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Figure 1: Making C2 subdivision work with degree bi-3. (left: a,b,c) Stationary degree bi-3 subdivision cannot beC2 at a central point
of �xed valencen since this requires that the subsubdominanteigensplinese3 , e4 , e5 (curved yellow and red paraboloid and saddles) are
quadratic in the characteristic subdominant eigensplines� := ( e1 ; e2) (bottom planar disk) and therefore thate3 , e4 ande5 are of degree
6 or higher in the periodic direction. (right: d,e,f) Increasing the valencen ! 1 of a degree bi-3 subdivision algorithm in each step,
however, allows enforcing the requirementin the limit, yielding a well-de�ned quadratic Taylor expansion. (left: a,b,c) The control nets
(blackn=6-valent polar con�gurations) represent the eigenvectorsv k , k = 1 ; : : : ; 5. (right: d,e,f) Asn ! 1 , the vectorsv k converge to
periodic curves (in black). (a–f) The radial eigenvectorŝv k of the Fourier transform are control lines indicated by� . The corresponding
radial eigensplineŝek are shown asyellow and red curves.

Abstract

Popular subdivision algorithms like Catmull-Clark and Loop are
C2 almost everywhere, but suffer from shape artifacts and reduced
smoothness exactly near the so-called “extraordinary vertices” that
motivate their use. Subdivision theory explains that inherently,
for standard stationary subdivision algorithms, curvature-continuity
and the ability to model all quadratic shapes requires a degree of at
least bi-6. The existence of a simple-to-implementC2 subdivision
algorithm generating surfaces of good shape and piecewise degree
bi-3 in the polar setting is therefore a welcome surprise. This paper
presents such an algorithm, the underlying insights, and a detailed
analysis. In bi-3C2 polar subdivision the weights depend, as in
standard schemes, only on the valence, but the valence at one cen-
tral polar vertex increases to match Catmull-Clark-re�nement.
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1 Introduction

A fundamental question when modeling geometry, dating back to
the publication of the Catmull-Clark algorithm more than 30 years
ago [Catmull and Clark 1978], is whether there exists a re�nement
algorithm for polyhedral meshes with aC2 limit surface consisting
of bi-degree 3 surface pieces only. Differently put, can we devise
a surface representation that generalizes the widely used bi-3C2

splines to a non-tensor-product layout, where more or fewer than
four polynomial patches meet at a given (extraordinary) point, with-
out increasing the polynomial degree of the pieces above three? The
landmark papers [Prautzsch and Reif 1999a; Prautzsch and Reif
1999b] proved that no such algorithm can exist in the Catmull-
Clark setting, no matter how complex the stationary subdivision
rules. Our paper proves that a bi-3 algorithm does exist for polar
con�gurations and the algorithm hassimple rules.

Bi-3 C2 polar subdivision (C2PS) needs not obey the degree-6
lower bound of stationary algorithms, since it doubles the valence
at some isolated vertices, as shown in Figure 3(c,e). Unlike non-
stationary schemes that change re�nement masks while keeping va-
lence constant,C2PS rules rely neither on projection nor on auxil-
iary data that encodes state. The averaging weights depend only on
the local connectivity. ThereforeC2PS is as easy to describe and
implement as standard stationary algorithms (see rules (1)–(3) on
page 3).

Polar con�gurationswere introduced in [Kar�ciauskas et al. 2006] to
cope with situations where vertices of high valence occur naturally
such as illustrated in Figure 2. Apolar con�guration is a triangle
fan surrounded by rings of quadrilaterals with 4-valent vertices (see
Figure 3(c)). The fan center is thepolar vertexand its limit point is
calledpole.
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Figure 2: (top) Polar con�gurations : (a) globe, (b) mushroom,
(c) �nger tips; (middle)C2PS subdivision; (bottom)C2PS limit
surface.
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Figure 3: Connectivity. Catmull-Clark re�nement (a) to (b) re-
tains the valence at the central point. (c) Polar con�gurations can
be re�ned by (d) BPS, a stationary algorithm or, by (e)C2PS, which
doubles the polar valence.

Thecontributionof this paper is then two-fold. For graphics mod-
eling practice, we provide a mesh re�nement algorithm for polar
con�gurations that
— has simple rules;
— re�nes the mesh compatibly with Catmull-Clark subdivision;
— works well for high valences;
— constructs a surface that isC2 also at the pole;
— is piecewise of degree bi-3; and
— allows modeling any quadratic shape at the pole.
For modeling theory,
— we propose algorithms that allow increasing valence; and
— provide the intuition and a rigorous analysis of one instance.
In fact, while the algorithm is easily described in a few lines on page
3, we devote a large part of the paper to convey the proof idea and
to formally prove curvature continuity via an auxiliary subdivision
scheme.

The paper is organized as follows. Section 3 de�nesC2 polar sub-
division. This section has all the information needed to implement
the algorithm. Section 4 presents the underlying ideas and Section
5 a detailed analysis for the specialist. Section 6 reports tests and
comparisons to other algorithms and Section 7 summarizes and lists
limitations, extensions and future directions.

2 C2 and polar subdivision literature

A number of algorithms have aimed at complementing and im-
proving the smoothness and shape of Catmull-Clark subdivision at
extraordinary points. [Prautzsch and Umlauf 1998] designed the
�rst bicubic re�nement algorithm that isC2 in a weak sense – ex-
traordinary points have forced zero curvature, resulting in �at-spots.
TURBS [Reif 1998] offeredCk continuity of degree bi-(2k + 2) ;
and [Ying and Zorin 2004] constructedC1 surfaces by blending
polynomial patches with exponentials. [Zulti et al. 2006] adapted
the three-direction box spline to beC2 on an in�nite mesh with a
single extraordinary point. To directly improve the limit surface,
[Levin 2006] perturbed Catmull-Clark surfaces using polynomial-
square-root blending functions between local polynomial patches;
[Zorin 2006] similarly perturbed Loop subdivision surfaces to be
C2 using a blending function that is itself a subdivision surface.

Other techniques improve smoothness by directly converting
meshes to splines. Like TURBS, free-form splines [Prautzsch
1997] built Ck surfaces with degree bi-(2k + 2) . [Peters 2002]
used patches of degree(3; 5) that joinedC2 . [Loop 2004; Loop
and Schaefer 2008] built curvature continuous surfaces from quad
meshes using bi-degree7 patches, setting extra parameters by min-
imizing deviation from bi-degree 3 patches. [Kar�ciauskas and Pe-
ters 2007a; Kar�ciauskas and Peters 2008] introduced guided sub-
division, capable of constructingCk surfaces and in particularC2

surfaces consisting of bi-6 spline rings that ever more closely fol-
low aC2 guide surface. In a report [Kar�ciauskas and Peters 2007b]
show that an increasing number of guide-sampled bi-3 splines per
ring can achieve the sameC2 continuity. Allowing such an increase
is also the crucial ingredient in our approach, but arguably comes
about more naturally in our algorithm.

Other mildly non-stationary algorithms adjust the uniform rules af-
ter each iteration step [Choi et al. 2006], or add tension parameters
to Doo-Sabin subdivision [Zhang and Wang 2002] or to uniform bi-
3 subdivision [Morin et al. 2001] (to produce trigonometric splines
for surfaces of revolution). When the subdivision weights change
with each step, theproximitytechnique of comparing to an auxiliary
subdivision with stationary rules [Wallner and Dyn 2005] can often
be used for analysis. We also compare to an auxiliary subdivision,
but the non-stationarity in our case is not in the subdivision weights
but in the connectivity.

(a) (b) (c)

Figure 4: Avoiding ripples. (a) Convex polar con�guration, (b)
corresponding Catmull-Clark subdivision surface, and (c)C2PS
surface.

[Kar�ciauskas et al. 2006] observed that unintended ripples near
vertices of high valence, such as in Figure 4(b), can be avoided
by switching to algorithms acting on polar con�gurations. Their
jet subdivision algorithm generates �exibleC2 surfaces of degree
(6; 5). Bicubic polar subdivision (BPS) uses much simpler rules,
made compatible with Catmull-Clark subdivision in [Kar�ciauskas
and Peters 2007c; Myles et al. 2008], that yieldC1 bi-3 limit sur-
faces. Figure 5 contrasts the re�nement strategies of BPS, Catmull-
Clark, andC2 polar subdivision. BPS re�nes in a radial direc-
tion only, before applying any re�nement in the periodic direction.
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Figure 6: C2 polar subdivision rules. A polar con�guration (� , solid lines) is re�ned using special rules(1)–(3) to compute the new 0-, 1-,
and 2-link (� anddashed lines). For i > 2, the re�nedi -links are computed via uniform bi-3 subdivision. The weightsbj anddj are de�ned
by (4). Vertices indicated by� are computed using uniform cubic subdivision(5).
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Figure 5: Comparison of re�nement. (top) Catmull-Clark sub-
division (CC) splits every quad directly into four. (middle) Bicubic
polar subdivision (BPS) re�nes in the radial direction repeatedly
(here 3 times) and only then in the periodic direction3� to achieve
the same granularity as Catmull-Clark. (bottom)C2PS re�nes just
like Catmull-Clark away from the polar vertex.

Compatibility with Catmull-Clark extraordinary vertices requires
separate treatment of the two types of con�gurations. In contrast,
C2 polar subdivision re�nes compatibly with Catmull-Clark away
from the polar con�guration (Figure 5,bottom) simplifying a com-
bined implementation as in Figure 2 (c).

3 C2 polar subdivision

A polar con�gurationsurrounds a centralpolar vertexby a fan ofn
triangles, and the fan by, possibly zero, rings of quadrilateral facets
with 4-valent vertices (see Figure 7). We call the collection of ver-
ticesi (radial) edges away from the polar vertex itsi -link. The polar
vertex is its0-link. Listing the polar vertexq0j = q00 repeatedly,
the6n vertices

q := [ q0;0 ; q1;0 ; : : : ; q5;0 ;
q0;1 ; q1;1 ; : : : ; q5;1 ; : : : ;

q0;n � 1 ; q1;n � 1 ; : : : ; q5;n � 1 ]T ;

q 0 j
q 10 q 20 q 30 q 40 q 50

q 11

q 21

q 31

q 41

q 51

q 1 jq 2 jq 3 jq 4 jq 5 j

q 1 ;n –1

q 2 ;n –1

q 3 ;n –1

q 4 ;n –1

q 5 ;n –1

Figure 7: A polar con�guration with polar vertexq00 = q0j of
valencen. Two rings suf�ce to getC2PS started, �ve rings de�ne
a (double) surface ring (see Figure 9) used to formally analyze the
algorithm in the limit.

encode the polar con�guration of Figure 7. We can traverse a
polar con�gurationradially, visiting [q0;j ; q1;j ; : : :] as we move
outwards, orperiodically, circling the polar vertex on ani -link
[q i; 0 ; q i; 1 ; : : : ; q i;n � 1 ]T . The second index,j , is then interpreted
modulon.

Due to its small subdivision stencils,C2 polar subdivision only re-
quires the 0-, 1-, and 2-link, allowing the 2-link to contain an irreg-
ular vertex, such as another extraordinary vertex or a polar vertex.
A polar vertex can be separated from irregular neighbors bylocally
inserting a new link between the1-link and the polar vertex.

Rules ofC2PS (C2 polar subdivision)
With q0 := q, we obtain them+1 times re�ned polar con�guration
qm +1 from qm by the rules (see Figure 6)

qm +1
00 :=

3
4

qm
00 +

1
4nm

n m –1X

h =0

qm
1h (1)

qm +1
1j :=

1
2

qm
00 +

n m –1X

h =0

bh � j
2

qm
1h (2)

qm +1
2j :=

11
12

~qm
1j +

1
12

~qm
2j +

n m –1X

h =0

dh � j
2

qm
1h (3)

wherec� := cos (2�� ), s� := sin (2 �� ), the valence of the polar



vertex at re�nementm is nm := n2m ,

bg :=
1

nm

�
1
2

+ cg=n m +
1
2

c2g=n m

�
;

dg := �
1

6nm
cg=n m ; (4)

and eachi -link ~qm
i of the intermediate polar con�guration~qm is

obtained fromqm
i by uniform degree-3 spline subdivision in the

periodic direction:

~qm
i; 2j :=

1
8

qm
i;j � 1 +

6
8

qm
ij +

1
8

qm
i;j +1

~qm
i; 2j +1 :=

1
2

qm
ij +

1
2

qm
i;j +1 : (5)

For i > 2, the newi -links are determined by uniform bi-3 subdivi-
sion in both directions, the ordinary tensor-product spline subdivi-
sion rules used by Catmull-Clark subdivision.

For example, whenn0 := 6 and thereforen1 = 12 , the once-
re�ned 1-link control points in Figure 6 are de�ned by

q1
10 :=

1
2

q0
00 +

1
6

5X

h =0

�
1
2

+ ch= 6 +
1
2

c2h= 6

�
q0

1h

q1
11 :=

1
2

q0
00 +

1
6

5X

h =0

�
1
2

+ c( h � 1
2 ) =6 +

1
2

c2( h � 1
2 ) =6

�
q0

1h :

4 The intuition underlying C2PS

If we want to avoid shape defects, such as forced zero curvature,
our subdivision must be able to reproduce quadratic functions at
the pole; for example,f (x; y ) = x2 + y2 yielding the paraboloid
(x; y; x 2 + y2). While we can linearly trace out the radial direction
from the polar vertex in the tangentialxy -plane (see disk in Fig-
ure 1(a)), parametricC2 continuity implies that the degree in the
periodic direction can be no less than 3. But then,z = x2 + y2

has periodic degree at least 6 which exceeds the degree of the bi-3
patches in polar layout. This is the gist of the lower bound proofs of
[Prautzsch and Reif 1999a; Prautzsch and Reif 1999b] with the pla-
nar disk playing the role of the characteristic map of the subdivision
algorithm.

What saves the day is the freedom of our algorithm to increase the
valencen ! 1 . Doubling the valence as we re�ne thei -links of
the polar con�guration results in aO( 1

23m ) error in them th sub-
division step when approximatingcos and sin. Becausecos(2t)
andsin(2t) are in the span off cos2(t); cos(t) sin( t); sin2(t)g, ex-
actly as the suf�cient conditions forC2 continuity require [Peters
and Reif 2008, Thm 7.16], this allows subdivision in the limit as
n ! 1 to model the paraboloid as well as hyperbolic saddles
(Figure 1(d–f)) at the pole.

While the above argument gives green light to the possibility of a
C2 subdivision algorithm of periodic degree 3,proving C2 con-
tinuity of non-stationary schemes can be dif�cult. We devise an
auxiliary stationarysubdivision algorithm that can be analyzed by
the established arsenal of techniques and then derive the explicit
second-order Taylor-expansion ofC2PS at the pole by comparison
to this auxiliary algorithm asn ! 1 .

5 Proof of curvature continuity

This formal analysis of curvature continuity is intended for the
specialist. For a more gradual and detailed treatment, see [Myles

2008]. To prove that bi-3C2PS isC2 at the pole, we
– de�ne, in Section 5.2, the auxiliary stationary subdivision algo-
rithm RTS to reproduce any quadratic in the radial direction;
– show, in Section 5.3, that the eigensplines of RTS approximate as
n ! 1 the quadratic (Taylor) basis

T2 := f 1; x; y; x 2 + y2 ; x2 � y2 ; 2xyg:

– leverage this in Section 5.4 to show that the eigensplines ofC2PS
reproduceT2 at the pole; and
– exhibitT2 at the pole explicitly, in Section 5.5.

5.1 Subdivision Basics
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?
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? ?

?

?
? ...

Figure 8: Nested bi-3 spline ringsconverging to the pole (gener-
ated by BPS or RTS subdivision).

As illustrated in Figure 8, the neighborhood of a subdivision pole
consists of an in�nite sequence of spline surface rings generated by
the iterative re�nement process. As we analyze this sequence to de-
rive an explicit Taylor expansion at the pole, it suf�ces to consider
one coordinateq ij 2 R of the limit surfacex =: L (q). We will
superscriptx and the operatorL by C2PS or RTS, when needed.
Below
Zn denotes the integersZ modulon;
Z n the sequence0; 1; : : : ; n � 1;
R1 the realsR modulo 1; and

for integersn,
nX

h

denotes
n � 1X

h =0

.

Thespline ringcorresponding to the 5-linkqm (see Figure 9) is the
map

Gm qm : [2� m ; 4� m ] � R1 ! R;

(Gm qm )( r; � ) :=
5X

i =1

nX

j

qm
ij

�
N ( m )

i (r )
�

N ( n m )
j (� ) (6)

with B-spline control points

qm
ij ; i 2 f 1; 2; 3; 4; 5g; j 2 Zn ; n � 3; (7)

where the radial and the periodic direction of the tensor-product are
uniform degree 3 B-splines (see e.g. [Farin 1997; Prautzsch et al.
2002])

� (radial)
�

N ( m )
i (r ) with knots � m [� 1; 0; 1; 2; 3; 4; 5; 6; 7],

where� := 1
2 .

� (periodic)
�

N ( n )
j (� ) with periodic knots1

n Z n .

Since� = 1
2 , the radial parameter of each spline ring halves after

every subdivision. We note that the periodic direction is parameter-
ized byR1 rather thanR2� and thatGm qm is linear with respect
to qm .

Each coordinatex : [0; 4] � R1 ! R of thepolar limit surface(in
R3) is de�ned piecewise in terms of surface rings

x(r; � )
�
�
r 2 [2 � m ;4� m ]

:= ( Gm qm ) ( r; � ): (8)

The unique limitx (0; � ) is calledpole.
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Figure 9: Each subdivision step generates a new surface ring.
Them-times subdivided polar con�gurationqm de�nes a double
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rameter shrinks by half after each subdivision so thatr 2 [2; 4] for
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5.2 RTS de�nition and analysis

Here we introduce RTS (radial Taylor subdivision), a stationary po-
lar subdivision algorithm whose re�nement action is illustrated in
Figure 3(c,d), the same as BPS, shown in Figure 5,middle. We note
that in Sections 5.2 and 5.3,qm denotes control points generated by
RTS.
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Figure 10: Radial Taylor subdivision (RTS) subdivides strictly
in the radial direction to compute vertices (� ) on the re�ned mesh
(light gray, dashed) as a linear combination of the old mesh (dark
gray, vertices as� ). As inC2PS, uniform degree-3 rules are applied
beyond the re�ned2-link.

De�nition 1 (Radial Taylor subdivision). Radial Taylor subdivi-
sion, or RTS, re�nes ann-sided polar con�gurationqm to then-
sided polar con�gurationqm +1 de�ned by (see Figure 10)

qm +1
00 :=

3
4

qm
00 +

1
4n

nX

h

qm
1h (9)

qm +1
1j :=

1
2

qm
00 +

nX

h

bh � j qm
1h (10)

qm +1
2j :=

11
12

qm
1j +

1
12

qm
2j +

nX

h

dh � j qm
1h (11)

qm +1
3j :=

1
2

qm
1j +

1
2

qm
2j qm +1

4j :=
1
8

qm
1j +

6
8

qm
2j +

1
8

qm
3j

qm +1
5j :=

1
2

qm
2j +

1
2

qm
3j (12)

with bj anddj de�ned in(4). The new3-, 4-, and5-links are deter-
mined by uniform degree 3 re�nement in the radial direction. As in
(8), the limit surfacex RTS consists of nested spline ringsGm qm .

The equations de�ning RTS are intentionally very similar to those
of C2PS ((1)–(3)) since RTS serves as an auxiliary subdivision
whose surface rings will be compared to those ofC2PS.

Distributing the contribution of the polar vertexqm
00 among itsn

copiesqm
0j , j 2 Zn , one can write RTS compactly as a multiplica-

Table 1: The dominant spectrum of RTS. The left (̂w k ) and
right (v̂ k ) eigenvectorŝA to the eigenvalue� k of the Fourier block
� k are normalized so that the related vectorsw k and v k satisfy
w T

k 1
v k 2 = � k 1 k 2 .

k � k � k ŵ T
k (left eigenv.) v̂ T

k (right eigenvector)
0 0 1 1

3 [2; 1; 0; 0; 0; 0] [1; 1; 1; 1; 1; 1]
1 1 1=2 [0; 2; 0; 0; 0; 0] [0; 1; 2; 3; 4; 5]
2 n� 1 1=2 [0; 2; 0; 0; 0; 0] [0; 1; 2; 3; 4; 5]
3 0 1=4 [� 1; 1; 0; 0; 0; 0] 1

3 [� 1; 2; 11; 26; 47; 74]
4 2 1=4 [0; 3; 0; 0; 0; 0] 1

3 [0; 2; 11; 26; 47; 74]
5 n� 2 1=4 [0; 3; 0; 0; 0; 0] 1

3 [0; 2; 11; 26; 47; 74]

tion by a6n � 6n block-circulant subdivision matrixA:

qm +1 = Aqm ; where (13)

A :=

2

6
6
4

A0 A1 � � � An � 1

An � 1 A0 � � � An � 2

...
. . .

...
A1 � � � An � 1 A0

3

7
7
5 ;

A0 :=

2

6
6
6
6
4

3
4n

1
4n 0 0 0 0

1
2n b0 0 0 0 0

0 11
12 + d0

1
12 0 0 0

0 1
2

1
2 0 0 0

0 1
8

3
4

1
8 0 0

0 0 1
2

1
2 0 0

3

7
7
7
7
5
; A j

( j 6=0)
:=

2

6
6
4

3
4n

1
4n 0 0 0 0

1
2n bj 0 0 0 0
0 dj 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

3

7
7
5 :

Only the �rst 3� 3 block of the subdivision matrix has non-standard
weights. The remainder applies uniform degree-3 spline subdi-
vision in the radial direction. Since we are interested in the be-
havior of the algorithm for high polar valences, we stipulate that
n � 5. This guarantees at least �ve non-overlapping blocksA j ,
j 2 f 0; 1; 2; n � 2; n � 1g, along the diagonal. To facilitate spec-
tral analysis, the block circulantA is block diagonalized via the
discrete Fourier transform to

Â :=

2

6
6
6
4

Â0 0 � � � 0
0 Â1 0
...

.. .
...

0 � � � 0 Ân � 1

3

7
7
7
5

; Â � :=
nX

j

! � j� A j ;

with ! := exp
�

2�
p

� 1
n

�
and� 2 Zn . The Fourier blocks simplify

to

Â0 =

2

6
6
6
6
4

3
4

1
4 0 0 0 0

1
2

1
2 0 0 0 0

0 11
12

1
12 0 0 0

0 1
2

1
2 0 0 0

0 1
8

3
4

1
8 0 0

0 0 1
2

1
2 0 0

3

7
7
7
7
5

; Â �
( � 6=0)

= Ân � � =

2

6
6
6
4

0 0 0 0 0 0
0 b̂� 0 0 0 0
0 11

12 + d̂�
1

12 0 0 0

0 1
2

1
2 0 0 0

0 1
8

3
4

1
8 0 0

0 0 1
2

1
2 0 0

3

7
7
7
5

;

b̂� :=
nX

j

! � j� bj =

8
<

:

1
2 if � 2 f 0; 1; n � 1g
1
4 if � 2 f 2; n � 2g
0 otherwise,

d̂� :=
nX

j

! � j� dj =
�

� 1
12 if � 2 f 1; n � 1g
0 otherwise.

Table 1 enumerates the absolute largest six eigenvalues ofÂ ,

(� 0 ; � 1 ; : : : ; � 5) = (1 ; �; �; �; �; � ); � :=
1
2

; � := � 2 ;



with � > j� k j for k > 5. The Fourier blockÂ0 contributes� 0

and� 3 , while Â1 = Ân � 1 andÂ2 = Ân � 2 contribute� 1 = � 2

and� 4 = � 5 , respectively. The suf�cient conditions forC2 con-
tinuity [Peters and Reif 2008, Section 7.1] require examining the
eigenvectors and to show that they reproduce the Taylor expansion.

For � k 2 Zn and the eigenvalue� k contributed byÂ � k , let
v̂ k 2 R6 andŵ k 2 R6 denote, respectively, its right and left eigen-
vectors. The corresponding eigenvectorv k 2 R6n of A is a polar
con�guration and may be computed from̂v k via the inverse Fourier
transform as

(v k ) ij := ( v̂ k ) i opk

�
j
n

�
; (14)

opk (� ) :=
�

c� k � if � k � n
2

� s� k � otherwise,

i.e. (op0(� ); op1(� ); : : : ; op5(� )) = (1 ; c� ; s� ; 1; c2� ; s2� ) : With
v̂ 1 = v̂ 2 = [0 ; 1; 2; 3; 4; 5] from Â � 1 = Â � 2 ,

(v 1) ij := ( v̂ 1) i cj=n and (v 2) ij := ( v̂ 1) i sj=n

are thex- andy-coordinates of the control net de�ning thechar-
acteristic spline� [Peters and Reif 2008, Section 5.2]. Theeigen-
spline ek := L (v k ) denotes the limit function ofv k , and� :=
(e1 ; e2) the characteristic spline. Figure 9 (and the saucer-like disks
in Figure 1 a,b,c) illustrate this control net and spline. Injectivity
and regularity of� are easy to verify, guaranteeing aC1 surface for
generic input data. Together with the required spectral contribution
described in the previous paragraph, this implies limit surfaces of
bounded curvature.

For stationary schemes, the leap from bounded curvature toC2 re-
quires, additionally, thate3 , e4 , ande5 contribute no more than
the homogeneous quadratics of the Taylor basis in characteristic
parameterization:spanf e3 ; e4 ; e5g � spanf e2

1 ; e2
2 ; e1e2g [Peters

and Reif 2008, Section 7.3]. Since functions quadratic in� have
periodic degree 6, a stationary bi-3 algorithm can only satisfy the
constraint whene3 = e4 = e5 = 0 .

5.3 Taylor basis reproduction by RTS

By (14), we can split the eigensplinesek into radial and periodic
factors. We denote the radial eigensplineêk as the limit curve of
v̂ k , de�ned piecewise as

êk (r )
�
�
r 2 [2 � m ;4� m ]

:=
�

Ĝm

�
Âm

� k
v̂ k

��
(r ) (15)

where the operator̂Gm is a simpler version of the operatorGm that
works strictly in the radial direction. For some vectoru 2 R6 ,
Ĝm u : [2� m ; 4� m ] ! R is the degree 3 spline de�ned by the
B-spline control pointsu i , with i 2 f 1; 2; 3; 4; 5g:

�
Ĝm u

�
(r ) :=

5X

i =1

u i
�

N ( m )
i (r ): (16)

Like Gm , the operator̂Gm is linear with respect to its parameteru.

We use the operator

Bn : u 7!
nX

j

u
�

j
n

�
�

N ( n )
j (17)

that uniformly samples any functionu : R ! R and interprets the
samples as the control points of a uniform periodic spline.

Lemma 1. The eigensplineek factors according to

ek (r; � ) = êk (r ) B n opk (� ) (18)

Proof. For r 2 [2� m ; 4� m ], ek (r; � )
(8)
:= ( Gm v m

k ) ( r; � )

(6)
=
(13)

5X

i =1

nX

j

�
Am v k| {z }
� m

k v k

�
ij

�
N ( m )

i (r )
�

N ( n )
j (� )

(14)
=

5X

i =1

nX

j

�
� m

k v̂ k| {z }
Â m

� k
( v̂ k )

�
i

opk

�
j
n

�
�

N ( m )
i (r )

�
N ( n )

j (� )

=

 
5X

i =1

�
Âm

� k
(v̂ k )

�

i

�
N ( m )

i (r )

!  
nX

j

opk

�
j
n

�
�

N ( n )
j (� )

!

(16)
=

�
Ĝm

�
Âm

� k
(v̂ k )

��
(r ) B n opk (� )

(15)
= êk (r ) B n opk (� )

The factorization (18) makes it evident thatek , like opk , is peri-
odic in � with a period of 1

� k
, which is a direct consequence of

v k having frequency mode� k . And, since operatorsGm andĜm

are linear, eigensplines and radial eigensplines inherit the scaling
property

ek (�r; � ) = � k ek (r; � ) and êk (�r ) = � k êk (r ) (19)

that allows characterizing the �rst six radial eigensplines in the fol-
lowing key lemma.
Lemma 2(Radial Taylor basis reproduction). For r 2 [0; 4],

ê0(r ) = 1 (20)
ê1(r ) = ê2(r ) = r (21)

ê3(r ) = ê4(r ) = ê5(r ) = r 2 (22)

êk (r ) = o( r 2) asr ! 0 for k > 5 (23)

which imply, by Lemma 1, that

e0(r; � ) = 1 ; e1(r; � ) = r Bn c� ; e2(r; � ) = r Bn s� ;
e3(r; � ) = r 2 ; e4(r; � ) = r 2 Bn c2� ; e5(r; � ) = r 2 Bn s2�

ek (r; � ) = o( r 2) asr ! 0 for k > 5;

whereBn c�� means(B n(
 7! c�
 )) ( � ), i.e. the operatorBn is
applied to the function
 7! c�
 := cos(2��
 ), and the result-
ing spline is evaluated at� . Analogously,(B n(
 7! s�
 )) ( � ) is
shortened toBn s�� .

Proof. The subdivision matrixA of RTS was speci�cally con-
structed to enable this lemma. The right eigenvectors ofA listed
in Table 1, interpreted as degree 3 B-spline control points, repro-
duce constant (fork = 0 ), linear (fork = 1 ; 2), and quadratic (for
k = 3 ; 4; 5) polynomials respectively forr 2 [2; 4]. The scaling
relation (19) then implies (20), (21), and (22), i.e. reproduction of
the polynomial on[0; 4]. Whenk > 5, using�r := r

� m and restrict-
ing r 2 [2� m ; 4� m ] (i.e. bounding�r 2 [2; 4] away from 0 and1 )
gives (23):

êk (r ) = êk (� m �r )
(19)
= � m

k êk (�r ) = o( � m )êk (�r )

= o( � m ) = o( � m �r 2) = o
�
(� m �r )2 �

= o( r 2):



To reproduce the bivariate Taylor basis in polar parameterization,
also the periodic direction must have the correct form. The follow-
ing lemma states that this is achieved whenn ! 1 .
Lemma 3. Let v [n ]

k be the eigenvector corresponding to a polar
vertex of valencen, ande[n ]

k its limit function. Then

e[n ]
k (r; � ) � êk (r ) opk (� ) = O

�
1

n2

�
; (24)

implying thate[1 ]
k (r; � ) := lim n !1 e[n ]

k (r; � ) = êk (r ) opk (� ).

Proof. By Lemma 1, noting that̂ek (r ) is independent of the va-
lence,

e[n ]
k (r; � ) � êk (r ) opk (� ) = êk (r ) (B n opk (� ) � opk (� )) :

Since the linear interpolant ofopk (� ) is the control polygon of
Bn opk (� ), we can prove the lemma via the triangle inequality by
bounding the distance between

1. Bn opk (� ) and its control polygon, and

2. opk (� ) and its linear interpolant.

1. For uniform degree 3 splines with control points[q ij ]n � 1
j =0 , the

distance between the control polygon and the spline is proportional
to the second differences of the control pointsq ij = op k

� j
n

�
[Lut-

terkort and Peters 2001]:

1
6

max
j

fj q i;j � 1 � 2q ij + q i;j +1 jg

=
1
3

max
j

� �
�
�
�opk

�
j
n

� �
�
�
�
�
� � c� k =n � 1

� �
�
�

j op k ( � ) j � 1

�
1
3

max
j

�
1 � c� k =n

	 Taylor
=

expan.
O

�
� 2

k

n2

�
= O

�
1

n2

�
:

2. For a C2 function f : [a; b] 2 R ! R, a Taylor ex-
pansion ata shows that a piecewise linear interpolant with dis-
tance 1

n between breakpoints approximatesf with a deviation of
O

�
1

n 2 max[a;b ] f f 00g
�
. Consequently, the piecewise linear inter-

polant toopk (� ) convergesO
�

� 2
k

n 2

�
= O

�
1

n 2

�
.

Lemma 3 implies reproduction of the polar Taylor expansion up to
degree 2 in the limit:
�

e[1 ]
0 ; e[1 ]

1 ; : : : ; e[1 ]
5

�
(r; � ) = (1 ; rc � ; rs � ; r 2 ; r 2c2� ; r 2s2� ):

Below, we showC2PS to behave similarly at the pole.

5.4 Taylor basis reproduction by C2PS

To compare RTS andC2PS, we eigen-expand

q =
6nX

k

p k v k ) x RTS (r; � ) =
6nX

k

p k ek (r; � ): (25)

If w k is the left eigenvector ofA satisfyingw T
k 1

v k 2 = � k 1 k 2 the
eigencoef�cientsare de�ned byp k := w T

k q [Peters and Reif 2008,
Section 4.6]. This eigenvectorw k is computed via inverse Fourier
transform from the left eigenvector̂w k of A � k , yielding

p k := w T
k q =

6X

i

nX

j

1
n

(ŵ k ) i opk

�
j
n

�

| {z }
( w k ) ij

q ij : (26)

Speci�cally, for k 2 Z6 (seeŵ T
k in Table 1),

� := 2
3

p0 := � q00 + 1� �
n

P n
j q1j ; p3 := �

 

� q00 +
1
n

nX

j

q1j

!

;

p1 := 2
n

P n
j cj=n q1j ; p4 :=

1
n

nX

j

c2j=n q1j ;

p2 := 2
n

P n
j sj=n q1j ; p5 :=

1
n

nX

j

s2j=n q1j (27)

and

pm
k := w T

k qm = w T
k (Am q) = ( w T

k Am )q = � m
k w T

k q = � m
k p k :

Consequently,

Am q =
6nX

k

pm
k v k

(Am q) ij = p0 + � m (v̂ 1) i
�
p1cj=n + p2sj=n

�
(28)

+ � m�
(v̂ 3) i p3 + ( v̂ 4) i

�
p4c2j=n + p5s2j=n

��
+ o( � m)

for i 2 Z6 and� 2 1
n Zn . Substitutingp k 2 Z6 in (28) shows that

theo(� m ) term isidentically 0for eachi 2 Z6 . Hence, this formu-
lation can serve as an alternative de�nition of RTS.

To compare withC2PS, we de�ne its re�nement operator.
De�nition 2 (C2 polar subdivision operator). The operatorT ap-
plies the rules(1)–(3) and the degree 3 subdivision rules

qm +1
3j :=

1
2

~qm
1j +

1
2

~qm
2j qm +1

5j :=
1
2

~qm
2j +

1
2

~qm
3j

qm +1
4j :=

1
8

~qm
1j +

6
8

~qm
2j +

1
8

~qm
3j : (29)

to re�ne annm -sided polar con�gurationqm to a2nm -sided polar
con�guration qm +1 := T qm . The corresponding limit surface
x C 2 P S is piecewise de�ned by(8).

The Appendix proves that

T m q =
6nX

k

pm
k v k

(T m q) ij = p0 + � m (v̂ 1) i
�
p1cj=n + p2sj=n

�
(30)

+ � m�
(v̂ 3) i p3 + ( v̂ 4) i

�
p4c2j=n + p5s2j=n

��
+ O

�
1

8m

�

and theO
�

1
8m

�
term is 0 fori 2 f 0; 1g. The expansion (28) and

(30) invite comparison ofAm q (for RTS) with T m q (for C2PS).
We note thatA has6n columns.
Lemma 4. Let v k , k 2 Z6n 0 , be thek th eigenvector of RTS with
polar valencen0 . Then theeigensplinef k := L C 2 PS (v k ) of C2PS
converges toe[1 ]

k at the pole:

�
� f k (r; � ) � e[1 ]

k (r; � )
�
�
r 2 [2 � m ;4� m ]

= o ( � m ) (31)

For k = 0 , the right-hand-side is identically 0.

Proof. For k = 0 , f 0(r; � ) = 1 = e[1 ]
0 (r; � ) since both RTS

and C2PS are af�ne invariant. Fork > 0, j� k j � � and r 2



[2� m ; 4� m ], �r := r
� m ,

E :=
�
�
� f k (r; � ) � e[1 ]

k (r; � )
�
�
� =

�
�
� f k (� m �r; � ) � e[1 ]

k (� m �r; � )
�
�
�

�
�
�
� f k (� m �r; � ) � e[n m ]

k (� m �r; � )
�
�
�

+
�
�
�e[n m ]

k (� m �r; � ) � e[1 ]
k (� m �r; � )

�
�
�

(8)
=

�
�
�Gm T m (v [n 0 ]

k )(�r; � ) � Gm Am (v [n m ]
k )(�r; � )

�
�
�

| {z }
BothT m v

[n 0 ]
k andA m v [n m ]

k have valencen m ; G m is linear

+ � m
k|{z}

O( � m )

�
�e[n m ]

k (�r; � ) � e[1 ]
k (�r; � )

�
�

| {z }

Lem. 3: O
�

1
n 2

m

�
=O ( 1

4m )

=
�
�
�Gm (T m (v [n 0 ]

k ) � Am (v [n m ]
k ))(�r; � )

�
�
� + O

�
1

8m

�
:

By (26), for h 2 Z6 , ph = � hk whenq = v [n 0 ]
k or q = v [n m ]

k .
Therefore the �rst six eigencoef�cients ofq = v [n 0 ]

k and q =
v [n m ]

k match andT m (v [n 0 ]
k ) andAm (v [n m ]

k ) in (30) and (28) differ
by o (� m ). ThereforeE = o ( � m ).

Since Lemma 3 shows thate[1 ]
k (r; � ) of RTS reproduces the

second-order Taylor basis, Lemma 4 implies thatf k (r; � ), too, re-
produces this basis once it reaches the pole atm ! 1 .

5.5 Curvature continuity of C2PS surfaces

We can now give the second-order Taylor expansion at the pole,
proving curvature continuity ofC2PS.
Theorem 1. For generic dataq, C2PS surfaces areC2 at the pole.

Proof. As in (25), a polar con�gurationq0 of valencen0 can be
written as the following linear combination of the eigenvectors,
v [n 0 ]

k , k 2 Z6n 0 .

q0
ij =

6n 0X

k

p k (v [n 0 ]
k ) ij ) x C 2 PS (r; � ) =

6n 0X

k

p k f k (r; � ):

We examine the sequence

x C 2 PS (r; � )
�
�
r 2 [2 � m ;4� m ]

(8)
=

�
Gm T m q0 �

(r; � )

of spline rings that approach the pole. Sincer� m 2 [2; 4], r
� m

is bounded away from0 and 1 , so thato (� m ) = o
�
� 2m �

=
o

�
( r

� m )2 � 2m �
= o

�
r 2 �

. Thus, forr 2 [2� m ; 4� m ],

x C 2 PS (r; � ) =
6n 0X

k

p k f k (r; � ) Lem.=
4

6n 0X

k

p k e[1 ]
k (r; � ) + o( � m )

= p0 e[1 ]
0 (r; � ) +

�
p1 e[1 ]

1 (r; � ) + p2 e[1 ]
2 (r; � )

�

+
�

p3 e[1 ]
3 (r; � ) + p4 e[1 ]

4 (r; � ) + p5 e[1 ]
5 (r; � )

�

+
6n 0X

k =6

p k e[1 ]
k (r; � ) + o

�
r 2 �

Lem.=
2 & 3

p0 + r (p1c� + p2s� ) + r 2 (p3 + p4c2� + p5s2� ) + o
�
r 2 �

Input RTS C2PS

Figure 12: Polar con�guration of valence 20. Limit surfaces and
Gaussian curvature distributions (dark blue is near-zero curvature)
of RTS andC2PS are similar for large polar valences.

Restricting
p

x2 + y2 to [2� m ; 4� m ], a change to Cartesian coor-
dinates

(rc � ; rs � ) ! (x; y ); x C 2 PS (r; � ) ! x C 2 PS (x; y )

yields

x C 2 PS (x; y ) = p0 + p1x + p2y + p3(x2 + y2)

+ p4(x2 � y2) + p5(2xy ) + o
�
x2 + y2 �

;
(32)

an explicit second-order expansion at the pole whenm ! 1 .
Therefore the construction isC2 .

That is,p0 is the limit point,p1 andp2 span the tangent plane and
p3 , p4 andp5 determine the quadratic variation at the pole.

6 Results

Figure 11 comparesC2 polar Jet subdivision [Kar�ciauskas et al.
2006], RTS, andC2PS. We do not compare with BPS [Kar�ciauskas
and Peters 2007c] since its surfaces appear qualitatively no differ-
ent from RTS for �nite valence. To avoid curvature �uctuations in
the �rst and second spline rings as observed in Figure 11(a-b), the
re�ned 2-link for RTS andC2PS is computed by uniform (bi-)3 re-
�nement for the �rst subdivision step (Figure 11(c-e)). For RTS,
this is equivalent to applying one step of BPS.

Side-by-side comparison reveals then-sidedness of Jet subdivision
and RTS surfaces in the periodic direction.C2PS distributes the
curvature without preferredperiodicdirection. In theradial direc-
tion, both Jet subdivision andC2PS distribute the curvature more
evenly than RTS, yielding rounder silhouettes. In short, the bi-3
C2PS compares favorably with Jet subdivision, although Jet sub-
division uses degree(6; 5) patches and is more complex to imple-
ment.

Figure 12 con�rms that RTS andC2PS limit surfaces are similar for
high valences. In some constructions, curvature continuity comes
at the cost of macroscopic shape deterioration, even though the mi-
croscopic shape is improved. Figure 13 testsC2PS against various
challenging con�gurations. The smooth highlight lines attest to the
surface quality in the vicinity of the pole, even on higher-order sad-
dles.

7 Summary, Limitation, and Future Work

We introducedC2PS, a subdivision algorithm that produces bi-3
polar caps that areC2 also at the pole. The algorithm employs in-
creasing valence but stationary weights for a given valence, making
it easy to implement and naturally capable of handling high polar
valences. We formally analyzedC2PS with the help of an auxiliary
C2 stationary scheme (RTS withn ! 1 ) and were able to obtain
the explicit quadratic Taylor expansion (32). This allows comput-
ing any intrinsic properties of the surface at the pole. Particularly,



Jet
(6,5) initialization not applicable

RTS
(bi-3)

C2PS
(bi-3)

uninitialized spline rings bi-3 initialized 2-link

(a) (b) (c) (d) (e) (f)

Figure 11: Comparison of Jet subdivision, RTS, andC2PS. (c) Spline surface rings of the limit surfaces (b, d) and Gauss curvature (a,
e) where dark blue indicates zero Gauss curvature. Initialization by applying uniform bi-3 subdivision for the2-link in the �rst step (c,
d, e) yields a more monotone curvature distribution and smoother silhouettethan direct application (left two). (f) Gauss curvature of Jet
subdivision and RTS reveal then-sidedness of the input.

it provides the limit pointp0 of the polar vertex explicitly via (27).
The limit formulas of1-link vertices are computed by subdividing
once and applying the standard rule for evaluating a bi-3 spline at a
knot-line crossing.

We note for implementation that vertex/facet lists or half-edge data
structures scale to arbitrary valence. Therefore, we need not be
concerned that the mesh size near the polar vertex doubles as the
mesh re�nes at the same rate as for Catmull-Clark subdivision.

Clearly the main limitation ofC2PS is its restriction to polar con�g-
urations. Figure 14 shows that inserting 5-valent extraordinary ver-
tices (Figure 14(a)) or pentagons (Figure 14(c)) reduces Catmull-
Clark extraordinary vertices to polar con�gurations. Special rules
for valence 5 can then yield a globallyC2 subdivision surface.
However, the number of extraordinary regions is increased and we
have not yet explored under what conditions such rules result in
good shape.

One concern with standard local mesh averaging subdivision is a
lack of curvature information near extraordinary vertices.C2P S
is a (�rst) local mesh averaging subdivision that provides this in-
formation explicitly. In fact, the framework can in principle yield
higher-order, e.g. aC3 bi-4 polar scheme. To apply the proof tech-
nique, we need to establisho(r 3) = o( � 3m ) bounds on the devia-
tion from an auxiliaryC3 subdivision algorithm. The key technical
challenge here is that the deviation contributed by piecewise-linear
approximations to cosines and sines in the Appendix and the proof
of Lemma 3 cannot be reduced simply by choosing a higher-degree
construction.
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A Reformulation of C2PS in eigenspace

We expandC2PS in terms of its eigencoef�cients to prove in Sec-
tion A.1 thatpm

k = � m
k p k . In Section A.2, we use this to prove the

crucial expansion estimate (30).

In this Appendix,qm is generated byC2PS. That is,qm := T m q
and pm

k := w T
k qm . For a degree 3 spline with knotst :=

[t0 ; t1 ; : : : ; t n +3 ] and control pointsb := [ b0 ; b1 ; : : : ; bn � 1 ], the
Greville abscissat �

i := 1
3 (t i +1 + t i +2 + t i +3 ) is the domain param-

eter associated with each control pointbi . We index with Greville
abscissa, e.g.qm

i; [j=n m ] := qm
ij , sinceqm de�nes a spline surface

ring whose Greville abscissa sequence in the periodic direction is
1

n m
Z n m . Also,Fn := 1

n Zn � R1 and,

for setsS,
SX

�

denotes
X

� 2 S

.

A.1 Scaling of eigencoef�cients

Lemma 5. For C2PS andk 2 Z6 , pm
k = � m

k p k .

Proof. Since the other cases are alike, we show only the casek =
1. The casem = 0 of our proof by induction is trivially true. For
the inductive step, we assumepm

1 = � m
1 p1 and show that this

scaling holds forpm +1
1 as well.

By the addition rule for sine and cosine and the orthogonality of the
discrete Fourier basis,

1
2n

F2nX




ca1 ( 
 � � )
1
n

FnX

�

ca2 ( � � 
 ) q i; [� ] =

8
<

:

1
n

P Fn
� q i; [� ] if a1 = a2 = 0

1
2n

P Fn
� ca1 ( � � � ) q i; [� ] if a1 = � a2 6= 0

0 otherwise
(33)

and
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1
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 ) q i; [� ] =

�
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P Fn
� sa1 ( � � 2) q i; [� ] if a1 = � a2 6= 0

0 otherwise,

so that
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2
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�

c� qm
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1
2

pm
1 = � 1pm

1 = � m +1
1 p1 ;

completes the induction step.

A.2 C2PS in terms of the eigencoef�cients

Here, we establish (30). A check mark (4 ) indicates that one of
these equations has been proved. We expressqm

00 andqm
1j in terms

of the eigencoef�cients:

qm +1
00
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3
4

qm
00 +

1
4nm

Fn mX
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1
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(pm
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1
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(pm
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4 c2� + pm
5 s2� )

Lemma 5 = p0 + � m +1 (p1c� + p2s� )

4 +
2� m +1

3
(p3 + p4c2� + p5s2� ) ; (35)

and observe
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=
(27)
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3
(p1c� + p2s� ): (36)

The expressions for the four outer linksq2 , q3 , q4 , andq5 are more
complex due to the degree-3 subdivision (5) in the periodic direc-
tion. Fortunately, only the dominant terms are needed and we can
use the fact that every point on a degree 3 spline is an af�ne com-
bination of the four B-spline control points parametrically closest
to it. We capture this formally by de�ning an equivalence class of
af�ne combinations.
De�nition 3 (a� 4

[
 ] ). Let u :=
h
u[ 0

n ]; : : : ; u[ n � 1
n ]

i
be a vector

of n B-spline control points (indexed by their Greville abscissae
1
n apart) of a periodic uniform degree 3 spline with knot sequence
1
n Z n . The equivalence classa� 4

[
 ] (u) of all local af�ne combina-
tions centered at
 is de�ned as
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control points whose Greville
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 g are closest to

 , or have weightug = 0 if
they tie for fourth place.

9
>>>>>=

>>>>>;

Since adjacent Greville abscissae differ by1
n , the weights in

a� 4
[
 ] (u) are such thatj
 g � 
 j < 2

n if ug 6= 0 .

Recall from (5) that the control points in each subdividedi -link ~qm
i

are af�ne combinations of control points in thei -link qm
i under de-

gree 3 B-spline rules. Since re�nements onu remain ina� 4
[
 ] (u),

we can estimate the multitude of af�ne combinations arising in the
analysis ofC2PS in terms of af�ne combinations of trigonometric
functions.
Lemma 6. If u := [op k ( g
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as claimed.

Case 3:u 
 = � s� k 
 , � k 6= 0

Estimates analogous to Case 2 prove~u [
 ] = � s� k 
 +O
�

� 2
k

n 2

�
.

Equipped with Lemma 6, we can now estimateqm
2;[� ] by describing
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Equation (38) describes the seta� 4
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Sinceqm
2;[� ] 2 a� 4

[� ] (q
m
2 ), it too is described by (39), proving (30)

for i = 2 .
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proving (30) fori = 3 . The �nal two casesi 2 f 4; 5g are shown
similarly.


