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Abstract

We describe the structure and general properties of s@rfaith polar
layout. Polar layout is particularly suitable for high waées and is, for
example, generated by a new class of subdivision schemésnate gives
an high level view of surfaces with polar structure and doeisamalyze
particular schemes.

1 Introduction

One way to introduce polar surface layout is by comparisaoth wubdivision
schemes such as Catmull-Clark. Subdivision surfaces cahdracterized as a
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Figure 1: fop) Control net with central node of valends positioned on the
paraboloidz = x? 0:6y2. (left) A ring with sprocket structureright) A ring

with polar structure.l{otton) Surface rings shaded by Gauss curvature generated
by (left) bicubic surface ring andi@ht) polar surface ring [4].

sequence of nested spline rings converging to an extraammdpoint (see e.g. [7];
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Figure 2: (eft) A sprocket. fight) A polar structure seems natural in some set-
tings.

the alternative view, the re nement of a control structusegliscussed in Section
3). The natural layout of such a spline ring near an extraamgi vertex of high
valence is shown in Figure tight, and is quite unlike the standard subdivision
ring shown in Figure 1left: in standard subdivision, the spline rings are bounded
by n spline curve pieces joining with sharp angles (e.g. Cat@ldrk subdivision

[1], Doo and Sabin's subdivision [2] or Loop's subdivisidsl). Then corners of
the rings then induce a shape similar to a sprocket (see d-Rjueft). We note
that, as the valenae increases, the length of the inner and hence outer boundary
of a sprocket ring increase fast, due to the corners. — Byrasinta spline ring
with polar structure is bounded by a single spline curve sing of n smoothly
connected pieces. Polar surface rings therefore mimicaywuk of architectural
domes (Figure 2jght) and spider webs.

A second way to motivate polar surface structure is to olestrat sprocket
subdivision algorithms typically yield poor shape (see €Eigure 3) when the

Figure 3: (eft) A 16-sided cylinder, ifhiddle Catmull-Clark interpretation of the
16-sided cylinder, ight) Gauss-curvature shaded interpretation of the cylinder
according to polar guided subdivision [4].



Figure 4: (eft) Input polar design net.nfiddle Doubling of valence by uniform
cubic knot insertion applied to each layer separateight) Transition with vir-
tual T-corners.

valence is high. By contrast, in the polar layout, incregdime valence is as
easy as knot insertion in the circular layers and therefosva for little or no
change in the shape of the ring. In fact, the valence can hedvilom step to
step by reinterpreting a ring as consisting of more piecés Bgjure 4 right. For
polar subdivision schemes, increasing the valence is afésirable, because (i)
if there is an underlying guide surface as in [4], increasal@énce can improve
approximation order and capture shape better, and (iipasing valence avoids
special treatment of low valences as is often needed to memobdivision with
standard layout.

While the two introductory characterizations focused orfasie properties,
these properties are the result of surface partition itdekfrom a partition of its
domain. We discuss this formal difference between stansiarmocket and patch
layout next.

2 Domain Layout

Subdivision surfaces can be characterized as consistisgafences of nested
spline rings converging to extraordinary points. For arradinary point of
valencen, each spline ring is de ned on a domain consistingiq@aegments. Each
segment is a copy of a standard compact domain and the edgateati ed to
give the topological structure of an annulus.

Formally, near an extraordinary aentral pointx! , a subdivision surface



Figure 5: Sprocket layout. (a) Basic domain(b) joining copies of to formS
and (c) polar layout.
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Figure 6: Polar layout. (a) Basic domain (b) joining copies of to formS and
(c) polar layout.

x 2 RYis the union of a sequence of nesgedface ringx™ contracting tox* :
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where a segment™ can, for example, consist of several smoothly connected
Bézier patches. The ring-like structurexdt is the result of the periodicity of the
domainS, composed of copies of a basic domain  R?:

S:= Zo, Zn:=27Z modn:
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Standard-sprocket and polar subdivision differ in the bdsimain and in the
way the edges of consecutive segméntd) and( ;i+1) are set equal to forma
joint domain. Figure 2 shows the standard, say CatmullkCketting. The basic
domainis := [0 ;2P n[0;1)?: To topologically join the basic domains, always
an edge on the-axis is set equal to an edge on thaxis of the neighbor's basic
domain. Consecutive rings then have the layout familiamftbe characteristic
map of Catmull-Clark subdivision and shown in Figure 2 (c).

In the polar layout, the basic domainis simply the unit square. Opposing,
rather than adjacent, edges are set equal for neighbor@ugpito form the do-
main. The polar surface is therefore a cyclic strip of spjpaéches as shown in
Figure 2 (c). Such a spline strip affords a change of valeydenbt insertion or
knot removal — as is not possible in the sprocket setting. ekample, by uni-
form knot insertion in the “circular' direction, one canmtarpret a spline ring as
corresponding to valen@n if the original valence was.

Figure 7: Re nement of a polar net near an extraordinary node

3 Design control net and recursive display

For standard subdivision schemes a network of line segneentsecting control
points is an important feature and is often taken as a proxyhi® subdivision
limit surface. In fact, this net plays two roles. First, inges as a design net to
adjust the shape of the surface and secondly, the recyrsezeked nets serve for
display.Polar design netare well-de ned and consist of extraordinary nodes, i.e.
nodes surrounded by triangles, and of quadrilaterals wottes of valence four
away from the global boundary. With extraordinary nodeseael, there is no
‘regular' valence. There is also no obvious re ned contret suitable for dis-
play. Each triangle is subdivided into one quadrilateral asmaller triangle (see
Figure 2). The control net near the extraordinary node tbhezencreases density



only in the radial direction leading away from the extraaetly node. This non-
re nement in the circular direction distinguishes polabdivision from singular

tensor-product schemes such as [6]. The valence at thealpmitit for tensor-

product surfaces with pinch points truly increases to ityniSo, if one retains

standard tensor-product spline re nement in both pararedta the quadrilat-

eral facets and uni-directional re nement near the extta@ry point, T-corners
appear. These T-corners are virtual in that they do not spaed to a join of

three patches but to the transition between two patchesewdrer is represented
in subdivided form. Virtual T-corners also appear when thkerce is doubled
(see Figure 4). Instead of the re ned mesh, for polar susdvi it is natural to

just show the sequence of surface rings.

4  Switching from standard to polar layout

There is no theoretical dif culty in locally converting stdard meshes to polar
meshes. Five-sided regions or, equivalently, new extraarg points of valence
ve allow transition from standard subdivision to polar slivdsion (Figure 8)eft)
as follows. If one places a circle inside mfgon and connects the midpoints of the
n-gon edges to the circle (cf. Figure ®Bjddle), all newly created extraordinary
points or auxiliary regions are of valence ve with combioaal axial symmetry,
as shown in Figure 8jght. Nevertheless, polar subdivision should not be forced
on all of a mesh with a standard structure but should be applieere it naturally
occurs, i.e. in many-sided blends and to cap off cylindritelpes.

Typically, standard layout makes fair design in high-vakestandard con gu-
rations dif cult (see Figure 1). Auxiliary ve-sided regits allow combining, say

Figure 8: Switching from standard to polar layout via peota patches.



Catmull-Clark meshes with a polar generalization of umifdyicubic splines [3].

From this point of view, polar subdivision is an additionnot a replacement for,
the standard subdivision. Of course, there are also melsaesdve entirely polar
structure; see Figure 10. Such meshes have the combinatouieture of objects
of revolution with one or two poles.

5 Conclusion

Intentionally, to keep the focus, this note gives
only an overview, and does not describe speci c
schemes. Their de nition and analysis [4, 3] will
round out the picture as their publication status
advances.
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