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Abstract. The guided spline approach to surface construction segsasatface
design and surface representation by constructing loddegurfaces and sam-
pling these by splines of moderate degree. This paper @sphaiconstruction
based on tessellating the domain into V-shaped regionsasdtrta resulting”?
surfaces hav&? transitions across the boundaries of the V-shapes andstonsi
of tensor-product splines of degree (6,6) with patches gfeke (4,4) forming a
central cap.

1 Introduction

Our goal is to smoothly fill or cap a multi-sided hole inC& spline complex by a
(small) finite number of spline patches and without intrddgcshape artifacts such
as curvature fluctuation or loss of convexity. The surfaqewdl interpolate position,
first and second derivative for spline boundary data up toede§. This degree permits
exact blends not only in the common setting of bicubic patohglexes, but also when
joining features like cylinders and tori (see Figure 12). Mléow the general strategy
laid out and illustrated in [1]: we separate surface desighsaurface representation by
constructing local guide surfaces and sampling these byespbf moderate degree.
For a guide surfacg : R? — R3, a tessellation map : R?> — R?, the sampling

Fig. 1. (left) Sequence of guided surface rings and caRinoffset to show the structurem{d-
dle) Surface rings of degree (6,6) constructed according to(f@jht) The focus of this paper:
transition ring of degree (6,6) and final cap consisting.0f-shaped surface pieces of degree
(4.4).

operatorH : g o p — x maps the composition of the guide and the tessellation map
to the final surface representatign= H (g o /). We can interpret this af deciding



the formal continuity angs expressing the design intent. In particulgrs a surface
piece that outlines the intended shape, but need not fit tpgirements of a typical
modeling pipeline due to its representation or lack of aarity with the existing data.
H takes data frong to approximately rebuilg but in a framework suitable for standard
design cycles. The basic construction optionsAoand p have been laid out in detail
in [2,1]. The remaining, nontrivial technical challengedavising surface caps is to
find good transitions : R? — R? between mapp ando, wherep : R? — R? is the
parameterization of the surrounding data andR? — R? tessellates the immediate
neighborhood of the pre-image of a central point (see Figudark, blue areas).

Fig. 2. Three different tessellations used respectively for serfeonstructions of degrd@, 8)
[1], (6,6) [3] and (6, 6) [this paper]. The3n quadrilaterals (quads) of the outermostange
rings are parametrized by map®f degree (3,3), for example the characteristic map of Ctmu
Clark subdivision. The innermosbl(i€) quads are parametrized by a mapor, alternatively,
(middleandright) by a bilinear map3. The transition regions are parametrized by mapshe
edges with grey underlay indicate the technically mostréstng transitions, thé? transitions.
(left) Tessellation according to [1]: deg) = deg¢) = (5,5). (niddle Tessellation according to
[3]: degle) = (3,3), deglP) = (1,1) and degf) = (4,4). fight) Tessellation according to this paper:
degE) = (3,3), degf) = (1,1) and deg() = (4,4).

Two finite constructions of this type have been devised il]3In [1], (Figure
2, left), o andr are of degree (5,5) and the key to the construction is thap#ngal
derivativesd*o, k = 0, 1,2, of o on then sector partitioning edges (cf. Figurelaft)
of then-sided cap are of degréé + 1. There areé3n polynomial pieces irr. In [3],
(Figure 2,middle), o andr are of degree (3,3) and (4,4) respectively, and ther8@se
polynomial pieces in. The key technical achievement of this complex constradso
that the partial derivative8”o across the outei-gon boundaries of are of degree
k + 1. This yields patches of degree (4,4) surrounding the ceptiat. The present
paper introduces a third parameterization, (Figuredht), closely related to second
construction, but simpler and unusual in its layout (seauféidl). It results inl6n
polynomial pieces irr, such that the outer boundariescoére of degreé + 1. Again,
this yieldsC? surfaces with splines of degree (6,6) in the transition aatthes of
degree (4,4) surrounding the central point. The unusudiaped layout is inherited
from the tessellation of the neighborhood of the pre-imafige central point. This



tessellation is described in Section 2. The tessellati@us¢o transition smoothly to
a standard parameterization of surrounding data for thsitian between central cap
and guided approach to work. The transition tessellatideimed in Section 3. Section
4 then defines the surface cap. The advantage of the presesttwaion

— compared to [1] is the lower overall degree,
— compared to [3] the halving of the number of patches, simpieout and
stability for higher valences.

2 A V-shaped tessellation map

The basic idea underlying the tessellation was introducédiiin order to generaté?
surfaces of least polynomial degree. While the approachrazbd our technical reper-
toire, the accompanying algorithm was of limited use duead §eometric properties
for valences above 6. Specifically, the low degree was basedmarameterization of
the unitn-gon and, for each corner, the independent local parametarsd v were
associated with the directions of consecutivgon edges. Unfortunately, the angle be-
tween consecutive edges approact#¥ as the valence increases, leading in the limit
for n — oo to singularity, and much earlier to self-intersectionsta Bézier control
structure associated with the prolongatigrof the parameterization across the vertices
(see Figure 3middle top. [3] proposed a solution to this degeneracy, based on the ob
servation that a finer partition allows to locally resolve thear-singularity. However,
the construction is complex and applies reasonably onlpup-t 8 (which, in practice,
usually suffices).

sector partitioning ray

Fig. 3. One sector, valence = 6: (left) The fat edges of form a sector of a-gon. (niddlg The
prolongations ofr according to [4] {op) 7, across the corner opposite the origimnd potton)
T across an edgeright) New V-shaped domain after cutting out the obtuse angleef.tgon.

Here, we propose a more efficient solution of this geometablem keeping only
the algebraic flavor of [4]. The idea is to cut out the obtusglesand arrive at a



V-shaped domain for each sector @fas in Figure 3right. We parametrize along
vo, V1, Ve, V1, Vo by o so that the boundary is piecewise linear, the first trangbers
derivative piecewise quadratic and only the second trasaVderivative is of actual
degree 3. Along the edgey, v; (Figure 4left), the map consists of a single piece,
alongvy, v. of two pieces to be able to create a consistent matoh.afhe pieces
areC? connected and, in particular, the pieces join correctly aredconsistent at,.
(Figure 4middlg and at the cornerg; (Figure 4right).

The parameterization is chosen symmetric with respecttatiom by one sector.
Each sector map is symmetric with respect to the bisectrix of the sector. Weraviate

2 . R a .o
a:=—, c:=cosa, s:=sina, 0=(0,0), ¢:= €08 5, §:= sin 5.
n

A sector is bounded by thsector partitioning ray90, (1,0) and0, (c,s) and the V-
shaped domain is the polygon (cf. Figureght)

(0,vo, V1, Ve, V1, Vo), vo = (20,0), v1 := (20, 21), Ve := (226, 225) ,

i.e. in terms of three parametefs 21, zo. We split the V-shape into three quadrilaterals
as shown in Figure @eft.

Later on, we parameterize the V-shape by three bilinear ngapkefined by the
boundaries of the quadrilaterals. Here we focus on a higlasr parameterization
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Fig. 4. (left) Coefficients ofc at the tip of the V-shapen{iddle Two polynomial pieces of
along the edger; v. and their symmetric counterparts along v, join to form consistent
data atv.. (right) An extra subdivision at the V-tips illustrates the unifottensor-border’ strip
of the second derivatives prescribed by the tessellation

o that plays a crucial role in the construction. We need onlystaict the derivatives
of o up to second order, across the borfes, v1, v, v1, vo) delineated as fat lines
in Figure 3,right. These ‘tensor-border’ data will define the transition magong the
outline of the V-shape, and, in turn, is used to compute #resition between the central
cap and the guided rings.

The tensor-border data, position, first and second dereatire defined by three
layers of Bézier coefficients. The first layer is piecewisedr and the second piecewise
quadratic as follows.
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Fig. 5. Construction ob. (a) and (b): quadratic first derivative layer: the two qadidrpieces
are one subdivided quadratic. (a) The large circled poirgemtor partitioning ray is free. Small
circles define linear maps in degree-raised form. (b) Tred&oefficients of the€! extensions
of the quadratic layers along , v. andvi, v. coincide: the coefficient marked as a disk is on the
bisectrix. This fixes the large-circled point in (a). (c) ol cubic second derivative layer.
(c) Circled point of cubic layer on sector partitioning rayfiee. (d)C? extensions of linear and
quadratic layers define the points labeledThe o points andC"* continuity define the points
of cubic layers marked by diamonds. The diamonds, filledsdekdC? continuity define the
remaining Bézier points of the cubic layer. The Bézienpobf theC'? extensions of these cubic
layers (alongv1, v.) coincide: the coefficient marked as a disk is on the bisecttiis fixes the
large-circled point in (c).

(i) along the polygon edge®, vy, v, V., V1, Vg), o is linear, and represented (thin
lines in Figure 4left) in degree-raised Bézier form:

1

3

Vi, 035 1= (1 — l)Vl =+ ch,

x xT 7:
002 =[G, oo1 =[], gio:=(1—5)vo+ 3 3

3

with the prolongatior := 3v. — +v;.

(ii) The first, inner layer from the tip is quadratic in degmegsed form (medium lines
in Figure 4,left). Since pieces corresponding to the same polygon edge’jbithey
are actually a single quadratic and

(i) only the third layer (fat lines in Figure 4eft) is of actual degre8 and consists of
more than one polynomial piece per polygon edge.

Second and third layer are defined as

o =[], o1 =[], o2 =[5 ], 022 = [4].



(iv) We now subdivider at the midpoints in the: and thev direction to obtain the
layout of Figure 4right, and sein := [} ]. By choosing
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we satisfy theC? continuity constraints. We summarize the result in Lemma 1.

Lemma 1. The tessellation map definesC? data along(vo, v1, Ve, V1, Vo). With R
the rotation by%”, the maps of two adjacent sectossand Ro, join C? at vy.

Using the explicit formulas, it is easy to formally verify inena 1. In particularC?
extensions o onvyvy; andvyvy join at thecircled point in Figure 6right. This will
allow constructing- of degree (4,4). The intuition behind the approach and aifspec
unique instance of are sketched in Figure 5.

3 Transition 7 from o to p

We now build a transitiom between the innermost parameterizatoof the V-shape
and the outer parameterizatipnthe characteristic map of Catmull-Clark subdivision.
One sector of the transition will consist of 16 patches ofrded4,4) as shown in Fig-
ure 7. The Bézier net of one of therotationally equivalent sectors ef, a precursor
of 7, is shown in Figure 6. The outeddrk grey layers of Bézier control points are

Fig. 6. (left) Structure of one sector of the tessellatighbetween the origin and the outer tessel-
lation p. (right) The transitionr™ nearv..

defined by the>? prolongation ofp and the innerlight grey) layers byo. Then the in-
ternalC? constraints leave only the control points markethlaskdisks free to choose.



Symmetry further cuts the number of free scalar values t¢-80n = 3, all 20 free pa-
rameters are determined using the functicRabelow. Forn > 4, we setvy := Awy,
where \ is subdominant eigenvalue of Catmull-Clark subdivisioheTemaining 19
parameters are determined by minimizing the functiciegsummed over all 16 pieces
of transition. HereF (f1, f2) := Fr(f1) + Fi(f2) and

Fulf) = /01 /01 3 (’j)(a;'fazfﬂ (1)

i+j=k; 4,720

Note that the functional is not applied to a surfaceRif, but to a map inR?, and
that these maps depend only on the valence, i.e. can be ppetedonce and for all.
Transition tessellations* for various valences are shown in Figure 7. When compared
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Fig. 7. Bézier net of the transition maps. (fromleftto right): n = 3,5, 8, 10. The case: = 6
is shown in Figure éeft.

e 4 2

Fig. 8. Polynomial patch boundaries of the transition mapsith adjusted spacing (frofeft to
right): n = 3, 5,8, 10.

to p, the first two derivatives of the transition map$ in Figure 7 are one quarter
the size. The univariate example in Figuraight, indicates that adjusting the spacing
to make the derivatives larger improves the transition atiaristics. Figure 8 shows
the internal partition of the final map with the adjusted spacing according to Figure
10, right. Explicit formulas for the undetermined Bézier coeffidenare provided in
the Appendix. The underlying observation is that the chafdengths between* of
Figure 7 ang» causes problems when the guide is switched at the same tmezfto

q (see Figure 13eft). In contrast, unequal lengtksgthin - and correspondingly narrow
patches sampling from one good guiglgields a stable procedure for all valences and
does not appear to introduce any geometric artifacts (spe¢i1right).
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Fig. 9. Univariate example: transition between curyeand 7. (top) Long transition. otton)
Short transition. (a) The black squares and partitionscatei two initial Bézier nets, here to be
joined by a degree 5 transition. (b) shows the control nehefdegree 5 curve (c) and (d) its
curvature plot. Theop transition would typically be preferred.
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Fig. 10. (left) 1:1 spacing of the domain of the map; (right) adjusted transition domain layout
for the mapr (the image of the domain underwas shown in Figure 8).

4 Surfacecapin R3

The operatoi! decouples the degree of the composition of guide and tatiselimap
from the degree of the resulting surface ring. However, lier ¢ap, we need a low-
degree guide to arrive at a final surface that has low degriter. three guided surface
rings, piecewise quartic guides do well since, inthih ring, thekth order terms have
decayed to\~*™ their original size, where\ < 1 is the subdominant eigenvalue of
Catmull-Clark subdivision. So we may replace any initialdgug by a C? piecewise
polynomial guidey of total degreel = 4.

StandardC? prolongation from the last guided ring attaches the traovsiturface
x; := H(q o 7) to the surrounding surface; ang consists ofl6 patches of degree
(6,6). Figure 11left, illustrates that switching the guide frogto q. Applyingr* in the
same, third surface ring has a detrimental effect on theature distribution. Figure
11, right illustrates two alternative strategies that result in alsuidentical curvature
images. The first switches tpin the fourth ring and uses® in an additional fifth ring;
the second switches guide and tessellation in the saméehfong, but uses.

The resulting transition patchwork then smoothly joins imeermost cap. Since
we only change the parameterization, not the image, thealeviishaped piece can
alternatively be parametrized lay or by 5 where 3 consists of three bilinear pieces
tracing out the V-shape. For example, one piece has the cieetfv, v, v. and a



Fig. 11. (left) Switching both the tessellation map fromto 7* and the guide frong to q in

the same ring yields an uneven Gauss curvature distrib@®ea enlargement)right) Visually
identical, better Gauss curvature distribution resutief(i) switching tor™* one ring later or (ii)
switching in the same ring, but using the adjusted transiti@apr.

point on the edg@v,. That s, the central V-shaped piece of the surface can beetkfi
by the compositiory o 5 of degree (4,4) i.e. be reinterpreted as a bilinearly trimime
piece of the guide.

Theorem 1 (C? continuity). With R the rotation by27 /n and 3 a parameterization of
the V-shaped domain consisting of three bilinear pieces,

(a) qo Bandqo Rj3join G (G? capping);
(b) qopBandH(qo7)join G* (G? join to data);
(c) degqoB) = (4,4).

Proof. Since 3 and o have the same V-shaped range, the point gets3 andq o

o agree inR? (the same piece of th€? guide surface is cut out). Sinego o and

q o Ro join G?, (a) follows. For any preimagé& of a line segment of the boundary
(vo, v1, Ve, V1, Vp) Of the V-shape, denote by dgff) the degree of restricted toF.
Then, by construction, dggd’qo o) = 4+ j for j = 0,1, 2. In particular, deg (d’qo

o) < 6 and hencél (qo ) reproduced’ (qoo) alongE. Thereforeqoo andH (qo7)
join C2. By the agreement af o o andq o 3 explained earlier, (b) holds. Sinegis of
degree 4 an@ of degree (1,1), the compositiepe 3 is of degree (4,4).

Overall, from the outside towards the central point, thestarttion yields a se-
quence of surface ringd (g o p) of 3n patches of degree (6,6), followed by a transition
ring H(q o 7) of 16 patches of degree (6,6), followed by a epp 3 of 3n patches of
degree (4,4).

5 Discussion

While a number of techniques now exist that automaticaklkate curvature continuous
blends [4-15], none fully meets the requirements of prodiefining outer surfaces
in high-end design of CAD/CAM applications. For examples][$howed that shape
deficiencies are intrinsic to all major subdivision surfac@structions, no matter how
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carefully a designer might adjust the input data. Algorigitivat build on, say Catmull-
Clark, subdivision inherit the problems. Conversely, ¢ongions that do not make
use of multiple refinement steps and construct the blend fxaminimal number of
polynomial pieces typically pay for the abrupt transitidrpatch type with curvature
fluctuations.

In contrast to the prevalent all-in-one approach, the glajgproach explicitly sep-
arates the initial shape design from surface representdtite initial shape is defined
via local surface fragments that need only obey few congBailhese fragments are
then sampled (re-approximated) so that the output fits atamiesign cycles.

Compared to th€'? scheme in [1], the presented approach has lower overakdegr
Compared to [3] the number of patches is halved and the laigositmpler so that
the scheme is stable even for higher valences. The curvdistrébution of all three
schemes is very similar.

Fig. 12. (left andmiddlée Joining two torus pieces with curvature continuityglit) Joining three
tori.

Fig.13. Curvature Comb (normals scaled by Gauss curvature attdorgdface points) for the
three tori join.
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Appendix
The transition map is defined by scalar valugs, zo, . . ., z19] (see Table 1) that define

coefficientspy, . .. p15 as indexed in Figure 14. The remaining coefficients are define

by

symmetry and th€? conditions.

P1:= Vg = (20,0)7 P2 =V = (2’0, 21)7 P3 ‘= V2 = (22C7225)a
P4 = (23,0), Ps := (23, 24), P6 := (25,224), P7 := (26, 27),

ps = (28,29), Po = (210, 211), P10 = (212, 213), P11 = (214, 2145),

P12 = (215, 216), P13 1= (217C, 2178), P14 = (218G, 2185), P15 := (219C, 2198)
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Wo = (1,0)

Fig. 14. Indices of the free pointp; of a half-segment.

Table 1. Scalar parameters definingfor valencen.

iOfZi

n=3

n=5

n=6

n=7

n=8

n=9

n=10

n=11

n=12

o

©Coo~NOOULA, WNE

.34871
.28557
.29433
41708
.07309
41698
41673
.29215
41653
43795
40992
.50993
.39524
.58072
.75267
.33372
.53111
.65178
.60341
.45588§

.54999
.20389
.3259(
.61441
.0514d
.6145(
.61563
.20589
.61757
.30923
.62393
.36235
.63705
41754
.80554
.56708§
.38919
71173
.66137
.52668

.57968
17134
.31641
.64457
.04334
.64476
.64672
17372
.64994
.26108
.65985
.30704
.68004
.35611
.8117(
.60617
.33118§
.71566
.66243
.5283§

.59851
14718
.31374
.66324
.03727
.66354
.66613
.14945
.67037
.22468
.68238§
.26515
.70687
.30937
.81569
.63077
.28738
.71854
.66379
.53095

.61112
.12853
.31414
.67544
.03257.
.6758(
.67890
.1306d0
.68383.
.19637.
.69737
.23255
.72469
.27290Q.
.8184(
.64721
.25332
.72071.
.66503.
.53345

.61994
11373
.3161(
.68368

.68417
.68767
.11559

.70781
.20656
73717

.82034

.65873
.22617

.5357(¢

02887

69324
17382

24378

72233
666071

.62634
.10173
.31891
.68941
.02578§
.68994
.69389
.10339
.7000d
.15547
.71534
.18541
.74614
.22004
.82181
.66712
.20407
.7236(
.66695
.53769

.63113
.09183
322171
.69349
.02324
.69409
.69841
.09331
.7050(
.1403(0
.72099
.1679(
.75288§
.20040
.82294
.67347
.18574
72467
.66769
.53944

.6348(
.08353
.32566
.69643
.02115
.69717
.70178
.08485
.7088(
12757
72530
.15321
.75807
.18384
.82385
.67828
.17034
72546
.66832

.54105




