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We describe and analyze a subdivision scheme that generaliz es bicubic spline subdivision to control
nets with polar structure. Such control nets appear natural ly for surfaces with the combinatorial
structure of objects of revolution and at points of high vale  nce in subdivision meshes. The resulting
surfaces are C2 except at a nite number of isolated points where the surface is C! and the
curvature is bounded.

Categories and Subject Descriptors: 1.3.5 [: Computati@eometry and Object Modeling; J.6 [J: Computer-Aided iBegring

General Terms: Algorithms
Additional Key Words and Phrases: Subdivision, polar layou t, polar net, bicubic, Catmull-Clark,
curvature continuity

1. INTRODUCTION
Polar control nets (Figure 1) capture the combinatorialcttre
of objects of revolution and are therefore more natural attpo / radial circular
of high valence (see e.g. Figure 2) than the all-quads lafsut
vored by Catmull-Clark subdivision [Catmull and Clark 19.78
Correspondingly, we de ne and analyze in the following admin A »
subdivision scheme that, just like Catmull-Clark subdosis gen-
eralizes the re nement rules of uniform cubic splines — lmutthe
layout of a polar net. —Cj:2

Formally, a control net without boundary is jolar net rig 1. Polar ‘control net near an extraordinary
[Karciauskas and Peters 2007] if it consists of extracadiimesh point (eft) and its re nement ight) under sub-
nodes surrounded by triangles, and of quadrilaterals teeé hgivision. The control points; have subscripts
nodes of valence four. The extraordinary mesh nodes negd gnhdicating (modulo the valence) the direction
be separated by one layer of nodes of valence four as iltestreang subscriptg indicating the radial distance to
in Figure 7,left. Applying quad-tri subdivision [Stam and LooRhe extraordinary pointio. Only the radial, not
2003; Peters and Shiue 2004; Schaefer and Warren 2005] taeacircular direction is re ned.
polar net is not a good alternative, since Loop subdivisison a
does not cope well with such input meshes (Figure 2). Poladigision differs structurally from tensored univariate
schemes with singularities, e.g. [Morin et al. 2001], inttthee number of neighbors of the extraordinary point does
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Fig. 2. Wrinkle removal on an Easter Island head (valence @@m left to right) Catmull-Clark subdivision, Loop subdivision (quad facete
split), control net, color-coded rings of the polar subsion surface, polar subdivision surface.

not double with each polar subdivision step but stays xeda@ilaterals in a polar net are not split and the control
net re nes only towards the extraordinary point (Figure Therefore, the polar control net does not, off hand, serve
the function of approximating the surface ever more clogglysmaller facets. However, the resulting surface as a
single B-spline mesh growing towards the extraordinarypaie. the surface does not have the cascading sequence
of T-corners intrinsic to Catmull-Clark surfaces. SectyiControl Nets explains this in detail.

Compared to [Karciauskas et al. 2006], the more localizemhutation of bicubic polar subdivision results in a
more localized curvature distribution. At the extraorainpoint, the curvature of surfaces generated by bicubiampol
subdivision is only bounded but need not be continuous vthéealgorithm in [Karciauskas et al. 2006] generaiés
surfaces. The present scheme has, however, the advantsiggptdr rules without visibly sacri cing good shape.

2. POLAR REFINEMENT RULES

Apart from the extraordinary mesh nodes, the polar net d&inghe introduction, is atandard bicubic B-spline con-
trol net. For the layer of quadrilaterals adjacent to the trianglesinterpret the triangles as degenerate quadrilaterals
with one edge collapsed. It is easy to check, for example lmyasion to Bézier form, that this interpretation does
not result in singularities in the quadrilateral layer. hder to map a polar net to a re ned polar net, we will re ne the
bicubic spline net only in the radial direction (cf. Figure 1
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Fig. 3. Re nement stencils for binary polar subdivision.

As is typical for subdivision algorithms, we need only explaow to re ne the polar net immediately connected
to extraordinary mesh nodes. To obtain leading eigenvalugss; 7; ; %, it suf ces to have special rules only at
the extraordinary mesh node and its direct neighbors (Ei@lr The two regular rules are the subdivision rules for
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univariate uniform cubic splines. The extraordinary rilase the weights

= %; = %; K= % %+ gcﬁ+(c}§)2+ %(cﬁ)?’ ;. ck :=cos % : 1)
Here, we chose = 1=2to emphasize convexity at the extraordinary point, sinteighlikely the dominant scenario
for polar meshes. This choice is also reasonable for sad@igsre 9). Section 4Convexity and Valencgiscusses
the role of in more detail.
A useful property of polar surfaces is that the valence carhlamged by interpreting eaclrcular ring of coef cients
as the control polygon of a cubic spline curve. To avoid a igpeliscussion of low valences, we uniformly insert
knots in the circular spline curves and double the valencenmh2 f 3; 4;5g. That is, we may assume 6 in the
following.

3. PROPERTIES BY CONSTRUCTION

Letcj be the control point of theth sector and thgth layer as indicated in Figure 1. The central node is comeitie
splitinton copiesc(], each weighted bg=n. Then the vector of control points

m ._/.....Mm..m..m..m.... 4n 4n.
¢ =(:5cpcichicsii) 2R ;

is re ned by a subdivision matrix with block-circulant stture:c™*! = Ac™;

O o A oanl 01 oot 0. oot
A=@ "7 T TN A g paAn an A= @lq 2O00A A = @5 100A:j=1;:1:n 1
: P aw 1 80 A 000
Al AL 1 Ag 0o 330 0 000
. . . . Puo1, ik . o P
that can be block-diagonalized by Discrete Fourier Tramsfd; := k=0 'nAk; !p = exp ; SO that

the eigen-analysis is pleasantly simple.

LEMMA 1. For generic input data, the limit surface of bicubic polatslivision isC? except at isolated extraor-
dinary points where the surface®' and the curvature bounded.

PrROOF As illustrated in Figure 4, control point layetsthrough5 de ne two rings of bicubic splines (Figure 4
middle. This double-ring i<C? since it corresponds to a regular (periodic) tensor-prosjine. As in Catmull-Clark
subdivision, consecutive double-rings j@3. Forn > 5,

8 .
3 ifi2fLn 1g | |
1 izizn 2 Lo 0288
Ai:;l" :f:Zfsj: 33 candfo= Yy 3o 1A= 04t @
16’ ' o ;%o 0% 3%o0
"0 ifi> 3andi<n 3 te o
P )
The eigenvalues oA, arel; #; %, 0and the eigenvalues ét fori=1;:::;n 1, are’ := Ezol! K k20,0 1n

particular, ; ="y and( 1)> = , =", asis required fobounded curvature

Since the eigenvector of mati for ; = % is (0; 1; 2; 3)t, the subdominant eigenvectors®fre the coordinates
of

. . . . . . . hCOSi 2 I
v=(oonry Lrbrrhrhrgtt ), re =k snil i=1;::5mk=0;1,23 (3)

The control netv de nes the characteristic map(Figure 4,middle [Reif 1995], whose regularity and injectivity
are easily veri ed [Peters and Reif 1998; Umlauf 1999]. Tlgeavectors corresponding to the eigenvaleé are
from Fourier block9), 2 andn 2 and they are not generalized eigenvectors. Explicitly,ulee in Section 4, the
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Fig. 4. (eft) Layers0 through5 (generated by one subdivision of lay€shrough3) de ne (middle one piecewise bicubic double-ringright)
Consecutive double-rings join smoothly and, unlike Catr@lérk subdivision, without T-corners.
eigenvectorsy to the eigenvaIU(%l of Ay for Fourier indexk 2 f O; 2gare

Voo :=(1L+3b;1;7+3b;16+6b)'; b:= 4—11; Voo = (1;4;6;14): (4)

Together with the curvature bounded spectrum, this imgligsature boundedness as claimed]

LEMMA 2. The limit extraordinary point is

Coo + (1 )-—  Cia =

PROOF. We choose the representatiarg R3"*1  31*1 of the subdivision operator where we do not replicate the
central nodegg:

1 ar o ar 1 00
ac Ao i Anp 1 — . N 0 )
ar =[=;0;0] 2 i 00 .
A::%) : K ! ne Ap= 50 A= o900 ;i=1;::5;n 1:
: SR ac:=[1 ;%o 7° %;0 ' 000
ac @ An 1 Ao

We can directly check that the left eigenvectoPoWwith respect to the dominant eigenvalue 1 is
1 A S L8 D .
[ o Ehey

17_'_, y g 0, O]
The claim follows (see [DeRose et al. 1998], Appendix A) sittee entries sum to 1.0

S,_i,nce[o; 1;0;0]lisa Ieg eigenvector td\1, the normal direction at the extraordinary point is simply

(L, cosizcio) ( i sini2-cip).

4. DISCUSSION

This section discusses some alternative schemes, the myeaihcontrol polyhedra and adjustment of valence and
convexity.

Alternative Schemes.

The bicubic polar subdivision algorithm has special rulestoth the new central node and its direct neighbors.
Choosing symmetric special rules only for the central naskssdhot yield appropriate degrees of freedom for smooth-
ness. Speci cally, forcing a double subdominant eigensaby tuning only the rules for the central node, leads
to one single subdominant eigenvector for> 3; only for n = 3, do there exist rules to genera®? surfaces
with a spectrum suitable for bounded curvature. So, a dpetdr analogue of Catmull-Clark subdivision fails
and the question arises whetheteanary polar subdivision schemanalogous to [Loop 2002], is advantageous.
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Fig. 5. Re nement stencils for a ternary polar subdivisiapliiting into three in the radial direction) where := £+, 3 Kk

s 5+2ck 1+ ck 2
We derived such a variant for comparison (see Figure 5). Téights , are non-negative and the scheme sat-
is es all the constraints on the leading eigenvalugsi( 3; 3; ; 3) and eigenvectors for curvature boundedness.
However, the resulting surfaces did not look better thasehaf the pro-

posed binary subdivision.

(Figure 6 right top) since the control net re nes only towards the extraor-

dinary point (Figure 1). One approach for generating a &tapproxi-

mation converging to the underlying surface is to split thadyilaterals Catmull-Clark polar

of the polar net at each re nement into four and leave thengies un-

touched. This yields T-corners in the faceted approxinmatieigure 6, Fig. 6. Layout of patches and control
right botton). Re ecting the bias towards presenting a mesh without gelyhedron for Catmull-Clark subdivision
corners versus obtaining a surface without T-corners, Gi@lark sub- (left) and polar subdivisionright). The T-
division is usually illustrated by a sequence of controbr(&gure lleft corners in Catmull-Clarkl¢ft top) are in-
botton), hiding the surface T-corners, while polar surfaces agégpably trinsic (the coarser patch 8% at the T-
introduced as a sequence of surface rings. corner). The T-corners in the re ned poly-

hderon (ight botton) are optional and not
part of the polar net.

Control Nets and Surface Rings.
Subdivision surfaces can either be viewed as re ning a cbmit or as patches
generating a sequence of surface rings converging to tmaceginary

point [Reif 1995]. The rst serves intuition if the controéhoutlines the

shape, the second is preferred for exact evaluation, cangpand analy-

sis. Both Catmull-Clark subdivision and polar subdivisammit the two

views but differ in their bias. To see this, de neTacornerto be the

location where an edge between two distinct polynomiallpeganeets

the midpoint of an edge of a third. With each re nement, Cdtrlark
subdivision generates T-corners between the patchesafemtjsurface ?aOC”e‘{g !
rings (Figure 6eft top). Polar subdivision does not generate T-corners

Convexity and Valence.

Decreasing the parameteiin (1) pulls the surface closer to the extrao
dinary mesh node. Recently [Ginkel and Umlauf 2006] docuedhow
such straightforward manipulation results in a limit sagfdn the desir-
able region of a “shape chart' [Karciauskas et al. 2004]reBsing emphasizes convexity. We therefore chose

1=2 (see Figure 10) over := 5=8 even though the latter yields non-negative weights %(1+ c)1+2c)? o
Table | shows the effect of on the subsubdominant eigenvectes of (4), that determines the shape in the convex
setting, and its second differencer,g. For = 1=2, the sector partition curves are quadratic and have a more pr
nounced curvature than for = 5=8. We also observed that increasing the valence by knot inserhproves the
curvature distribution for convex neighborhoods (seekgure 10). This is due to the increased symmetry,gfand

the fact that, if a curve i€* at the central point and opposite curve segments are minages, then the curve @.
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6 K. Karciauskas and J. Peters

3=8 4=8 5=8 6=8
V20 ( 1,5;29;68) ( 1,2;11,26)' ( 1,1,5/12)' ( 1,1=2;2;5)"
2v0 (18; 15)! (6;6)" (2;3)! (0;3=2)!

Table I. Coef cients ofvag, the eigenvector of the zeroth Fourier mode to the eigepvid.

5. CONCLUSION

The algorithm just de ned and analyzed is a polar cousin afi@al-Clark subdivision. Its curvatures are bounded

just as [Sabin 1991]. Its simplicity and the fact that thepotitconsists of bicubic patches recommend bicubic polar
subdivision as a useful addition to Catmull-Clark subdass This addition gives the designer more freedom just
where Catmull-Clark subdivision encounters shape de ciesy the valence is high or polar layout is natural. The
paper [Myles et al. 2007] explains in detail how bicubic CalirClark and bicubic polar subdivision can be combined

for smooth object design such as in Figure 12.
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Fig. 7. Mirrored16-sided pyramid. Ieft) control net; (niddle andright) subdivision surfaces (three light sources) usimgd@le) Catmull-Clark
subdivision, fight) polar bicubic subdivision (with Gauss-curvature shadeset).

Fig. 8. Intended ripplesi€ft) Control net fniddlg Catmull-Clark subdivision (note additional micro-ripg); ¢ight) polar subdivision.

Fig. 9. Nonconvex polar net, nested surface rings of poladisision, shaded surface and re ection lines on the saddle

—19- = 5 —g- 1 —19- =1
n=12; =3 n=6; =3 n=12; =3

control net n=6; =3
Fig. 10. The effect of changing the parameterandn of bicubic polar subdivision on the everywhere positive €aaurvature of a capped

cylinder.
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Fig. 11. (eft) Sample meshesmiddle bicubic surface ringsyight) Polar subdivision surfaces.

Fig. 12. Bicubic subdivision with Catmull-Clark rules ajgal wheren 6 4 quadrilaterals meet and polar rules where triangles ngeey$urfaces).
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