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The projective linear transition map for constructing sthoo
surfaces

Abstract

We exhibit the essentially unique projective linear (radiblinear) reparameterization for constructing
C* surfaces of genug > 0, from tensor-product splines. Conversely, for quadrnikdte and isolated
vertices of valence 8, we show constructively foe 1,2 that this map yields a projective linear spline
space for surfaces of genus greater or equal to 1. This esttablthe reparametrization to be the simplest
possible transition map.
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1. INTRODUCTION

The Euler formuld (Euler-Poincag characteristic) allows for closed polyhedra of topolagigenusg > 0
consisting of an arrangement of quadrilaterals that is tangular grid except for-y = 2¢g — 2 isolated vertices
of valence & Figure 1 shows an example of gengis= 2, with two isolated vertices of valence 8 (on the front
and back of the waist-line of a figure-8 double torus) and FEdb shows examples of higher genus.

Using Ricci flow, Gu and co-workers have generated re-apprations of triangulations by quadrilateral meshes
with —x vertices of valence 8 (see [GH08] for an illustration of their pipelind. Moreover, these quad-meshes
can be angle-preserving images of subsets of the Euclideae pvhose boundaries have been suitably identified.
We may therefore interpret them as conformal parametéimibf triangulated data iR>.

A natural generalization to smooth times differentiable, conformally parameterized surads to associate a
tensor-product spline with each quadrilateral. HoweVer,8-valent points interrupt the rectangular grid connéyti
required by tensor-product splines. According to [G8] they represent ‘topological obstructions’ where srhoot
surfaces are 'difficult to construct, unstable, and erronp’. By Euler's count we cannot hope to eliminate the
8-valent vertices. And, by a result of Milnor [Mil58], we camt hope to use just linear changes of the parameters
to transition between the tensor-product spline piecesrefjalarly parameterized smooth closed surfaces of genus
g > 1in R3, i.e. we cannot hope for an affine atlas. (For gequs 1, the construction of an affine atlas is trivial,
since the torus is just a tensor-product grid with opposidges identified.)

The next simplest alternative to an affine atlas, compatilile conformal parameterizations, is a fractional linear
atlas. In differential geometry, linear fractional tramshations are usually associated with the clas$/o&bius
transformations: p(z) := gjjs : C — Cwherea, b, ¢c,d € C andad—bc = 1. Moebius transformations are bijective
conformal orientation-preserving maps. They suffice tddoai complex fractional linear atlas when proving the
Uniformization Theorem (which yields a classification offages according to curvature [wik09]).

1y —e+ f = x wherew, e, f are respectively the numbers of vertices, edges and facegiirea polyhedron angy = 2 — 2g is the Euler
characteristic

2To see this, observe that we can exclusively associate \&ith d-valent vertex four half-edges and four quarters afchttd quads so that
its net contribution to the Euler count is— 4/2 + 4/4 = 0. For each 8-valent vertex the contributionlis- 8/2 + 8/4 = —1.

3[GHJT08] also proposes decreasing the number of singularitieis. i§s not important in the present paper.
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Fig. 1. Figure-8ileft: Identification of edges of the 4 quadrilateratiddle: Embedding inR3 with 2g — 2 = 2 corner points of valence 8.
right: Corresponding smooth spline surface with central saddi@esh



By contrast, the focus of the present paper is on real rdtiovear mapsp of the type

p[l] :,iL]-‘rblu-‘r(ll’U
p(uav) = [ [2]:| = a;ii;ziéz ) (1)
p da+ezu+ fav
wherea;, b;, ..., f; are real scalars. The reason for this choice becomes appahem using the Moebius map

1, respectively the rational linear mapas reparameterization: R> — R? so that two surface piecqs andq,
sharing an edge parameterized tyhave identical derivatives across the edge up to osder

d'p(t,0) = d'(qor)(t,0), i=0,...,s. (2)

When usingr = p in this way, the basic requirement for adjusting the origotaof counterclockwise arranged
patchesp(t,0) = (0,t), fixesp(u, v) = —v+uy/—1 and hence accommodates exclusively 4 patches joining,.not 8
This is because the group of Moebius transformations, tbiegtive, special linear group over the complex numbers,
PSL(2,C), endowsu with only 6 real degrees of freedom. By contrgsts chosen from the 8-dimensional group
SL(3,R) which, as we will show, can accommodate constructions witlal8nt vertices. Neverthelesg,is in
some senséhe simplest map: expressed as a real rational mapis of degree 2 over 2, whilg is of degree 1
over 1.

Overview. In Section 2, we collect the constraints that (2) imposeg.oim Section 3, these constraints are then
applied to set the free parameterspoSomewhat surprisingly, we find that there is an essentiallgue mayp that

can potentially serve as reparameterization. In Sectiamedshow thaip indeed enables connecting tensor-product
splines given a quadrilateral control net with isolatedtices of valence 8 and valence 4 everywhere else. We
outline algorithms for the construction ¢f! and C? surfaces satisfying thé&'!, respectivelyG? constraints (2)
and using one spline patch per quad. Our aim here is to shateaxe of a reasonable construction not necessarily
exhibit a best.

Background. We follow the constructive approach to surfaces used in gggermodeling rather than the analytic
approach via charts of differential geometry which assuthesexistence of a surface: our spline patches and
reparameterizations are defined on finilesed sets, namely the unit square, dendféd- R2. And we join abutting
patches rather than overlapping charts. One can, of coaain an atlas from the patch-based construction as
shown, e.g., in [Pet02].

Since our focus is the rational linear reparameterizgtiowe intentionally do not survey here the rich literature
on general surface constructions. For the reader interested in sunbtie@tions, the introduction of Karciauskas
and Peters [KP09] gives an overview of recéht constructions with general connectivity. For an example of
construction via charts, see e.g. Ying and Zorin [YZ04] amdaf polynomial construction with general connectivity,
see e.g.. Loop and Schaefer [LS08]. The relevant obsenvédiothe present paper is that by [PF09, Lemma 4],
all these general constructions must employ quadratic or higher-degree reparameterizations (see also Section IV
below). We cannot, therefore, point to the literature to fooehstructions based gn

2. CONSTRAINTS ON THE TRANSITION MAP FORG? CONTINUITY
We are looking to determine a rational linear reparamedéadn

p:O0CR? 5 R? (3)

where[d is the unit square. The reparameterization is to allow twsde-product patches : [ C R? — R¢ and
q: 0 C R? = R? to join smoothly across the common boundary

q(t,0) = p(0,7). 4
Equation (4) implies
p(t,0) = (0,1) (5)
and therefore
Fplt(t,0) =0, 9} pl2(t,0) =1 and ¥ p(¢,0) = 0 for k > 1. (6)

2.1 G' congtraints
The reparameterization to be determined is used inGth&onstraints

(02q)(t,0) = (O2(p o p))(t,0)

= (O1p 0 p)aplH(t,0) + (92p o p)Dap)(t,0). 7)
We want theG* constraints to be unbiased, i.e. structurally symmetrivasexchange with q.Therefore
(@2p™M)(t,0) = ~1. 8)



Also, whenn patches joinp[?l must satisfy

7 = Oypl? (0,0) = 2cos 2% 9)

This yields the unbiased@' constraints
(020)(,0) + (91p © p)(t,0) = (82p © p)D2p (£, 0), (7)
and, at(u,v) = (0,0), 02q+ O1p = TO2p. (10)

If we differentiate (7’) along the boundary, i.e. differgte with respect td, then by (6)

(8182(1) (ta 0) + (828113) (01 t)
= (03P)(0,£)(D2p™) (¢, 0) + (92p)(0,1)(0192p™) (2, 0) (11)

and, at(u,v) = (0,0), 0,82q + 001 p = TO2p + Bapd1Ozpl. (12)

2.2 G? congtraints
The reparameterization to be determined definesitheonstraints

(930)(t,0) = (95(p o p))(t,0) (13)
= (97P)(0,1) — 2(0:10:p) (0. £)92pP)(£,0) + (85)(0, 1) (92p™*))* (2, 0)
+(01p)(0,£)(93 M) (¢, 0) + (92p) (0, 1) (95 pP)) (2, 0).
In particular, at(u,v) = (0,0):
05q = 07p — 2010,p7 + 203 + 01p0s ') + D,p03 pP. (14)
Substituting (12) and (10), we symmetrize tf#é constraint at(u, v) = (0,0)

93q — 0201qr 2 02p — 0, 0,p7 + 0, pd2 !
+ 0op(—70102p1 + 93 p1%),
1 10 1
95q — 0201q7 + 582q8§pm @ op — 0102pT + 55’1P3§Pm
T
+02p( = 701029 + 0502 + SOF M), (15)

For t := 0,p(0,0) = 91q(0,0), an unbiased construction &t,v) = (0,0) implies t - (95q — 920197 +
10,q03pY) = t - (9%p — 9102pT + $01p93p!Y) and, since we rule out singular constructions,t # 0 so
that, atu = v =0, .

701029 — 931 = S0l (16)

must hold.

3. THE PROJECTIVE LINEAR TRANSITION MAP

We note that the previous section did not make any assumptiothe surface pieces and q or the mapp
other than that they be sufficiently smooth. Neither valemocg polynomiality, nor the number of boundary edges
of the surface pieces mattered.

Remarkably, in this very general setting, the projectivedir reparameterization is essentially unique.

Theorem 1. The transition map : R — R? of (1) for the G? construction of aC? surface is unique up to the
values ofr := 9,p1/(0,0) ando := dp1? (1, 0):

1 —v s
Proof: By (5), p(t,0) = (0,t), we have
w, atht — b =0 17
P “di t et = u 1 (17)
), G2 tbat ey = 0.by = d 18
P et = ag =e2 =0,by = d>. (18)



Thereforep simplifies to

Cc1lv
p(u,v) = ldligf}fct’;”] : 1)
da+ fav
Next (8) implies
1 =dyplll —_a - S
d2p'(t,0) 4t el = e1=0,d; c1 (19)
On the other hand,p!(t,0) = & — tg—z and (9) implies
82p12(0,0) = 2 = 1. (20)
do
Therefore .,
_dye
p(u,v) = l Gihy ] : )
1+’Uf2/d2
If we defineo := 0, (1,0) = 7 — 2 then pl?l(u,v) = Trotr%5y and we can abbreviate
a(t) :== dopP(t,0) = 7(1 — t) + ot, (21)
212 (t,0) = —2(1 — o)a(t). (22)
Next, we observe that3pl')(,0) = —21 = 935l1)(0,0). Therefore (16) implies
93pM = —27fl = §< 010291 — 03p) = 2(0 — 7) + 4(r — 0) (23)
1
=2(r — o).
All together, this yields (1™). ]

We note that by (19) and (23) bothp!!l(¢,0) and 93p!")(t,0) are constant functions and by (21) and (22) both
Dapl?l(t,0) and 92?1 (¢, 0) are linear functions and that the inversecois also rational linear:

_ 1 t+ st
p (s, t) = 750 —0) [ } . (24)

—S

Fig. 2. lllustration of Lemmas 1 and 2. Eight-fold compositioh cowith itself with (left) all o, equal, (ight) o = T’"yﬁf&cﬂ where

m = [2,8,6,8,2,8,6,8]. The brown squarel] in the upper right quadrant is mapped first 467) (blue, upper left quadrant), then in
counterclockwise order tp o p(CJ) (medium blue), etc. to arrive back g®(00) = po...op=0.

Next we check for all reasonableby symbolic substitution that our rational linear map Sessthecomposition
constraint [Hah89] up to any order of differentiation. That is;fold composition ofp with itself yields the identity
and the images wind around the origin exactly once withoetlap; see Figure 2 fon = 8.

Lemma 1; Forn = 3,...,24, for o, := c’)gpf](l,o) all equal andr := 9,p?(0,0) = 2cos 2%, the n-fold
compositionp™ = po...op =1id, i.e. p" is the identity; andp’(C1) N p/ () is a common edge if = j — 1 and
the origin otherwise.

Lemma 1 allowsp to serve as reparameterization for constructingmanifolds for anys.

In the next section, we verify that at least one construcérists whenn = 8 and hencel,p? (0,0) = 7 :=
2 cos %" = /2. We will use different numbers of segments for each edge, but the same number for opposi
edges. Again with symbolic substitution, the following e is also straightforward to check.

Lemma 2: Forn € {4,6,8,10,12}, the n-fold compositionp™ with o}, := 77’3;’?,52 is the identity ifm(k) =

m(k +n/2).

ha




Alternatively, we can factop = rp o r;l into

TP(ua U) = ! |: v :| ’ Tq(u,v) = ! |:Su ; CU:| ’ (25)

s+nv [su+cv s—nv

27
n

wheren € R, a:= 2%, ¢:= cosa, s := sina and arrive at

' (porp)(t,0) =0 (qorg)(t,0), i=0,...,s. 2)

So, whilep gives a common domain across an edgenaps of typer;, yield
a common preimage or chart to the patches of a vertex neigbbdr

4. CONSTRUCTIVEUSE OF THERATIONAL LINEAR TRANSITION MAP

To practically verify that the form ofp given in Theorem 1 is not only necessary but also sufficientttie
generation ofC*® surfaces without shape defects, we sketch two such cotistiecfor s = 1,2. We note that
below we are not trying to create a general purpose high-arfdcng algorithm: such algorithms have to cope
with design-induced distributions of irregular verticesamy valence. We only want to verify that the class of
constructions using includes at least one reasonable member.

Still, the challenge is nontrivial. [PF09, Lemma 4] ruleg generalC! constructions withy linear everywhere;
and (21) of the proof of Theorem 1 implies thatt) := d,pl?(t,0) = 7(1 — t) + ot is necessarily linear
everywhere. Moreover, the proof of [PF09, Lemma 4] is basethe existence of 4-valent vertices with tangents
in X configuration, i.e. alternatingly collinear tangenis= 7.2, £ = 1,2; and such 4-valent vertices naturally
appear due to layout symmetry in all loops of the figure-8 shiaigure 1,left.

Fortunately, our setup falls into the one category identifis exceptional in the conclusion of [PFQ09] in that it
allows lineara. everywhere. We group the quadrilaterals into rectanguigisgvhose corner vertices are 8-valent
and whose 8-valent vertices are connected by a chain ef1, m > 1 vertices of valence 4. That is, for a given
8-valent point, thekth curve emanating from it has. := m(k) pieces. For example, Figure [&ft, shows four
such rectangular grids where, due to the low genus, eacheas#s8-valent vertex twice.

With each rectangular grid we associate one tensor-pragplicte patch with uniform knots in the interior and
full multiplicity of knots along the boundary so that theehnt coefficients are those of the Bernste@eigr form
(BB-form; see (27) below). We partition in (21) uniformly and set

m(k) — 2u
m(k)

Whenm(k) = m(k + 4) thenoy, = ;44 and Lemma 2 applies.
We denote the polynomial piece with indexv in

the rectangular grid of théth spline,k = 1...n°, by |

bkHv, With d = 2s + 1 the bi-degree and,j enu- e

merating the coefficients of one patch, the Bernstein boy"

Bézier form (BB) of one piece then has the form

T=V2, o, :=qf, wherea) =7 for u=0,...,m. (26)

d d J J bi
. . . . s |
bk,p,,y(u 1}) — Zzblehu( )uz(l_u)d 1,( )U’(l_v)d J. k,p,v
’ J 1 y 22
i=0 j=0 v J bk’#aV‘ o d
(27) 02 ! bk,u,u
As usual in multi-variate constructions, the available i .' o o 031

degrees of freedom do not exactly match the number  byi""”
of constraints. Since our aim is to just show existence
of a reasonable construction, our strategy for setting o -0-0-0-0--

. . . bk’ﬂ’y bk7M7V k,p,v k,p,v kv
the default location of free variables can be simple: 00 10 by bag" by

we interpret the vertices of the input quad mesh as . . ,
. .. . . Fig. 3. Corner of the polynomial piece with indexv in the rectangu-

spline coef_ﬁqents with single kn_ots a_nd We ensulig urid of thekth spline,k — 1,. .., 8. We focus on(y, v) = (0,0),

a G* transition between the spline pieces by leasie cormer BB-patches of the spline, where the 8 patches nmebt a

perturbation of the BB-coefficients along the splin@r%paqaie _;heﬁs fr?nséfgmts ﬁ?'?ﬂ% P?Undarlasp,b% o M0 Thg

boundaries. Due to the linear averaging of tangefitPScriPts identify the BB-coefficients: for examplg, corresponds

. . . . . 0 the point shared by the splines which together vbflig? andbg;

configurations, the strategy is visible as in the \}deﬁnes the tangent plane.

shape in the perimeter of the central patch (see e.g.

Figure 5,right). While the shorter formulas for th@!

construction suffice for direct implementation, t6&

construction is only explained at a high level.



4.1 G' construction
We choosel = 3. The unbiased?! constraints is

(029)(t,0) + (91p)(0, 1) = a(t) (92p)(0,1). (28)

We note that linearity ofx(¢) := 7(1 — ¢) + ot also has an upside since this is required ([PF09, Lemma 5]) fo
a bi-3 surface construction to cope well with higher-ordaildies. Abbreviating, thgth set of coefficients of the
uth segment of théith edge,

U B O, e O U b U g
relation (28), split amongn segments along the boundary curve, yields /ot 0,...,m — 1, afj = 7%2“:
Syt = akuft (29)
3k — Qal]julf’“ + aﬁ+1u§’” (30)
305 = aﬁug’“ + 204[’3“1/1““ (31)
65" = agy quy™, (32)

whereéf”‘ = vf’“ + wf’”. Nominally, these ardm equations but, by enforcing continuity between the pieces,
(32)u=i = (29)u=i41, i.€. constraint (32) when substituting= i is identical to constraint (29) for =i+ 1 so
that there are onlgm constraints to check.

8-valent vertex neighborhood

We initialize the BB-coefficientst;; := bﬁroo for ¢ + 7 < 3 by approximating the limit of the Catmull-Clark
surface. That is, we surround a vertgkof valences (Fig. 4) by 8 patches in BB-form (to form the corner pieces
of a spline). We sekg to the limit of p° under Catmull-Clark subdivision (red circle in Fig.dddle) and place
the x¥, for k = 1...8 (blue circles in Fig. 4middle) into a common plane spanned &y, and the real and the
imaginary part of the vector of complex numbers obtainedvidence 8 and anglégl =7

8
4 — 17 /. . vV —=1m . =17 - .

t = N (k= 4)e T U (T D 4 YT )Y, e = exp, (33)

3k(k —2) =
&
k 0 2—1 ., 2j
= = 4p=? J 34
X00 = X0 104;:181’ +4p™ T+ p, (34)
o & & N k o . Tk
v/ X7p = Xgo + Re(t )COSZ + Im(t*) sin R (35)

1
X’fl — §(4]30 + Q(p%ﬂ Jrpszr?)) +p2k+2). (36)

Forr=v2 k:=2+5+ /(X +9)(L+1), the common
Fig. 4. left: extraordinary vertexp® with 8 direct neighbors f ¢ (T )(T )

p?F 1 k= 1...8. right: limit point xo, tangent pointsck, plane is the Catmull-Clark tangent plane. Figureriidle,
and ‘twist’ coefficientsx?, . shows the BB-patches after initialization.

Propagation of the G correction along spline boundaries. Lé§;"° andb%," be the BB-coefficients derived from
interpreting the vertices of the quad-mesh as bi-3 splirefficients. We adjusts;’® andb%:" to enforce (30) for
the first BB-piece of the spline (and symmetrically at theeotB-valent vertex), setting

3(0F0 4 0) _ gk
%,00 k,00 k.0 k,0
byy ==bip tuyT, uy = (v} 21k) 0, (37)
Qg
51" = 031" + 0, do 1= " — by (38)
P00 | k.10 -
pE00 . 220 ;F L A (39)
051" = 051" + 61 (40)
and propagate the adjustment by modifying
kyp k,p ko kyp kyp kyp
vt ot 0020wt w0012, (41)

forj=1,2,3andu=1,...,m — 1 to satisfy (29), x, (30),x, (3L), k.



Fig. 5. G construction. Igft) The BB-control-net with the number of segments is chosemas 5,12, 5,12,5,12,5,12. (middle) C°-
connected patches (note the slight discontinuities in tighlight lines) in BB-form after initialization. (The redusface stems from the
unperturbed quad mesh interpreted as control net of a tgmeduct spline of degree bi-3.)ight) Smooth surface. With the control net away
from the boundaries unchanged, the linear averaging ofahenge 8-configurations cause an initial V-shaped frorfiet not dip) in the patch
propagation through the loops.

4.2 G? construction

The splines of ouG? construction are of degree bi-5. As in ti# case, we inherit the basic shape from the
quad mesh by interpreting the mesh vertices as spline dgunats. We can therefore focus on the outermost three
boundary layers in BB-form, i.e. coefficients where at le@st index is less or equal to 2. We need to enforce

(93a)(t,0) =(97p)(0,t) — 2a(t)(919:p) (0, 1) + a*(t)(95p) (0, 1) (13)
—2(7 = 0)a(t)(02p)(0, £) 4 2(7 — 0)(01p)(0, 1).
8-valent vertex neighborhood

As in the G' case, we need to first determine the total degreget at the vertices, i.e. the BB-control-points
with index summing to at most 4. These are the points in Fi@uréhe points are treated in three groups. All
solid, green points with index summing to at most 2, of alheigatches have no more than 6 degrees of freedom
total, since that defines the local expansion. As a reasonable heuristic, we borrow the expassif theG'
construction, degree-raised to 5: For each patch, we trac@ axpansion around the 8-valent vertex and then
average theC? expansions. The key challenge (see [HPS10]) is to solvdixed boundary coefficients with index
30 which agree with those with inde®3 of the preceding patch, for the 16 coefficients with subsctiband

21 (blue, solid circle layer). For this, we substitute t68 constraints involvingb?, "% and b5,”° into the G2
constraints in the same coefficients and eliminate the cosftis with subscrip21. This yields a8 x 8 system of

constraints in terms of the 8-vectar, whosekth entry isx%, := b5 .

%v k—jl=1
Mxis =, Mg =492, k=j , (42)
0, else.

vy, i =(27 — 0)xk, + 2xb) + (270 — 4)xb, — 2xh Tt xSt
The matrix M is invertible and we get a unique solution for the coeffigentth subscriptsi2 and, by back
substitution into theG' constraint, for those with subscrigtl. Finally, with the coefficients with subscrip
taken from the spline surface, we can solve eieand theG?2 constraints involving?; % and b5;"° uniquely
in those variables.

Propagation of the G2 correction along spline boundaries. As in ti@&' case, we propagate a perturbation of the
initialization along the boundary to obtainG? transition between the spline patches, leaving the secayet bf
Coef'ficientsb?g‘0 unchanged.

Figure 5 shows that the simple construction without otpatian yields reasonable results.

5. CONCLUSION

Theorem 1 shows the uniqueness of the lowest-degree, nam@dynal linear (projectively linear) bi-variate
reparameterization for constructing at ledst-smooth surfaces with unbiased geometric continuity cairgs.



Fig. 6. top Genus 3 surface with four vertices of valenceb8ttom genus 5 surface with eight vertices of valence 8.
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Fig. 7. Bent figure-8: layout, reflection lines, (non-negafiGauss curvature.

Lemma 1 and 2 show that the rational linear reparametesizasi admissible withC'® constructions for any. It
is the simplest such map.

Conversely, two concrete constructions outlined in Secto verify the sufficiency of the reparameterization
for generating smooth manifolds of any non-zero genus (€ig) and without necessary shape problems, for
quad-meshes with isolated vertices of valence 8. Figureofvsta saddle and Figure 7 a convex neighborhood of
the 8-valent point.

We emphasize that the algorithms reprsent a proof of corangptve do not advocate the algorithms as general-
purpose, high-end surface constructions. In high-endasar€onstructiondpcal shape considerations rather than
the overall genus are the main reason for introducing \estwf arbitrary valence. Also for better shape one can
choose the polynomial degree of the splines far“asurface to be higher thads + 1.

The low degree surface parameterizations with simplesisitian functions are expected to find use as
computational domains, analogous, but simpler than, iagigtonstruction such as spline orbifolds [WP98].

Triangulations analogous to our quad meshes are regwdarthie vertices are 6-valent, everywhere except for
—x isolated vertices of valence 12. The theorem and the two Esnof Section 3 apply unchanged to su
triangulations, withr := /3. The characterization of admissible rational linear rapaterizations also applies t
genus 0. Heres = 3 and 7 := —1; 07 = 02 = o3 must hold in order thaps o ps 0 p; = id.
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