-fold repeating entries a, ..., a.

lattice  dim. k=1 k=2
A d>2 {m(£1,0%1)} {r((£1)%, 0%}
A d=2 {r(1,—1,0)} {+7(2,-1,-1)}
d d>2 {W(L_Lodfl)} {71‘(12,(—1)2,0d74)}
AG d=>2 {£7(d, (=1))} {£7((d - 1)* (=2)"")}
D d=3 {m(+1,£1,0)} {m(+2,0,0)}
a d>3 {m((£1)%,07%)} {m(£2,07 )} U{m((£1)*, 074}
d=2,3 {(xD)D} {m(£2,0971)}
d=4  {((=1)M} U {r(£2,0%)} {m((£2)%,0%)}
D;  d<d<8 {m(&2,00-1)} {(E)D}
d=8 {m(£2,0971)} {(FD)DF U {r((£2)?,07%)}
d>8 {m(£2,0%1)} {m((£2)%,097%)}

Table 6: Select box splines for d > 3. Shifts of the box splines for Z¢, A, and A% yield a basis.
DS (Zd, 2) are box splines on Dy.

lattice  dim. direction sets degree differentiability roference
1 2 r—2=
VA d>2 n 0 d(n—1) n—2 B-splines [11]

Ay d>2 1 0 d(d-1)/2 d—2 [34]
A d>2 n 0 (d+1)n—d 2(n—1) [4]
Dy d>2 d(d-1) 0 d(d—2) 2d—4 [34]
d=4 11 0 4 2 [35]
D d=4 11 0 8 4 [34]
d  5<d<7 1 1 2d4-1 242 [34]

d>4 n 0 din—1) n—2 B-splines

t Constructed from directions {((+1)%)} only.
1 Constructed from directions {7(42,0%)} and {((£1)*)}.

box splines whose shifts live on these high-dimensional lattices, see e.g. [34]. Note that
for some dimensions, two different direction sets share the same distance: for D there

11



are 16/2 + 8/2 = 12 first directions of the patterns (+1,+1,...,+1) and 7(£2,0,0,0)
and either or both groups yields a symmetric box spline.

2 0 44 2
it 3 0 0 5844 A 1
i @ 8 6 1 0 0 0 7258 40 8 2 0
1612 8 4 0 0 0 0 80725232 16 4 0 0
2424168 4 4 0 0 0 0 8080 644024 24—38 0 0 0
AN (b) () (d) (e)
44 2 2
f g 4430 30 10
103016 1 0 0 0 0 0
3228 168 4 0 0 0 0 0 0 0
h 2424168 4 1 0 0 0 0 0 0 0 0 0
o) (1) (2) (h)

Figure 8: From [I5]. [(a)] The polynomial pieces in the support of M. Pieces of the same color
have the same BB-net after appropriate rigid transformation and the BB-nets (multiplied by 192) of

the pieces labeled b,. .. h are shown in |(b)H(h)|

7. Conversion to piecewise polynomial form

It is useful to express the box spline pieces as polynomials, and in particular in
the Bernstein-Bézier (BB-) form, see e.g. [36]. The partition into pieces follows from
the convolution directions. The BB-coefficients are obtained from the differentiability
constraints across boundaries and by normalizing the map, see [17]. Fig. m, Fig. |8/ and
Fig. [9] show examples of the re-representation in BB-form. For trivariate box splines,
using the constraints can be error-prone. An easier approach is to sample the spline at
sufficiently many interior points, using one of [37, [38], and solve for the BB-coefficients,
keeping in mind that the coefficients are integers after scaling by a known multiple, see
[39]; or, and this is faster and yields polynomial pieces in partially factored form, to
apply a Green’s function decomposition and inverse Fourier transform [40)].

12



VAVAVAN :

Figure 9: From [15]. @ The polynomial pieces in the support of Mysg. Pieces of the same color
have the same BB-net after appropriate rigid transformation and the BB-nets (multiplied by 24) of the

pieces labeled b,c,d are shown in |(b)li(c)l(d)

8. Efficient evaluation

By reversing the convolution, the algorithms of [37, [3§] evaluate box splines recur-
sively. This process is stable except near the boundaries between the polynomial pieces,
namely the knot lines in 2D and the knot planes in 3D. Near boundaries, de Boor [37]
applies a random perturbation and [38] propose careful bookkeeping. Converting the
box spline pieces to BB-form yields much faster and stable evaluation [39)], also of deriva-
tives. A general technique to accelerate evaluation is to leverage symmetry [41] [35] with
a general implementation available at [35] that automates steps and generates GPU
kernels. Table [7] lists box splines with an available optimized evaluation code, some
implemented on the GPU for high parallelism.

Table 7: Some fast 3D box spline evaluation implementations. See also [35].

box spline algorithm code

Mea0o 42, 143 [42]
M_o10 [27] 27
Moo [26] [26]
Mi100 28], 29] [29]
Moo e v
Moo [31.46, BT  [7]
Moo [32]

Subdivision offers a stable and fast alternative when rendering an approximation, say
a triangulation of a bivariate box spline graph. An alternative approximate evaluation
is based on Fast Fourier Transform [48].
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Table 8: Quasi-interpolants of select box splines of approximation order (a.o.) 3 or 4. Note that gy and
q1 are scaled for clearer presentation. Entries without reference are newly derived for completeness.

lattice a.o.  box spline  24qy —12¢; references
72 3 Mo, Men 18 3 [34]
4 MCQO? MCQl 40 4
Zh 4 MhQO 13 2 [4]
3 M 300 21 3
Meo10 24 4 [27]
ZS
M 400 24 4
4 Mo 27 5 3]
M 02 36 8
3 M0 18 1 [34]
Ligee Mip3o 30 3
4 Mioa0 36 4
3 Mho30 24 3
Zbcc
g Mo2o0 Moo 20 2 [49, 4, 31]
Moo 28 4

9. Use for reconstruction or approximation

A promising application of box splines is the approximation and reconstruction of
a function f from samples {f(j) : J € Zg} on a lattice Zg. To attain the maximal
approximation order of the box spline space, i.e., to obtain ¢ in Eq. , the samples are
convolved with a discrete quasi-interpolant to form the control points

) =af@+a Y, (fG+k)+fG-Fk), Vi€clZa

keDS(Zg,1)

of the optimally approximating spline » ., ()M (- — j). Several techniques exist to
derive quasi-interpolants for box splines [21], 8, 50, [51]. Table [8 lists quasi-interpolants,
defined by ¢y and ¢;, for the box splines of approximation order 3 or 4 of Table
and Table [d] Level sets of quasi-interpolating functions in three variables are used to
display Computed Tomography (CT) and Magnetic Resonance Imaging (MRI) data. A
standard test function is the Marschner-Lobb signal [52], a combination of Dirac pulses
and a circularly symmetric, disc-shaped component, see Fig. . Fig. compares
how convolution directions enhance or prevent reproduction of the circular features.

14



(e) Mﬂoo (f) MbQOO (g) Mb110 (h) gI’OUHd truth

Figure 10: Ray-intersection rendering (ray-casting) of a level set of the Marschner-Lobb signal
with identical sampling density on their domain lattices.

10. Splines from pieces and unions of boxes

One can consider the characteristic function of a piece of the box or of a union of
boxes, and then convolve these characteristic functions. Convolving the characteristic
function of half of a box in 2D, i.e., of a triangle, yields half-box spline spaces with
properties akin to box splines [53, [54], 53] [3, 56]. Alternatively, one can juxtapose non-
centered boxes to form the Voronoi cell of a lattice, i.e., the region nearest to a lattice
point. The convolution of the characteristic function of the Voronoi cell then yields
Voronoi splines |57, [58]. Voronoi splines provide an example of how asymmetric splines
can be linearly combined to form symmetric splines. Note though that such splines
typically do not yield nested spaces [59].

11. Conclusion

Symmetric box splines provide a mature and powerful framework for shift-invariant
smooth functions on a lattice. For bi- and tri-variate splines, a number of efficient box
splines are now well-documented and come with optimized implementations.

Acknowledgements This work was supported by a 2022 sabbatical year research grant

15



of the University of Seoul hosted by the University of Florida. We thank Carl de Boor
for feedback on an early draft.

References

1]

7]
8]

[9]

[10]
[11]

[12]

[13]

A Sommerfeld. Eine besondere anschauliche Ableitung des Gaussischen Fehlerge-
setzes. In Festschrift Ludwig Boltzmann gewidmet zum 60ten Geburtstage, pages
846-859, Leipzig, 1904. Verlag von J.A.Barth.

Carl de Boor and Ronald DeVore. Approximation by smooth multivariate splines.
Transactions of the American Mathematical Society, 276(2):775-788, April 1983.

Hartmut Prautzsch and Wolfgang Boehm. Box splines. In Gerald Farin, Josef
Hoschek, and Myung-Soo Kim, editors, Handbook of Computer Aided Geometric
Design, pages 255—282. Elsevier, Amsterdam, 2002.

Minho Kim and Jorg Peters. Symmetric box-splines on the A’ lattice. Journal of
Approzimation Theory, 162(September):1607-1630, September 2010.

Edwin Catmull and James Clark. Recursively generated B-spline surfaces on arbi-
trary topological meshes. Computer-aided design, 10(6):350-355, 1978.

Tony DeRose, Michael Kass, and Tien Truong. Subdivision surfaces in character
animation. In Proceedings of the 25th Annual Conference on Computer Graphics
and Interactive Techniques, SIGGRAPH ’98, page 85-94, New York, NY, USA,
1998. Association for Computing Machinery.

Jorg Peters and Ulrich Reif. Subdivision surfaces. Springer, 2008.

Carl de Boor, Klaus Hollig, and Sherman Riemenschneider. Box splines. Springer-
Verlag New York, Inc., 1993.

J.H. Conway and Neil James Alexander Sloane. Sphere packings, lattices and groups,
volume 290. Springer Science & Business Media, 2013.

Charles K. Chui. Multivariate Splines. STAM, 1988.

Carl de Boor. A practical guide to splines, volume 27 of Applied Mathematical
Sciences. Springer-Verlag New York, 1978.

P. B. Zwart. Multivariate splines with nondegenerate partitions. SIAM Journal on
Numerical Analysis, 10(4):665-673, 1973.

M. J. D. Powell. Piecewise quadratic surface fitting for contour plotting. In D. J.
Evans, editor, Software for Numerical Mathematics, page 253-271. Academic Press,
1974.

16



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

Jorg Peters and Ulrich Reif. The simplest subdivision scheme for smoothing poly-
hedra. ACM Transactions on Graphics, 16(4):420-431, October 1997.

Charles K. Chui and Ming-Jun Lai. Algorithms for generating B-nets and graph-
ically displaying spline surfaces on three- and four-directional meshes. Computer
Aided Geometric Design, 8(6):479—493, December 1991.

Jorg Peters and L.-J. Shiue. Combining 4- and 3-direction subdivision. ACM
Transactions on Graphics, 23(4):980-1003, October 2004.

Ming-Jun Lai and Larry L. Schumaker. Spline Functions on Triangulations. Cam-
bridge University Press, 2007.

P.O. Frederickson. Triangular spline interpolation. Technical report, Lakehead
University, 1970. Rpt.6-70.

P.O. Frederickson. Generalized triangular splines. Technical report, Lakehead Uni-
versity, 1971. Rpt.7-71.

Charles Teorell Loop. Smooth subdivision for surfaces based on triangles. Master’s
thesis, University of Utah, August 1987.

Carl de Boor and George J. Fix. Spline approximation by quasiinterpolants. Journal
of Approzimation Theory, 8(1):19-45, May 1973.

Alireza Entezari. Optimal Sampling Lattices and Trivariate Box Splines. PhD
thesis, Simon Fraser University, 2001.

Jorg Peters. C? surfaces built from zero sets of the 7-direction box spline. In IMA
Conference on the Mathematics of Surfaces, pages 463-474, 1994.

Jorg Peters and Michael Wittman. Box-spline based CSG blends. In Proceedings of
the Fourth ACM Symposium on Solid Modeling and Applications, SMA 97, page
195-205, New York, NY, USA, 1997. Association for Computing Machinery.

Alireza Entezari and Torsten Moller. Extensions of the Zwart-Powell box spline
for volumetric data reconstruction on the Cartesian lattice. IEEE Transactions on
Visualization and Computer Graphics, 12(5):1337-1344, 2006.

Minho Kim. Fast and stable evaluation of splines and their derivatives generated
by the seven-direction quartic box-spline. Numerical Algorithms, 86(2):887-909,
February 2021.

Minho Kim. Volume reconstruction based on the six-direction cubic box-spline.
Graphical Models, 125, 2023. in progress.

17



28]

[31]

32]

Minho Kim, Alireza Entezari, and Jorg Peters. Box spline reconstruction on the
face-centered cubic lattice. IEFE Transactions on Visualization and Computer
Graphics (Proceedings Visualization / Information Visualization 2008), 14(6):1523~
1530, November—December 2008.

Minho Kim. GPU isosurface raycasting of FCC datasets. Graphical Models,
75(2):90-101, March 2013.

Alireza Entezari, Ramsay Dyer, and Torsten Moller. Linear and cubic box splines
for the body centered cubic lattice. In IEEE Visualization 2004, pages 11-18,
Austin, TX, USA, 2004.

Minho Kim. Quartic box-spline reconstruction on the BCC lattice. IEEE Trans-
actions on Visualization and Computer Graphics, 19(2):319-330, February 2013.

Balazs Csébfalvi and Markus Hadwiger. Prefiltered B-spline reconstruction for
hardware-accelerated rendering of optimally sampled volumetric data. In Vision,
Modeling, and Visualization, pages 325-332, 2006.

Carl de Boor and Klaus Hoéllig. Bivariate box splines and smooth pp functions
on a three direction mesh. Journal of Computational and Applied Mathematics,
9(1):13—28, March 1983.

Minho Kim and Jorg Peters. Symmetric box-splines on root lattices. Journal of
Computational and Applied Mathematics, 235(14):3972-3989, May 2011.

Joshua Horacsek and Usman Alim. Fastspline: Automatic generation of inter-
polants for lattice samplings. ACM Trans. Math. Softw., December 2022. Just
Accepted.

Carl de Boor. B-form basics. In Gerald E. Farin, editor, Geometric modeling:
Algorithms and new trends, pages 131-148. Society For Industrial and Applied
Mathematics, 1987.

Carl de Boor. On the evaluation of box splines. Numerical Algorithms, 5(1):5-23,
January 1993.

Leif Kobbelt. Stable evaluation of box-splines. Numerical Algorithms, 14(4):377—
382, May 1997.

Minho Kim and Jorg Peters. Fast and stable evaluation of box-splines via the
BB-form. Numerical Algorithms, 50(4):381-399, April 2009.

Joshua Horacsek and Usman Alim. A closed PP form of box splines via Green’s
function decomposition. Journal of Approximation Theory, 233:37—057, September
2018.

18



[41]

[42]

[43]

[44]

[50]

[51]

[52]

Minho Kim. Analysis of symmetry groups of box-splines for evaluation on gpus.
Graphical Models, 93:14—24, September 2017.

Christian Sigg and Markus Hadwiger. Fast third-order texture filtering. In Matt
Pharr and Randima Fernando, editors, GPU Gems 2, chapter 20, pages 313-317.
Addison-Wesley Professional, March 2005.

Minho Kim. Efficient computation of isosurface curvatures on GPUs based on the
de Boor algorithm. Journal of the Korea Computer Graphics Society, 23(3):47-54,
July 2017.

Giulio Casciola, Elena Franchini, and Lucia Romani. The mixed directional dif-
ference—summation algorithm for generating the Bézier net of a trivariate four-
direction box-spline. Numerical Algorithms, 43(1):75—98, November 2006.

Bernhard Finkbeiner, Alireza Entezari, Dimitri Van De Ville, and Torsten Moller.
Efficient volume rendering on the body centered cubic lattice using box splines.
Computers & Graphics, 34(4):409-423, August 2010.

Minho Kim and Young-Joon Lee. Real-time BCC volume isosurface ray casting on
the GPU. Journal of the Korea Computer Graphics Society, 18(4):25-34, December
2012.

Minho Kim. GPU isosurface raycaster of BCC volume dataset based on the 7-
direction quartic box-spline, 2023. Accessed on Apr. 8, 2023.

Michael D. McCool. Accelerated evaluation of box splines via a parallel inverse
FFT. Computer Graphics Forum, 15(1):35—45, February 1996.

Alireza Entezari, Mahsa Mirzargar, and Leila Kalantari. Quasi-interpolation on the
body centered cubic lattice. Computer Graphics Forum, 28(3):1015—1022, June
2009.

Thierry Blu and Michael Unser. Quantitative Fourier analysis of approximation
techniques. I. interpolators and projectors. IEEE Transactions on Signal Process-
ing, 47(10):2783—-2795, October 1999.

Laurent Condat and Dimitri Van De Ville. Quasi-interpolating spline models for
hexagonally-sampled data. IEEE Transactions on Image Processing, 16(5):1195—
—~1206, May 2007.

Stephen R Marschner and Richard J Lobb. An evaluation of reconstruction fil-
ters for volume rendering. In Proceedings Visualization '94, pages 100-107. IEEE,
October 1994.

19



[53]

[54]

[55]

[56]

[57]

[58]

[59]

Malcolm Arthur Sabin. The use of piecewise forms for the numerical representa-
tion of shape. PhD thesis, Computer and Automation Institute of the Hungarian
Academy of Sciences, 1977.

Gerald Farin. Designing C' surfaces consisting of triangular cubic patches.
Computer-Aided Design, 14(5):253-256, September 1982.

Wolfgang Boehm, Hartmut Prautzsch, and Paul Arner. On triangular splines.
Constructive Approzimation, 3(1):157-167, December 1987.

Pieter Barendrecht, Malcolm Arthur Sabin, and Jiri Kosinka. A bivariate C'* subdi-
vision scheme based on cubic half-box splines. Computer Aided Geometric Design,
71:77-89, May 2019.

Dimitri Van De Ville, Thierry Blu, Michael Unser, Wilfried Philips, Ignace
Lemahieu, and Rik Van de Walle. Hex-splines: A novel spline family for hexagonal
lattices. IEEE Transactions on Image Processing, 13(6):758-772, June 2004.

Mahsa Mirzargar and Alireza Entezari. Voronoi splines. IEEE Transactions on
Signal Processing, 58(9):4572-4582, 2010.

Jorg Peters. Refinability of splines derived from regular tessellations. Computer
Aided Geometric Design, 31(3-4):141-147, March 2014.

20



	Introduction
	Lattices and box splines
	Choice of direction vectors
	Bivariate box splines
	Trivariate box splines
	Multi-variate box splines
	Conversion to piecewise polynomial form
	Efficient evaluation
	Use for reconstruction or approximation
	Splines from pieces and unions of boxes
	Conclusion

