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Abstract

We convert any quad manifold mesh into an at lé@Stsurface
consisting of bi-cubic tensor-product splines with lozad pertur-
bations of degree bi-5 near non-4-valent vertices. Theyaagoly-
nomial piece per quad facet, regardless of the valence ofghe
tices. Particular care is taken to derive simple formulathabthe
surfaces are computed ciently in parallel and match up precisely
when computed independently on the GPU.

CR Categories: 1.3.5 [Computer Graphics]: Computational Ge-
ometry and Object Modeling

Keywords: real-time, GPU conversion, quad mesh, bi-cubic, bi-5
perturbation, spline, surface

1 Introduction

Current efforts of chipmakers to provide parallel multrecor
SIMD GPU platforms force CAD vendors to rethink their basip+
resentation to take advantage of the increased computhfiower.
This is as much an opportunity as a challenge. Clearly CADaan
stray too far from established standards, such as the tensduct
B-spline or Bernstein-Bézier (BB-) representation whamommes to
surface representation. However, there is an opportunityganize
these representations differently to avoid CPU-to-GPstier and
to con ne primitive explosion to the GPU, leaving the CPU€t®
do other tasks.

We propose here to augment the existing BB- (or B-spline) rep
resentations by a localized perturbation; speci callytpesing a
bi-cubic (bi-3) spline by coef cients of a bi-5 polynomialigze
(Figure 1). Due to the locality of the perturbation, thisnesen-
tation, thep-rep, is novel as a construction even though bG%
freeform surface constructions are themselves not neve(gegShi
et al. 2004]). While the derivation of the perturbation isftavial
the resulting formulas are simple and yield a consisterdliped
construction suitable for SIMD parallelism. On the GPU, wa-c
struct the p-rep in one pass using the vertex shader and dinesge/
shader of the DirectX 10 graphics pipeline, streaming o&3 p-
rep coef cients. In a second pass, we use instancing to atathe
patches on the vertex shader.

The p-rep

1. yields watertighC?! surfaces from quad meshes;

e-mail:amyles@cise.u .edu
Ye-mail:yiyeo@cise.u .edu
Ze-mail:jorg@cise.u .edu

05@ 055 03e ° ® ¢33 050~ -0 0--055
¢} o 0
[ ] L] [ ] [ ] .
b — I . [Srel
— g ) o o
[ ] L] L] [ ]
0lo o o Q
g s <0 . . Lot . 6 -0 ;8- -0 -0
00 10 e 50 00 e 30 00 10 e 50
BB bi-5 p-rep

Figure 1: Two representations of the degree bi-5 patdbft) Stan-
dard Bézier form wittb 6 coef cients. (ight) bi-3 patch with
vertex-localized bi-5 perturbations (coef cients are tlied cir-
cles). The center four coef cients can be freely modi ed but
construction does not use this.

2. does not require separation of non-4-valent vertices;

3. consists of bi-3 tensor-product splines with local dfsef
degree bi-5 near non-4-valent vertices;

4. reduces to standard tensor-product bi-3 splines whereall
tex valences are 4;

5. is designed to be both constructed and evaluated on the GPU
possibly preceded by GPU mesh deformation or evolution and
followed by further computation (Figure 6);

6. localizes computation to maximize cache usage and ageid r
computation.

Section 2 introduces the two representations de ning thetpm be
constructed and discusses the derivationﬁbrcontinuity, which

de ne the formulas for construction. Section 4 maps thesatdas

to the GPU. Results of an implementation and the discussion o
design choices are in Sections 5 and 6.

1.1 Fast Conversion & Evaluation on the GPU

Computer Graphics has a head start on techniques for GPU acce
eration. The natural recursive re nement which makes stisidin
of quad meshes so intuitive to the designer is not a good mdtbh
deep graphics pipelines where recursion implies multiglssps.
Evaluation via Stam's acceleration [Stam 1998] is used ideting
packages, but the overhead and size of the resulting shauteres
are not appropriate for on-the- y transformation of quadsimes.
Using tables of surface fragments placed into texturesxém va-
lences and deptHBolz and Schroder 2002] introduced a rst ef-
cient re nement method aimed speci cally at the GPU. By ear
fully combining the fragments, the resulting mesh appration of

a Catmull-Clark surface can be made “watertight', i.e. dsqixel
dropout [Bolz and Schroder ]. More recently, [Loop and S&fba
2007] proposed an approach that allows arbitrarily ne ea#ibn
on the vy, of a surface approximating the Catmull-Clark sué.
The construction is conceptually easy and can be made vgitiert
since it uses bi-3 (bi-cubic) patches everywhere. The coctsbn
generates just one geometry and two tangent patches pefapsid
regardless of the valence of the vertices. This avoids CRPrpr
cessing of the quad mesh, used for example in [Bolz and 8ehrd
2002] and [Peters 2000] to separate extraordinary poietgaoints



that have fewer or more than 4 neighbors. This is possibleesin
[Loop and Schaefer 2007] does not creat@asurface, but, in the
spirit of bump mapping and PN triangles [Vlachos et al. 200dg-
ates a pair of tangent patches whose cross product is simitart
not identical to the normal of the bi-cubic geometric patcimder
OpenGL lighting, the differences to the true surface arécglly
dif cult to spot. Clearly, while such approaches are greatdom-
puter graphics, they are not appropriate for engineeriptjegiions
where the user will want to see exactly what is designed.

Bischoff et al. [Bischoff et al. 2000] proposed a forward-
differencing method for evaluating Loop subdivision onfanin
samples; Schaefer et al. [Schaefer and Warren 2007] pragechp
tables for the exact evaluation of arbitrary subdivisiohesnes
at rational parameter values by applying a classical tegkenif
[Cavaretta et al. 1991] and proposed a dual method for adapti
tessellation; and Boo et al. [Bbo et al. 2001] suggest harevior
adaptive tessellation. Loop and Blinn [Loop and Blinn 2006¢
the fragment shader to accurately render certain algebusiaces.
Since fragment shaders were historically more powerfultduleeir
texture access and buffer writing capabilities, the fraghshader
has been used to implement subdivision re nement. Shiud. et a
[Shiue et al. 2005] de ne data structures that allow for retue
subdivision with creases as several passes in the fragrhaedes
and Bunnell [Bunnell 2005] provides code for a fast adaptibse
sellation of subdivision surfaces. Since the fragment shalthe
last shader in the graphics pipeline, applying additionadjfnent
shaders and passes means reading bétek the primitive explo-
sion inherent in re nement. Generating the geometric piiras
earlier in the graphics pipeline not only opens the possibif a
single pass (accelerated by a hardware tessellator) Hdsyaso

a conceptually cleaner data ow. Evaluation of trimmed NUWRB
surfaces on the GPU by [Guthe et al. 2005] and [Krishnamurthy
et al. 2007], corresponds to our second pass, evaluatige stad

is therefore complementary to our focus, which is the gdimraf
the surface on the GPU.

2 The P-rep Patch

b N
NN

Figure 2: Indices of [eft) a one-ring of quad mesh poir1l:r$‘+l at
a vertex with valenca = 6 and (ight) BB control points of two
adjacent patcheb*.

Consider the standard tensor-product BB-representatkain
1988; Prautzsch et al. 2002]

| |
Xt xd ' ' .
bj 1 Jq @ v v

i=0 j=0
1)
Ford=5,bf 2 R*isthe(i;j )™ BB control point of thek™ patch

B (u;v) (Figures 1eft, and 2,right). We will verify smoothness
of the construction in this representation in Section 3 lomstruct

u)d iui

b(u;v) =

it below in perturbation representatigrshortp-rep, as a BB-patch
g“(u; v) of degreed = 3 with BB control pointsg 2 R® plus a
sparse bi-quintic perturbatian (u; v) with BB pointsh 2 R®
(Figure 1,right). The relationship between the representations is
given by (10). If all four vertices of a quad have valence 4,cak

it a B-quad and compute onty.

2.1 Construction at Vertices

Let f pkg be the control points of the 1-ring of the design mesh
at the vertexpo of valencen. The p-rep interpolates the central
limit point of Catmull-Clark subdivision for the 1-ring. Bhis (see
Figure 2 for indices) [Halstead et al. 1993],

P
", (Nnpo+4pxy 1+ p2).

n(n+5) o k=1::n:

@)

kK .
Joo =

To have the tangent plane g, agree with that of Catmull-
Clark subdivision, we de ne two vectors; and e, that span
the tangent plane and express the tangent coef cigfts in
terms of these directions scaled by 2 R. With , :=

& G +5+  (ch +9)(cy +1) the subdominant eigenvalue

of Catmull-Clark subdivision andd the degree of the BB-
representation, e.g.= 3 for g*, we set

— . — 0:53 ifn =3,
wh =16 » 4 NS 1=4 , ifn> 3,
K . 2k | K i ain 2k, .
Ch = COS——; Sy i=Sin =i Cn = G

_ i1 B i
1 .= Wndn ’ 1 .= dn +dny

— i1 o 1 i
2= WasSh 5 2:= Syt sy

n )@ H

e = ——— iP2i 1+ ip2 ;fori=1;2,
T Wa) P2 P2
k o ok k k.
O10 = Joo * €1Cy + €28y (3)

The formula makes explicit that, giver,, we need only compute
(e1; e2) inthe vertex shader and hand it over to the geometry shader
where a patclk can generate its tangent coef cientg; andg’,

for each corner by simple rotation. Finally, we compute

k

g11 = %(4p0+2(p2k+1 + Pok+3 )+ Pok+2 ) (4)

We note that (2), (3) and (4) are to the standard bi-3 B-spline
BB-form conversion formulas for vertex, edge and face coiehts
if the valence i = 4.

2.2 Smoothness across Edges

Since we sebk, * = b, along an edge between patct#sand

B ! (Figures 2, 3), the patches match continuously. The well-
known suf cient symmetric conditions fo&* continuity between
two BB patches meeting alorgj (u; 0) = B¢ *(0;u), u 2 [0; 1],
aregjb?‘(u; 0)60, @VH((.U; 0)60, @—@\)ka 1(0;u) 6 0 and, for
some scalar-valued functior(u),

@

@uﬂ‘(u; 0):

Since the conditions equate curves along an edge, we ahtwevi

@@ka(u;w @@Vg)k 1oy = (u) (5)



Suu 0+ &b *o5u)=

2 (u 0+ &b To5u)=
B(2¢n ; 0; 0) —@-b (u; 0)

B 2Cn,; 2cnl @bk(u 0)

Figure 3: Edge between two bi-5 patches (BB control neigrin).

The extraordinary vertices are denoted byand , while the va-
lence 4 vertex is denoted by a (left) valencehn; 4i, (right) va-

lenceno; nqi.

g; = gi‘} l,hIJ = hIJ , write a curve of degred with parameter
u and BB control pointgo;:::;Cq as
Bco:::; Ycijiiiica anduse h; i

to indicate that the valence at one endpoint of the boundameds
and at the other endpoint is We de ne endpoint-symmetrgs
replacing (see Figure 2)

(no;hyj 395 1911) by (nishs 45 193 i 1910)-

If the tuple ish¥; 4i , we choose = 0 and the boundaries and cross-

boundary derivatives of degree 3 de ned by (2), (3), and éduce
to the standard B-spline to BB conversion formulas.

bi-3 patch. Hence we distinguish two cases (see Figure 3):

hn; 4i (u):
hno; nai (u) :

B(2¢y; 0;0); (6)
B(2Cn,;  2Cn,) ()

Both choices of parameterization result@t conditions when
both ends of the edge have valenqe 4. We have four cases and usg; := b¥, b¥;

for clarity dot([Co; :::1;[ os::]) == 5 Ci i

Case 1:np= n1=4: h20 = h30 = h21 = h31 = (O ;0 0; O)

Case 2:n¢64 andn;=4

hoo := hgo :=dot [goo: 910 920: (911+911) 13

43_0[ 2, 6=Cpno+6; 4;3:cn0]
2Cn,=5) haot (8)

dot [goo: 9107 9207 G30: (911+911): (921"912)];

ha = (1

i[ZCnO 12 6Cng; 6+2 Cngi 2Cng; 65 3]
100

ha1 := hgo +dot [ggo: 910 9205 9305 9o1: 9215 9o 9117 912 I;

_— 2+2(:n0 6 cho 12 2(:n0 2+2c‘,n0 2, 9; 2, 6; 3
100[ ]

Case 3:np=4 and n;64 is endpoint-symmetric to Case 2.

Case 4:npo64 andn,64

hoo :=dot [0 9105 9205 (911+911) ]

3
E[ 2Cn;=Cng; 4*(2 cn; 6)=Cng:

4; 3=cn y; 3=Cn ]

h3g is endpoint-symmetric th .

hoy = 1 gCno gCnl hoo + gcno hgo+ 9)
dot [go0: 9107 9207 9307 (911+ 911 )i (921 +922) ]

7[4cn1 12 8cng: 646 Cng 4cnyi 26ng; 6 3]

100
hs; is endpoint-symmetric th,; .

In geher
a valence 4 vertex needs to be handled with care to ensurthéhat
C* conditions and not jugs® conditions hold with the neighboring

3 Veri cation of Smoothness

Here we derive formulas for the coef cientd, , b, , b, andb¥;
so that theG?! conditions (5) hold. The formulas fbrag, hyq, hao
andhs; of the p-rep then follow from (see Figure 1)

5 2, .

b1 Zboo; (10)

Joo = boo; Jio =

25 10 10 4
==b —b by + —bgo;
J11 g P11 g P10 g Qo1 * 5Doo

ha = by @x; ha = by ap;

whereay; = cub2(bg;; byi;bai;bs) and

3 1 1
R = SB3c 44t 1
cubz(co; €1, C4; Cs) oot €1t 5C ZCs
takes the rst two and the last two control points of a quirticve
and returns the third control point on the assumption thexghin-
tic curve is a degree-raised cubic. That is, we obbginfrom b;
by subtracting the cubic componeay; . Since the four central con-
trol points ofb have no bearing on rst order smoothness, we can
choose their perturbations as zero. We abbreviate diffeiof
control points as illustrated in Figures 4 and 5:
Wi = b‘ii ! b0| ; Ui(s) : b|+1 ;0 biko'
The subsections below are labeled by the case in the geometry
shader procedure (subsection 4.2). Case 1 need not be s#iscus
because the perturbation is zero.

3.1 Cases?2and3: n;4i

W2bk 1W3 W4 5

Figure 4: Indices of control points of the derivatives along a shared
boundary in Figure 3n; 4i case. The boundary is of degree 4 and

ui(") are its rst differences.

To preserveC! continuity at the valence 4 vertex corresponding to
b¥ = B(1;0) = B* (0;1), we chose (u) := B(2c,;0;0) and



chose the degree of the shared boundi(y; 0) = b *(0;u) to
be 4 by setting

1,k 1,k K 1, k 1,k
b% = — bk Zb% + bk + Zbk  ~b 11
30 10 00 2 10 20 2 40 10 50 ( )
and de ning
@ ._ 5 k k 4 ._ 5.k 25, k 5,k
u,” == b b ;ou =>b b ~boo;
0 4 10 00 1 3 12 10 2 00
(12)
@ ._ 5,k 25 k 5,k . 4 ._ 5 Kk k
u,’” ;= Zbhs+ =b —b us” == > b b
2 3 30 12 40 12 50 3 4 50 40

Equating the 6 coef cients of the polynomial equation (5gdgiiv-
alent to the 6-tuple of equations

5B(vo + Wo;5(V1 + W1);10(v2 + W2);
10(vs + w3);5(va + W4);Vs + Ws)

=5 BRc,ul ;6c,ul? 60, Ul 2c,ul? ;0,0

The rst equation,vo + Wo = chu( ), is enforced by (2) and
(3) and the last two equationg, + w4 = 0 andvs + ws = 0
hold by C* continuity at the valence 4 vertex. (Recall that &
constraints simplify taC! constraints where the valence is 4). The
remaining equations, corresponding 1 f 1; 2; 3g, are

3 5 5
2ch | u® = i (vi+wi)= i (b5;*+ by 20b57)

which simpli es to

b 1+ bk G 4 i)
0= bft U 5 T+ o6 u®: (13)
Wheni = 1, we insert (12) and solve for
bk = Spk  Llpk 15 b by + bf,*
20 -— Z 10 Z 00 Cn(5 |)(4 I) 10 2

Wheni = 4, the assignment af,; andg,, in the bi-3 construction
already implies the constraints + w4 = 0. Fori = 2;3, (13)
follows from the assignments

k. (4) 1, k 1.
b%, := bk + cn EU + 5@ ap);
k1 ._ 4 1, k1 K
by, = boz + Cn Eu(z) + 5(312 az) (14)
1, k 1
b = b+ 2ul® + L@k akt);
3 30+ Cn o s(@a  ag’);
k1 ._ 4 1, k1 K
by = bos *+ G *Ug) + 5(3-13 as) (15)
where
Ko K .k ok Lk
az; ;= cub2(bgi;b11;041;b5)
k1. 1.k 1 pk 1
a12 = CUbZ(blo b1y ,b14 bis™) (16)

anda¥; anda’, are endpoint-symmetric @}, anda,*, respec-
tively.

0 Vi Va2 V3 V4 Vs

yu8, fup oo b oo Yoo L,

o Wi

Wzok 1W3 Wa W

Figure 5: Indices of control points of the derivatives along a shared
boundary in Figure 3 in théno; n1i case.

3.2 Case 4: mg;nqi

Since we chose (u) := B( o; 1) where o :=2c¢n, and 1 =
2cn, (see Figure 3iight), the constraints are formally symmetric
when endpomts are exchanged. Hence only the formulab 'for
andbk,,i 2 need to be derived. Equating the coef cients of the
polynomial equation (5) we arrive at the 6-tuple of equagion

5B(vo + Wo;5(Vi + W1);10(v2 + W3);
10(V3 + W3)'5(V4 + W4)'V5 + W5)

=B(o; 1) 5B uf;4au® ;60 ;4u® ;uP

=5 B( ou®:4 ou® + 1u®;6 u® +4 1u®;

4 o0u +6 U oufd +4 1l

The rst and last equations are satis ed by (2) and (3). Corimza
the remaining coef cient pairs far2 f 1; 2; 3; 4g yields
! ! !

4 4 5
. ui(s) + o1 ui(s)1 = 0 (vitwy)
i1 i
which simpli es to
b% !+ bk 5 i
_ k1 1 0 (5) ®)
0= by 1|2 : ol +?5|1
since 4+ = Cn, and - Cr,. We enforce the equation for

i = 1 by substituting fou (15) and solving for

k k1 k
cuf +5 2t bu 2%

1
b3 := by +
20 10 4Cn0 2

an

Fori = 2, we can satisfy the equations by settinfy andb¥,*
using the following symmetric pair of equations.

K 5 1y,
b20+Cn05U(2) ap ),

as1) (18)

k 5
b3 () + *(3-21

Cn1

(®)

be, '+ Cno—uz o

u
Cn15 1

k1
b1, + E(aIZ

wherea¥; anda,' are de ned in (16).

4 P-rep construction on the GPU

We compute (2), (3) and (4) in the vertex shader and assemble a
compute the p-rep according to (8) or (9) in the geometry shad
The result is streamed to the subsequent evaluation passeftex
list P can alternatively be a stream-out vertex buffer from a previ
ous computation or a mesh evolution pass.



Vertex Input
- (stream) valence and vertex valence and one-ring array index
one-ring array inde: n,l (stream)

- (texture) vertex IisP
- (texture) one-ring arra]{ |

(fetch)

Vertex Shader

Pl [i: (i+2 n)]
v-out:  n, (e €2), 9gg. 9%;
GPU
Memory v-out 4 of patch corners
Patch Input (fetch) I l l l l

- (texture) patch cornel 1 Geometry Shader I

indices for each quad kokakaks

1 p-rep coef cie||1ts

| Stream-out buffer |

Figure 6: Conversion pass in the GPU pipeline. The vertex shader
computeg?), (3) and (4). The geometry shader computes the coef-

cients of the p-rep, (se€) or p-rep,(9)).

The conversion is the rst of two passes. The second passliess

lates and renders the patches using instancing. That ispor of
the pre-tessellated domain and patch identi ers, the westeader
loads, for each patch id and domain point, the appropriatéraio
points and evaluates the patch.

The conversion pass is illustrated in Figure 6. For B-quadks,
specialize the shaders to the case where all valences &tpkéep
this simple case fast.

4.1 Vertex Shader: Consistent Tangents

Input passed to the vertex shader:

— an array {exturg@ P containing the vertices.

— A texturel containing, for each vertex, the indices of its
one-ring of neighbors (see Figure 2)Rn and

— aninput streanof, for each vertex, its valenaeand
indexi into the one-ring texture.

Since the number of vertices in the one-ring over a vertexeddg

on its valence, we use an indexabove for each vertex to pack all
the one-ring indices intd (as opposed to wastefully padding to

(ko; k1;kz; ks) around each of its four corner vertices.

Output: The shader specialized to B-quads outputs the 16 control
points ofg. The general shader outputs an additional 16 control
points for the perturbatioh.

Procedure: We rst load the four patch indicelso; k1; k2; ks. The
following computation has to be done for each of the four ecsrof

g andh. For simplicity, our discussion refers to thg, corner and

to the patch indeko. The indices are as in Figure 2 wighplaying

the role ofg® andg the role of the preceding neighbgf * (e.g.

g, andg,, are selected from the output of vertex shader Step 3 via
the patch index).

Bi-3 patch: For thegqy, corner,

1. assign tago the appropriate extraordinary point
(from vertex shader step 1);

2. computegyp andgg; using (3) with patch indeko; and,

3. selecigy; from the output of the vertex shader using the
patch indexXo.

The other three corners gfare assembled using the obvious sym-
metries. The conversion for B-quads stops here. The fuépp-r
construction computes the

Bi-5 perturbation: Computeh g, hsg, hoy, andhs; according to
Nno andns in (8), resp. (9).

5 Results

Frames per second
Model Verts | Faces|| N=5 9 17 33

10 Triple Donuts 400 440 524 | 456 | 249 | 104
Shaft 1107 | 1105 811 | 590 | 262 | 87

Frog 1308 | 1292 247 | 205 | 102 | 41

Table 1: Frames per second for various models with each patch
evaluated on a grid of sizZd N . The percentages of B-quads in
the Triple Donut, Shaft, and Frog are 40.9, 90.6, and 40.9pee-
tively.

We implemented the p-rep construction and subsequentagiaiu

some maximum one-ring size and looking up based on the vertexin DirectX 10 on the NVidia GeForce 8800 GTX graphics card: Fo

id).

Output: For each vertex, the vertex shader outputs

— its valencen,

— the Catmull-Clark limit pointy 2 R3 of that vertex,

— (e1;e2) 2 (R%; R®) used to computgk, 2 R® for
k2f0;1;:::;n 1gand

—g 2R fork2f0;1;:::;n 1g.

Procedure: For each vertex, latbe its one-ring-array index and
its valence.

the vertex list? and compute
1. the extraordinary point using (2),
2. (e1;e2) using (3) withd = 3, and
3. g%, using (4).

4.2 Geometry Shader: Patch Assembly and Perturba-
tion

Input of the geometry shader:
— all the streams output by the vertex shader, and
— atexturecontaining, for each patch, its integer indices

speed, we used specialized shaders to construct and evaheat
case without perturbation. Nevertheless, we tested ounadedn
meshes with a small percentage of B-quads to test the etyiei
our method. Performance of the current implementation risae
strated in Table 1 on the models in Figures 7 and 8. Availgbili
of the Xbox 360 continuous adaptive tessellation unit [Leil|
speed up the second pass and decrease the penalty for Esgk te
lation factorsN .

6 Discussion

The p-rep can be used both in the traditional CPU setting asd,
we demonstrated, ef ciently constructed on the GPU thaoKsit-
mulas like(e1; e2) that are speci cally developed to minimize re-
computation and passing in the GPU pipeline. Keeping thehpat
in p-rep rather than in standard BB representation resulisier-
tightnesdetween neighboring bi-5 and bi-3 patches: the numerical
round-off error is identical when computing patch bounelsinde-
pendently from either side, because there is no perturbaiiang
that edge and the boundary is computed identically by thexer
shader.

The presented approach ts well into a GPU pipeline where the
GPU deforms the quad mesh and outputs to a stream-out vertex



buffer. This buffer can directly be read, in place of a tegfuio

create patches and render them with minimal CPU overhead and

CPU-GPU transfer. Here, deformation of vertices with maay d
pendencies should be con ned to a separate pass for synzaron
tion and to avoid re-computation. At the other end, the gegpme
shader is unused in the second pass. We are currently exgitsi
use for intersection testing and nite element computation
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Figure 7: Twist and Triple donut withoutnfiddle) and with pot-

tom) the bi-5 perturbation.

Figure 8: Quad mesh and p-rep surface of Shaft and Frog.



