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Figure 1: Making C2 subdivision work with degree bi-3 (left: a,b,c) Stationary degree bi-3 subdivision cannotfeat a central point

of xed valencen since this requires that the subsubdomineaigienspliness, e4, es (curved yellow and red paraboloid and sadjiie®
quadratic in the characteristic subdominant eigensplines: ( e1; e2) (bottom planar diskand therefore thaés, es andes are of degree

6 or higher in the periodic direction. (right: d,e,f) Increasing the valemcé 1  of a degree bi-3 subdivision algorithm in each step,
however, allows enforcing the requireméntthe limit, yielding a well-de ned quadratic Taylor expansion.  (left: a,b,c) Thatoul nets
(blackn=6-valent polar con gurations) represent the eigenvectogs k = 1;:::;5. (right: d,e,f) Asn I 1 | the vectors/y converge to
periodic curvesif blacK. (a—f) The radial eigenvecto, of the Fourier transform are control lines indicated by The corresponding
radial eigenspline®y are shown agellow and red curves

Abstract vision, surface, non-stationary

Popular subdivision algorithms like Catmull-Clark and Loop are 1
C? almost everywhere, but suffer from shape artifacts and reduced
smoothness exactly near the so-called “extraordinary vertices” that . ) .
motivate their use. Subdivision theory explains that inherently, A funda_meljtal question when modeling geometry, dating back to
for standard stationary subdivision algorithms, curvature-continuity the publication of the Catmull-Clark algorithm more than 30 years
and the ability to model all quadratic shapes requires a degree of at2go [Catmull and Clark 1978], is whether there exists a re nement
least bi-6. The existence of a simple-to-implem@Atsubdivision algorithm for polyhedral meshes withGf' limit surface consisting
algorithm generating surfaces of good shape and piecewise degre®f bi-degree 3 surface pieces only. Differently put, can we devise
bi-3 in the polar setting is therefore a welcome surprise. This paper & Surface representation that generalizes the widely usedC8i-3
presents such an algorithm, the underlying insights, and a detailedSPlines to a non-tensor-product layout, where more or fewer than
analysis. In bi-3C2 polar subdivision the weights depend, as in four polynomial patches meet at a given (extraordinary) point, with-
standard schemes, only on the valence, but the valence at one cerut increasing the polynomial degree of the pieces above three? The

tral polar vertex increases to match Catmull-Clark-re nement. landmark papers [Prautzsch and Reif 1999a; Prautzsch and Reif
1999b] proved that no such algorithm can exist in the Catmull-

Clark setting, no matter how complex the stationary subdivision
rules. Our paper proves that a bi-3 algorithm does exist for polar
con gurations and the algorithm hasmple rules

Introduction

CR Categories: 1.3.5 [Computer Graphics]: Computational Ge-
ometry and Object Modeling—Curve, surface, solid, and object
representations

S ) ) ~ Bi-3 C? polar subdivision C2PS) needs not obey the degree-6
Keywords: bicubic, bi-3,C*, curvature continuous, polar, subdi-  |ower bound of stationary algorithms, since it doubles the valence
- - at some isolated vertices, as shown in Figure 3(c,e). Unlike non-
e-ma!l: ?myles_@C'Se-U -edu stationary schemes that change re nement masks while keeping va-
Ye-mail: jorg@cise.u .edu lence constantC2PS rules rely neither on projection nor on auxil-
iary data that encodes state. The averaging weights depend only on
the local connectivity. Therefor€2PS is as easy to describe and
implement as standard stationary algorithms (see rules (1)—(3) on

page 3).

Polar con gurationswere introduced in [Kariauskas et al. 2006] to
cope with situations where vertices of high valence occur naturally
such as illustrated in Figure 2. polar con gurationis a triangle

fan surrounded by rings of quadrilaterals with 4-valent vertices (see
Figure 3(c)). The fan center is tip®lar vertexand its limit point is
calledpole
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Figure 2: (top) Polar con gurations: (a) globe, (b) mushroom,
(c) nger tips; (middle) C>PS subdivision; (bottomE2PS limit
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Figure 3: Connectivity. Catmull-Clark re nement (a) to (b) re-
tains the valence at the central point. (c) Polar con gurations can
be re ned by (d) BPS, a stationary algorithm or, by @jPS, which
doubles the polar valence.

The contributionof this paper is then two-fold. For graphics mod-
eling practice, we provide a mesh re nement algorithm for polar
con gurations that

— has simple rules;

— re nes the mesh compatibly with Catmull-Clark subdivision;
— works well for high valences;

— constructs a surface that@ also at the pole;

— is piecewise of degree bi-3; and

— allows modeling any quadratic shape at the pole.

For modeling theory,

— we propose algorithms that allow increasing valence; and

— provide the intuition and a rigorous analysis of one instance.

In fact, while the algorithm is easily described in a few lines on page
3, we devote a large part of the paper to convey the proof idea and

to formally prove curvature continuity via an auxiliary subdivision
scheme.

The paper is organized as follows. Section 3 de G&spolar sub-

2 C? and polar subdivision literature

A number of algorithms have aimed at complementing and im-
proving the smoothness and shape of Catmull-Clark subdivision at
extraordinary points. [Prautzsch and Umlauf 1998] designed the
rst bicubic re nement algorithm that i<? in a weak sense — ex-
traordinary points have forced zero curvature, resulting in at-spots.
TURBS [Reif 1998] offeredC¥ continuity of degree b{2k + 2) ;

and [Ying and Zorin 2004] constructe@® surfaces by blending
polynomial patches with exponentials. [Zulti et al. 2006] adapted
the three-direction box spline to I* on an in nite mesh with a
single extraordinary point. To directly improve the limit surface,
[Levin 2006] perturbed Catmull-Clark surfaces using polynomial-
square-root blending functions between local polynomial patches;
[Zorin 2006] similarly perturbed Loop subdivision surfaces to be
C? using a blending function that is itself a subdivision surface.

Other techniques improve smoothness by directly converting
meshes to splines. Like TURBS, free-form splines [Prautzsch
1997] built C*¥ surfaces with degree 2k + 2) . [Peters 2002]
used patches of degr¢®; 5) that joinedC2. [Loop 2004; Loop

and Schaefer 2008] built curvature continuous surfaces from quad
meshes using bi-degr@eatches, setting extra parameters by min-
imizing deviation from bi-degree 3 patches. [Kguskas and Pe-
ters 2007a; Kariauskas and Peters 2008] introduced guided sub-
division, capable of constructing* surfaces and in particul&?
surfaces consisting of bi-6 spline rings that ever more closely fol-
low aC? guide surface. In a report [Keiauskas and Peters 2007b]
show that an increasing number of guide-sampled bi-3 splines per
ring can achieve the san®# continuity. Allowing such an increase

is also the crucial ingredient in our approach, but arguably comes
about more naturally in our algorithm.

Other mildly non-stationary algorithms adjust the uniform rules af-
ter each iteration step [Choi et al. 2006], or add tension parameters
to Doo-Sabin subdivision [Zhang and Wang 2002] or to uniform bi-

3 subdivision [Morin et al. 2001] (to produce trigonometric splines
for surfaces of revolution). When the subdivision weights change
with each step, thproximitytechnique of comparing to an auxiliary
subdivision with stationary rules [Wallner and Dyn 2005] can often
be used for analysis. We also compare to an auxiliary subdivision,
but the non-stationarity in our case is not in the subdivision weights
but in the connectivity.

@ (©

Figure 4: Avoiding ripples. (a) Convex polar con guration, (b)
corresponding Catmull-Clark subdivision surface, and @3PS
surface.

(b)

[Karciauskas et al. 2006] observed that unintended ripples near
vertices of high valence, such as in Figure 4(b), can be avoided
by switching to algorithms acting on polar con gurations. Their
jet subdivision algorithm generates exib@? surfaces of degree
(6;5). Bicubic polar subdivision (BPS) uses much simpler rules,

division. This section has all the information needed to implement made compatible with Catmull-Clark subdivision in [K&uskas

the algorithm. Section 4 presents the underlying ideas and Sectionand Peters 2007c; Myles et al. 2008], that yi€lt bi-3 limit sur-

5 a detailed analysis for the specialist. Section 6 reports tests andfaces. Figure 5 contrasts the re nement strategies of BPS, Catmull-
comparisons to other algorithms and Section 7 summarizes and listsClark, andC? polar subdivision. BPS re nes in a radial direc-

limitations, extensions and future directions.

tion only, before applying any re nement in the periodic direction.
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Figure 6: C? polar subdivision rules. A polar con guration ( , solid lineg is re ned using special rule&l}~3) to compute the new 0-, 1-,
and 2-link ( anddashed lings Fori > 2, the re nedi-links are computed via uniform bi-3 subdivision. The weidhtandd; are de ned
by (4). Vertices indicated by are computed using uniform cubic subdivisi®)

Figure 5: Comparison of re nement. (top) Catmull-Clark sub-
division (CC) splits every quad directly into four. (middle) Bicubic
polar subdivision (BPS) re nes in the radial direction repeatedly
(here 3 times) and only then in the periodic direct®n to achieve
the same granularity as Catmull-Clark. (botto@¥$PS re nes just
like Catmull-Clark away from the polar vertex.

Compatibility with Catmull-Clark extraordinary vertices requires

Figure 7: A polar con guration with polar vertexqeo = Qoj Of
valencen. Two rings suf ce to ge€2PS started, ve rings de ne

a (double) surface ring (see Figure 9) used to formally analyze the
algorithm in the limit.

encode the polar con guration of Figure 7. We can traverse a
polar con gurationradially, visiting [qo; ; q1; ;:::] as we move
outwards, orperiodically, circling the polar vertex on amlink

modulon.

Due to its small subdivision stencil€? polar subdivision only re-
quires the 0-, 1-, and 2-link, allowing the 2-link to contain an irreg-

separate treatment of the two types of con gurations. In contrast, ular vertex, such as another extraordinary vertex or a polar vertex.

C? polar subdivision re nes compatibly with Catmull-Clark away
from the polar con guration (Figure Hotton) simplifying a com-
bined implementation as in Figure 2 (c).

3 C? polar subdivision

A polar vertex can be separated from irregular neighbotetsily
inserting a new link between tHelink and the polar vertex.

Rules of C2PS  (C? polar subdivision)
With q° := g, we obtain then+1 times re ned polar con guration
g™* fromq™ by the rules (see Figure 6)

A polar con gurationsurrounds a centralolar vertexby a fan ofn _— 3 1 ™t m
triangles, and the fan by, possibly zero, rings of quadrilateral facets oo = = ZQoo + an- d1h 1)
with 4-valent vertices (see Figure 7). We call the collection of ver- ™ h=o
ticesi (radial) edges away from the polar vertexifink. The polar 1 nyg 1
vertex is |t_30-||nk. Listing the polar vertexjo; = goo repeatedly, qﬂ*l = Eq(",“0 + b, qullnh 2
the6n vertices h=0
Tt e ) . 11 1 ™ L
a:= [doo; duioii:3 ol ai’t o= AN+ pen t o d ol 3)
Jo;1;01;15: 15 05;1;, ; h=0 2
S e T.
don 1;qun 13015505 1] wherec :=cos(2 ),s :=sin(2 ), the valence of the polar



vertex at re nementn isnpy = n2™, 2008]. To prove that bi-E2PS isC? at the pole, we
—de ne, in Section 5.2, the auxiliary stationary subdivision algo-

by = 11 t e+ }c ~ . rithm RTS to reproduce any quadratic in the radial direction;
9= h, 27 e T 3% —show, in Section 5.3, that the eigensplines of RTS approximate as
1 n!1 the quadratic (Taylor) basis
dg = mcg:n s 4)

T, = fLxy;x%+ y5x2 vy 2xyg:
and each-link g™ of the intermediate polar con guratiog™
obtained fromg" by uniform degree-3 spline subdivision in the
periodic direction:

—leverage this in Section 5.4 to show that the eigensplin€2 515
reproduceT, at the pole; and
— exhibitT, at the pole explicitly, in Section 5.5.

iz = g 1t gdi * gdii +1 5.1 Subdivision Basics

1 1
Oioj+1 = Eq{jn + iqw 41 (5)
Fori> 2, the newi-links are determined by uniform bi-3 subdivi-

sion in both directions, the ordinary tensor-product spline subdivi-
sion rules used by Catmull-Clark subdivision.

For example, whemo := 6 and thereforen, = 12, the once- Figure 8: Nested bi-3 spline ringsconverging to the pole (gener-

re ned 1-link control points in Figure 6 are de ned by ated by BPS or RTS subdivision).
sl 1% 1 1 0 . - _ -
Q1o = quo + 6 > + Ch=6 T EC2h=6 din As illustrated in Figure 8, the neighborhood of a subdivision pole
h=0 consists of an in nite sequence of spline surface rings generated by
X6 the iterative re nement process. As we analyze this sequence to de-
1 1, 1 1 1 0. . o X - h
g11 == =Qgo + = 5+ Cn 1y=s+ 5Cn 1)=6 Jin: rive an explicit Taylor expansion at the pole, it suf ces to consider
2 60 2 z 2 2 one coordinatg; 2 R of the limit surfacex = L(q). We will
superscripx and the operator by C2PS or RTS, when needed.
Below
4 The intuition underlying  C°PS Zn denotes the |ntegeESmoduI0n
Z, the sequenc®; 1;:::; 1;
If we want to avoid shape defects, such as forced zero curvature,R; the realsR modulo 1 and
our subdivision must be able to reproduce quadratic functions at NG K 1
the pole; for exampldf, (x;y) = x? + y? yielding the paraboloid  forintegersn,  denotes

(x;y;x2 + y2). While we can linearly trace out the radial direction h h=0

from the polar vertex in the tangentigy -plane (see disk in Fig- Thespline ringcorresponding to the 5-ling™ (see Figure 9) is the
ure 1(a)), parametri€? continuity implies that the degree in the map

periodic direction can be no less than 3. But thers x2 + y?

has periodic degree at least 6 which exceeds the degree of the bi-3 Gmg™:[2 ™4™ Ri! R

patches in polar layout. This is the gist of the lower bound proofs of X X

[Prautzsch and Reif 1999a; Prautzsch and Reif 1999b] with the pla- (Gmq™)(r; ):= g N{™ Ny (6)
nar disk playing the role of the characteristic map of the subdivision =1

algorithm.

with B-spline control points
What saves the day is the freedom of our algorithm to increase the P P

valencen ! 1 . Doubling the valence as we re ne thdinks of ai';i211,2,3,4,50;j 2 Zn;n 3 (7)

the polar con guration results in (;}W) error in them™ sub-

division step when approximatingps and sin. Becausecos(2t) where the radial and the periodic direction of the tensor-product are
andsin(2t) are in the span dfcos(t); cos(t) sin(t); sin?(t)g, ex- uniform degree 3 B-splines (see e.g. [Farin 1997; Prautzsch et al.

actly as the suf cient conditions foE? continuity require [Peters ~ 2002])
and Reif 2008, Thm 7.16], this allows subdivision in the limit as (m) M Ao
n ! 1 tomodel the paraboloid as well as hyperbolic saddles (rad|al) N 7(r) with knots ™[ 1,0,1,2,3,4,56;7],

(Figure 1(d—f)) at the pole. where = 2

While the above argument gives green light to the possibility of a (periodic)Nj(")( ) with periodic knot&r}Zn.

C? subdivision algorithm of periodic degree Broving C? con- ) ) o

tinuity of non-stationary schemes can be dif cult. We devise an Since = 3, the radial parameter of each spline ring halves after

auxiliary stationarysubdivision algorithm that can be analyzed by every subdivision. We note that the periodic direction is parameter-
the established arsenal of techniques and then derive the exphcanGd ble rather tharR, and thatGn q™ is linear with respect
second-order Taylor-expansion®fPS at the pole by comparison  tog™
to this auxiliary algorithm as ! 1 Each coordinate : [0;4] Ri! R ofthepolar limit surface(in

R?%) is de ned piecewise in terms of surface rings

5 Proof of curvature continuity ) ¢ ‘) -
X(G ) o mug myp° Gmq™)(r; ): 8

This formal analysis of curvature continuity is intended for the
specialist. For a more gradual and detailed treatment, see [MylesThe unique limitx (0; ) is calledpole
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Figure 9: Each subdivision step generates a new surface ring.
Them-times subdivided polar con guratiog™ de nes a double
bi-3 spline ring(Gm g™ ) (r; ) (orangg via (6). The radial pa-
rameter shrinks by half after each subdivision so that [2; 4] for
Goq°(r; )andr 2 [1;2]for Gig* (r; ).

5.2 RTS de nition and analysis

Here we introduce RTS (radial Taylor subdivision), a stationary po-
lar subdivision algorithm whose re nement action is illustrated in
Figure 3(c,d), the same as BPS, shown in Figuraifidle We note
that in Sections 5.2 and 5.8 denotes control points generated by
RTS.

e Vo by Vol
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Figure 10: Radial Taylor subdivision (RTS) subdivides strictly
in the radial direction to compute vertices)(on the re ned mesh
(light gray, dashedas a linear combination of the old mestiatk
gray, vertices as ). AsinC?PS, uniform degree-3 rules are applied
beyond the re ne@-link.

De nition 1 (Radial Taylor subdivision) Radial Taylor subdivi-
sion or RTS re nes ann-sided polar con gurationq™ to then-
sided polar con guratiomy™*! de ned by (see Figure 10)

qoo - = Zq?o %xw qth ©)
h
qpt = %qg’0+ bn jq1h (10)
h
a5t = %q’{} + %zq‘z‘]- - dn jQ1n (11)
h
qg ™ = %qu + %qzm; qy™t = %qu + ngm; + %qsm,-
Qg = 5a5 + 50 12)

with b; andd; de ned in(4). The new8-, 4-, and5-links are deter-
mined by uniform degree 3 re nement in the radial direction. As in
(8), the limit surfacex<™ consists of nested spline rin@s, q™ .

The equations de ning RTS are intentionally very similar to those
of C2PS ((1)-(3)) since RTS serves as an auxiliary subdivision
whose surface rings will be compared to thos€6PS.

Distributing the contribution of the polar verte, among itsn
copiesqg; ,j 2 Zn, one can write RTS compactly as a multiplica-

Table 1. The dominant spectrum of RTS The left §«) and
right (%) eigenvectorsX to the eigenvalue of the Fourier block

x are normalized so that the related vectarg and vy satisfy
Wy, Vi, =

Kikop -
k K kW] (lefteigenv.) ¢} (right eigenvector)
0 O 1 :[2,1,0;0,0;0] [1,1;1;1,1;1]
1 1 1= [0;2;0;0;0; 0] [0;1;2;3;4; 5]
2 n1 1= [0;2;0;0;0; 0] [0;1;2;3;4; 5]
3 0 1= [ 11,0000 1[ 1,2 1126;47,74]
4 2 1=4 [0; 3;0; 0; 0; 0] %[O; 2;11;26,47;74]
5 n2 14 [0;3;0; 0; 0; O] 3[0; 2,11, 26,47, 74]

tion by aén  6n block-circulant subdivision matriR:

g™ = Ag™;where (13)
2 Ao A:L An 13
An 1 AO An 2
a=f " R+
Al An 1 AO
2 & & o0 o000 3 2 .
R EL T
11 4 1 2n B
Ao:=§0 121d0 112000% Aj :=§20 d} 0000
° 2 g 000 (j 80) 0 00000
0 Lt 2 1loo0 0 00000
18 0 00000
o o 1 loo0

Only the rst3 3block of the subdivision matrix has non-standard
weights. The remainder applies uniform degree-3 spline subdi-
vision in the radial direction. Since we are interested in the be-
havior of the algorithm for high polar valences, we stipulate that
n 5. This guarantees at least ve non-overlapping blogks

j 2f0;1;2;n  2;n 1g, along the diagonal. To facilitate spec-
tral analysis, the block circulamk is block diagonalized via the
discrete Fourier transform to

2
Ao © 0
0o A 0 xo
/Q::E_ _ _ z; A = 1A,
. . . i
0 0 A1
with! :=exp 2 and 2 Z,. The Fourier blocks simplify
to
2%%00003 2 o 00003
11 0000 o b 0 000
01l 1 g0 oilig L ooo
A\Ozgollzllzoo(é? R =4, =§012% 1%Zooo ;
15 ( &0 o & % too
0 g ZgOO 8 Altti
oo 1 1loo 0 o 7 200
8
X < % if 2f0;1n 1g
b= 1 b= 1 if 2f2n 2g
j 0 otherwise,
A X LD o= = if 2fLn 1g
: T 0  otherwise.

Table 1 enumerates the absolute largest six eigenvalus of



with > j «j fork > 5. The Fourier block&, contributes o
and 3, whileA; = A, 1andA; = A, , contribute 1 =
and 4 = s, respectively. The suf cient conditions f@? con-

tinuity [Peters and Reif 2008, Section 7.1] require examining the

Lemma 1. The eigensplinex factors according to

a(r ) ="a(r) B op( ) (18)

eigenvectors and to show that they reproduce the Taylor expansion.proof. Forr 2 [2 ™;4 ™], e(r; ) ;@( GmvM)(r; )

For « 2 Z, and the eigenvalue, contributed byA o let
¢« 2 R® andw, 2 R® denote, respectively, its right and left eigen-
vectors. The corresponding eigenvectqr2 R®" of A is a polar
con guration and may be computed frofm via the inverse Fourier
transform as

(s = (0 op L (14

o (): C if « %
Pl s, otherwise,

¢1=¢,=[0;1;2,3;4;5]fromA , = A ,,

(Vl)ij ::(Ol)i Ci=n and (Vz)ij = (ol)i Sj=n

are thex- andy-coordinates of the control net de ning thehar-
acteristic spline [Peters and Reif 2008, Section 5.2]. Téigen-
splineex := L(vk) denotes the limit function of,, and :=

X X
6 m (m) (n)
13) ﬁ{l\/-5 i NETONTO)
1= ] ank
1 X

Ry o Jﬁ NM N ()

= A (0,)
| |

A" 00 N op LONMO)
i=1 i

= En A" (0k)  (r) B"op ()

=(r) B"opy ()
O

The factorization (18) makes it evident thed, like op, , is peri-

(e1; €2) the characteristic spline. Figure 9 (and the saucer-like disks odic in  with a period ofik, which is a direct consequence of

in Figure 1 a,b,c) illustrate this control net and spline. Injectivity

and regularity of are easy to verify, guaranteein@a surface for

generic input data. Together with the required spectral contribution
described in the previous paragraph, this implies limit surfaces of

bounded curvature.

For stationary schemes, the leap from bounded curvatu@é te-
quires, additionally, thaes, e4, andes contribute no more than

vk having frequency modex. And, since operator€, andGn,
are linear, eigensplines and radial eigensplines inherit the scaling

property
e(rn )= & ) and &(r )= «&(r) (19)

that allows characterizing the rst six radial eigensplines in the fol-
lowing key lemma.

the homogeneous quadratics of the Taylor basis in characteristic| emma 2 (Radial Taylor basis reproductianjor r 2 [0; 4],

parameterizationspanf es; es4;esg  spanf e e3; e1e,g [Peters
and Reif 2008, Section 7.3]. Since functions quadratic inave

periodic degree 6, a stationary bi-3 algorithm can only satisfy the

constraint wheres = e; = es = 0.
5.3 Taylor basis reproduction by RTS
By (14), we can split the eigensplineg into radial and periodic

factors. We denote the radial eigenspléieas the limit curve of
¢k, de ned piecewise as

&() L, mgm = Gm AT 0 (N) (15)

where the operatd%m is a simpler version of the operatGr, that
works strictly in the radial direction. For some vector2 RS,

Gmu :[2 ™:4 ™! Ris the degree 3 spline de ned by the
B-spline control pointsi;, withi 2 f 1;2; 3; 4; 5g:
x5
Guu (1= uwN™(r): (16)

i=1
Like G , the operatofsy, is linear with respect to its parameter
We use the operator

X u L N
n

B":u7! 17

i
that uniformly samples any functian: R! R and interprets the
samples as the control points of a uniform periodic spline.

&(r)=1 (20)
e(r)="e(r)=r (21)
&(r) = "ea(r) = es(r) = r” (22)
& (r)=o(r?) asr! Ofork> 5 (23)
which imply, by Lemma 1, that

e(r; )=1; e )=rB"'c; e(r; )=rB"s;
es(r; )= r? es(; )=1?B"c2; es(r; )=r2B"s

e(r; Y=o(r?) asr! Ofork> 5;
whereB"c  means(B"( 7! ¢ ))( ), i.e. the operatoB" is

applied to the function 7! ¢ := cos(2 ), and the result-
ing spline is evaluated at. Analogously(B"( 7!'s ))( )is
shortened tB" s

Proof. The subdivision matrixA of RTS was speci cally con-
structed to enable this lemma. The right eigenvectora dited

in Table 1, interpreted as degree 3 B-spline control points, repro-
duce constant (fok = 0), linear (fork = 1; 2), and quadratic (for

k = 3;4;5) polynomials respectively for 2 [2;4]. The scaling
relation (19) then implies (20), (21), and (22), i.e. reproduction of
the polynomial orf0; 4]. Whenk > 5, usingr := —% and restrict-
ingr 2 [2 ™;4 ™](i.e. bounding 2 [2;4] away from 0 and. )
gives (23):

=8 (") = Tar)=o( "M)er)
=o( M)=o( "r¥)=o0 ( "r)* =o(r?:

&(r)



To reproduce the bivariate Taylor basis in polar parameterization,
also the periodic direction must have the correct form. The follow-
ing lemma states that this is achieved wimehl

Lemma 3. Letv[™ be the eigenvector corresponding to a polar

k
vertex of valence, andel™ its limit function. Then

1

n2

el(r ) ="e(r)op,( ).

el ) &(r)op()=0 : (24)

implying thatel' '(r; ) :=lim 1,

Proof. By Lemma 1, noting thaéx (r) is independent of the va-
lence,

) adr)op( ) ="e(r) (B op () op( )):

Since the linear interpolant afp, ( ) is the control polygon of
B"op, ( ), we can prove the lemma via the triangle inequality by
bounding the distance between

1. B"op,( ) and its control polygon, and
2. op( ) and its linear interpolant.

1. For uniform degree 3 splines with control poiffds ]J-”:Ol, the
distance between the control polygon and the spline is proportional

to the second differences of the control poipis=op,, L [Lut-
terkort and Peters 2001]:
1 ) .
5 mjaXfJ dij 1 295 + Qij +1]9
1 J op
:émjax opy 0 C,=n 1 jopp () 1
1 Taylor ﬁ _
3 mjax 1 ¢c,=n oo, (@] el = 0 Y]
2. For aC? functionf : [a;b] 2 R ! R, a Taylor ex-

pansion ata shows that a piecewise linear interpolant with dis-
tancenl between breakpoints approximatiesvith a deviation of

O % maxpp ff°Y . Consequently, the piecewise linear inter-

2
polant toop, ( ) converge® -5 =0 % . O
Lemma 3 implies reproduction of the polar Taylor expansion up to
degree 2 in the limit:

[1]

el [11]

et el b o(n)y=@ire s r?irte rPs ):

Below, we showC2PS to behave similarly at the pole.
5.4 Taylor basis reproduction by ~C2?PS

To compare RTS an@2PS, we eigen-expand

Xxn ®’n
q= Pk Vi px ex(r
k k

) XM () ): (29)

f

If wy is the left eigenvector of\ satisfyingw{lvk2 = Kk, the
eigencoef cientsire de ned bypx := w| g [Peters and Reif 2008,
Section 4.6]. This eigenvectary is computed via inverse Fourier
transform from the left eigenvectdr, of A |, , yielding

X6 X 1 j
= n (Wi)i opy n dij - (26)
I {z }

(W )ij

Speci cally, fork 2 Zg (seef/ in Table 1),

n 1 X
Po = (oot = i dijs ps = Qoo + n g
i
P, 1 X
P1= 5 j G=n Quj; Pa = n Coj=n 1j;
j
P. x
P2 = 5 | S Oyj; P5 = —  Spj=n 0Oy 27)
i
and
PR = wiq™ = we(A"g) = (wgA™)g= Fwig= [ pk
Consequently,
)Qn
A"g= py vk
k
(A™q)j = po+ "(01)i P1C=n + P2Sj=n (28)
+ ™ (03)ip3 +(¥a)i PaCyen + PsSz=n  +O( M)

fori 2 Zgand 2 1Z,. Substitutingpx2z, in (28) shows that
theo( ™) termisidentically Ofor eachi 2 Zs. Hence, this formu-
lation can serve as an alternative de nition of RTS.

To compare withC2PS, we de ne its re nement operator.
De nition 2 (C? polar subdivision operatar)The operatofT ap-
plies the ruleg1)~3) and the degree 3 subdivision rules

+1 . 1 1 +1 ._ 1 1

gz = SOt Se5 dg S8+ S
a1 6 1.

s = gal + g+ ogas: (29)

to re ne annp, -sided polar con guratiorg™ to a2nn, -sided polar
con guration q™** := Tq™. The corresponding limit surface

xC*PS is piecewise de ned b(8).

The Appendix proves that

)Qn
T"g=  pg Vk
k
(T™a)j = po+ "(¢1)i P1G=n + P2Si=n (30)
1
+ ™ (03)ips + (4)i PaCoyen +P5Sy-n  +O gm

and theO 8% term is O fori 2 f 0;1g. The expansion (28) and

(30) invite comparison oA™ q (for RTS) with T™ ¢ (for C?PS).
We note thaA has6n columns.
Lemma 4. Letvy, k 2 Zgn,, be thek®™ eigenvector of RTS with

polar valenceno. Then thesigensplind := LS*PS (vy) of C2PS
converges t@Ll I'at the pole:
fln ) &' )2 mia my =00 ") (31)

For k = 0, the right-hand-side is identically 0.

Proof. Fork = 0, fo(r; ) = 1 = € )(r; ) since both RTS
and C2PS are afne invariant. Fok > 0, «j andr 2



2 ™4 M r = 4,

E= fu(n ) e'l(n) el )

f( ")

+ dtmle My

fil( ")
i ™)
M)
2 GnT (vh(r )

I {z

BothT M v [(" ol andamy Ln m ] have valence m ;Gm islinear

GmA™ (v I)(r; )

S

+ ol el I(r;
B (S ), & ),
M lemso 1 o ()
= Gn(T"(V™) AT ) O o
By (26), forh 2 Zs, ph = w Whenq = VL"O] orq = v{("m].
Therefore the rst six eigencoef cients off = VL”O] andq =

v match and™ ™ (vi"°l) andA™ (v["™

) in (30) and (28) differ
byo( ™). ThereforeE =o( ™). O

Since Lemma 3 shows thzﬁ[k1 ](r; ) of RTS reproduces the
second-order Taylor basis, Lemma 4 implies th&tr; ), too, re-
produces this basis once it reaches the pota atl

5.5 Curvature continuity of CZ2PS surfaces

We can now give the second-order Taylor expansion at the pole,
proving curvature continuity oE2PS.
Theorem 1. For generic datay, C?PS surfaces ar€? at the pole.

Proof. As in (25), a polar con guratiorg® of valenceny can be
written as the following linear combination of the eigenvectors,

virol k2 Zgn,.

Xo ) Ko
ai = P ) xR )= puf(n )
k k
We examine the sequence
2 8
XC Ps(r; )I'2[2 m.4 m]g:) Gmeqo (rv )

of spline rings that approach the pole. Sinég 2 [2;4], -
is bounded away fron® and1 , so thato( ™) = o 2™ =
0 (%)% 2™ =0 r2 Thus,forr 2[2 ™;4 ™),

o
) = px f(r;
K

0
pe el I )+o( ™)
k

poed I(n )+ pielln )+ paetin )

Lem.

c?ps ef
( p

X r

)

+ psei i )+ paell(n )+ psell(n )
0
peel I )+o r
k=6

2

Lem. 2

= Po+ r(pic + p2s )+ r¥(ps+ paCs + Pssz )+O T

N N

A

C?PS

RTS

Figure 12: Polar con guration of valence 20 Limit surfaces and
Gaussian curvature distributions (dark blue is near-zero curvature)
of RTS andC2PS are similar for large polar valences.

T —— .
Restricting x2+ y2to[2 ™;4 ™], a change to Cartesian coor-
dinates

~C2Ps

2
C PS( X

(rc ;rs ) ! (xy); X rno)! (x;y)

yields

KPS (x;y) = po+ pix + pay + ps(xZ + y?)
+pa(x® Y+ psxy)+o X2+ y* ;
(32)

an explicit second-order expansion at the pole when 1

Therefore the construction &2. O

That is,po is the limit point,p1 andp, span the tangent plane and
ps, p4 andps determine the quadratic variation at the pole.

6 Results

Figure 11 compare€? polar Jet subdivision [Kaiauskas et al.
2006], RTS, ancC2PS. We do not compare with BPS [Kéauskas

and Peters 2007c] since its surfaces appear qualitatively no differ-
ent from RTS for nite valence. To avoid curvature uctuations in
the rst and second spline rings as observed in Figure 11(a-b), the
re ned 2-link for RTS andC?PS is computed by uniform (bi-)3 re-
nement for the rst subdivision step (Figure 11(c-e)). For RTS,
this is equivalent to applying one step of BPS.

Side-by-side comparison reveals theidedness of Jet subdivision
and RTS surfaces in the periodic directioB2PS distributes the
curvature without preferregeriodicdirection. In theradial direc-
tion, both Jet subdivision an@2PS distribute the curvature more
evenly than RTS, yielding rounder silhouettes. In short, the bi-3
C2PS compares favorably with Jet subdivision, although Jet sub-
division uses degreg; 5) patches and is more complex to imple-
ment.

Figure 12 con rms that RTS an@?PS limit surfaces are similar for
high valences. In some constructions, curvature continuity comes
at the cost of macroscopic shape deterioration, even though the mi-
croscopic shape is improved. Figure 13 t&3%°S against various
challenging con gurations. The smooth highlight lines attest to the
surface quality in the vicinity of the pole, even on higher-order sad-
dles.

7 Summary, Limitation, and Future Work

We introducedC?PS, a subdivision algorithm that produces bi-3
polar caps that ar€? also at the pole. The algorithm employs in-
creasing valence but stationary weights for a given valence, making
it easy to implement and naturally capable of handling high polar
valences. We formally analyze&zf PS with the help of an auxiliary

C? stationary scheme (RTS with! 1 ) and were able to obtain
the explicit quadratic Taylor expansion (32). This allows comput-
ing any intrinsic properties of the surface at the pole. Particularly,
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Figure 11: Comparison of Jet subdivision, RTS, ar@2PS. (c) Spline surface rings of the limit surfaces (b, d) and Gauss ture/éa,
e) where dark blue indicates zero Gauss curvature. Initialization by applyniform bi-3 subdivision for th@-link in the rst step (c,
d, e) yields a more monotone curvature distribution and smoother silhothettedirect application Ieft two). (f) Gauss curvature of Jet
subdivision and RTS reveal thesidedness of the input.
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isred Largerblue or red areas result from saturation in normal-
ization.
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tion andn pentagons.
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A Reformulation of C?2PS in eigenspace

We expandC2PS in terms of its eigencoef cients to prove in Sec-
tion A.1thatpy' = ¢ pk. In Section A.2, we use this to prove the
crucial expansion estimate (30).

is generated b 2PS. Thatisg™ = T™q
andp? = wyqM™. For a degree 3 spline with knots =
[to;ty;::i;tnes] and control pointd = [bp;bi;:::;bn 1], the
Greville abscissd; : g(t|+1 +ti+2 + ti+a ) isthe domain param-
eter associated With each control pdint We index with Greville
abscissa, e.gy{ = qi', sinceq™ de nes a spline surface

In this Appendix,qm

[i=n m]

ring whose GreV|IIe abscissa sequence in the periodic direction is

i=Zny - Also,Fn := 1Z,  Riand,
x X
for setsS, denotes
2S

A.1 Scaling of eigencoef cients

m

Lemma 5. For C2PS andk 2 Zs, Mok .

py =

Proof. Since the other cases are alike, we show only the kase
1. The casen = 0 of our proof by induction is trivially true. For
the inductive step, we assunpd’ = ' p; and show that this
scaling holds fop!'** as well.

of the eigencoef cients:

Rm
m+1 (1) § m m 27 m i m
00 - 4%0 + anm di;; =" Po 12p3
m m+1
= Po g5Ps = Po 3 Ps (34)
Rm
2) 1 1 1
S 5000+ S*tCo oSG ) Ay
27 1 1
WS pd + SePe +ps )+ S (pf + pie +pls)
Lemma5s — po + m+1 (plC + p2s )
2 m+1
+ 3 (p3+ paCz + psSz ); (35)
and observe
3 11 1 1
e S R CHERCIRS D)
11 1 m
et = A+ 5] 5 (Pic + pas): (36)

The expressions for the four outer lins, g3, q4, andgs are more
complex due to the degree-3 subdivision (5) in the periodic direc-
tion. Fortunately, only the dominant terms are needed and we can
use the fact that every point on a degree 3 spline is an af ne com-
bination of the four B-spline control points parametrically closest

By the addition rule for sine and cosine and the orthogonality of the to it. We capture this formally by de ning an equivalence class of

discrete Fourier basis,

1 e 1 X
2n Cay( ) Car( HGi[1 =
8 P
< % Pani;[] ifai=a =0
on "Cay( oOipy fa= 260 (33
0 otherwise
Ren 1 Xn
and; Sar( )y Gaa( )Gl =
o " Sa( 20ip) far= 2260
0 otherwise,
so that
m+1 @7) 2 F%m c qm+1
! Nm+1 Ll
|
o m R m |
) 2 1 1 1 1
£ nm c Eq{)no*' - 5"'0 +§C2( ) le;[]
N m
33) 2 1 .
(:F ch;[]=§pT= 1p7 = Tlpl,
m
completes the induction step. O

A.2 C?PS in terms of the eigencoef cients

Here, we establish (30). A check maik ) indicates that one of
these equations has been proved. We exgriisandqy} in terms

af ne combinations. h i

De nition 3 (a []) Letu := wu o]i: n 17 be a vector

of n B-spline control points (indexed by their Greville abscissae
; apart) of a periodic uniform degree 3 spline with knot sequence

ann. The equivalence class f‘ 1(u) of all local af ne combina-
tions centered at is de ned as

P
gUg =1; Ug 9= E
EX“ andu[o];::"u[ sl arethe4
a i (u):= UaU control points whose Greville
L] E 9%[«] abscissae 4 are closest to %
g , or have weightig = 0 if

they tie for fourth place.

Since adjacent Greville abscissae differ ﬁy the weights in
a {j(u)aresuchthaty j< 2ifuy 60.

Recall from (5) that the control points in each subdivididitk &
are af ne combinations of control points in thdink g under de-
gree 3 B-spline rules. Since re nements ememain ina ‘L‘ 1 (u),
we can estimate the multitude of af ne combinations arising in the
analysis ofC?PS in terms of af ne combinations of trigonometric
functions.

emma 6. If u =

gugu[ J2a ),

[op (9)]g2z,, then for all tj :=

2
_k

by =0p()*+0

Proof.
Case 1. k—O(leopk{D)_ =1)p

Foru =[] g2z, t | = ung: gUg=1=0p ().
4Z-



Case2.u =c, , «60
x4 x4
o) = UgC , ¢ UgC (g ) &
g g
X4 Taylor expan. &
= Ug C(g 1€k Suw(qg IS5k |, j=o0t
9
x4 2 3
= ugl+0n—§ c, Ug k(g )+On—§ S,
o | {z } I {z }
fromc (g ) froms (g )
1 )
x4 7 X4 2
— k
=Cy Ug + kS Ug( ¢ )+0O nz
9 9
k
=C K +O F )
as claimed.
Case3u = s, , 60
2
Estimates analogousto Case 2prayg = s , +O % . O

Equipped with Lemma 6, we can now estimg ; by describing
a f‘](q?) 3 g% in terms ofpk2z,. The boundO nTﬁ on

the terms not explicitly written in terms qf simplies to O 4%
since « 2 f 0;1;2gin the relevant cases amd, = no2™. For

each af ne combinatiornr?l] 2a f‘](q'l“) of control pointsq?’,
1

+p25+O4T

CERNED
1] Lem 6

Po + mIO10+Oi

4m
m

+7p3+p4 C2‘|'Oi

1
3 an T Ps s *0 gm

4m
8m
37)

2 m
= pot+ "(piC +p2s )+ =3 (Patpacz +pssz )+O

m m 1
For eache4 2 a [(af), there exish?l] 2a "

m 1
andu?zl 2a (a5 ') sothat

qd  (36) 11 ql 1 1 ql 1 m 1
tt[Z] L;ﬁﬁﬁull] 1—2u[2] = pic +p2s +O Ty
@ 11 1
e1p Pot (p1C + p2s)
I
2mt 1
t 3 (Ps+ paCz + pssz )+O g 1
108 Dpic +pas)+0 =
200 3 (Pic * P2 gn
11 5,
= — + — +
Pt 3 (p1C + p2s)
22 m 1 1 qm 1
+ = + + + — 4+ —u,?
9 (p3+ paCz + pss2 )+ O g 50

(38)

Equation (38) describes the setf‘ 1(a3'") recursively in terms of
a f‘](q’zn 1). Expanding the recursion reveals geometric series

m
2

0
such that, foreach’? 2 a { 1(q3'), there existst/% 2 a { ;(q3)

with
| !
h
u_q'znzg'xni p+§xnm7(pc+ps)
[ 12 2 P73 12 ' i
I
o0 X m h
+ == — + +
s, 1= (Ps * PaCe + Pss2 )
|
X 1 - 1 9
q
+0 g hih T 1ot
= 1 - po+2 1 & (pic + p2s)
+om 3 1 ?Tn (p3 + paC2 + psS2 ) gsg?&'
3 2 " 1 8
+0 g 1 3 + ﬁu[zl

= po+2 " (pic + p2s)

11 ™ 1
3 (Ps+ pacz + pssz )+0O g

+

(39)

[4]

Sinceqy; ;2 a f‘](qg‘), it too is described by (39), proving (30)
fori =2. m
The non-recursive derivation fmf;“] 2 a f‘](qg“), is far simpler

and easily yields formulas far3!; ;. For each:r?g; 2 a f‘](qg‘),

m 1 m 1
there exista}  2a (a7 ") andey  2a f)(a7 7 so
that

2™t 1
3 (Pa+ PaC2 +pssz )+ 0 g

A

+ = po+2 ™ Y(pic + p2s)

2
1"t 1
3 (P3*PaCe +pss2 )+0 o

= po+3 " (pic + p2s)

26 ™ 1
3 (ps + pacz + pssz )+0O a

+

+

:

(40)

proving (30) fori = 3. The nal two cases 2 f 4;5g are shown
similarly.



