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Abstract

Following [KP07], we analyze surfaces arising as an in miggjuence of guided? surface
rings. However, here we focus on constructions of too lowgaeto be curvature continu-
ous also at the extraordinary point. To characterize shagasmmoothness of such surfaces,
we track a sequence of quadratic functions anchored in a camdinate system. These
“anchored osculating quadratics' are easily computedringef determinants of surface
derivatives. Convergence of the sequence of quadratitisesecurvature continuity. Oth-
erwise, the range of the curvatures of the limit quadratiessg measure of deviation from
curvature continuity.

Key words: curvature continuity, anchored osculating quadraticdgdisurface,

1 Introduction and Motivation

The paper [KP07] introduces a framework
for the construction ofC2 surfaces from
surface ringx™, m = 0;1;::: as illus-
trated in Figure 1. To set the stage, we
quickly review the key concepts and nota-
tions. Each surface ring™ joins smoothly
and without overlap with its predecessor
x™ 1if m > 0 and with existing bound-
ary data ifm = 0. The sequence of
rings contracts towards a central point. Fig. 1. Sequence of guided rings"
The ring structure is inherited from a ct- and guided surface [KP07].
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f1;:::;ng! R2 Thatis, a ct-map embedscopies of a domain piece into the
plane. is for example a square or a square with a cutout. The scaj@d<of ,

m 1l and ™ forO< < 1, join with prescribed continuity and tesselate the
neighborhood of the origin by a sequence of annuli. Tablets Beveral ct-maps
de ned in [KPO7] and their combinations with operatdtsexplained below. The
shape of a guided surface is inherited from a guide gnapR? ! R?® by “sam-
pling' the composition ofy with the scaled copies of the ct-map. The guidis a
surface piece that outlines the intended shape, but neetlthetrequirements of
a modeling pipeline or match smoothly with the existing d&jaeci cally,

xM":=H(g M) Q)

HereH samples jets, i.e. a collection of derivatives, at xed paeger values of
its argument, and construct§' so that the resulting rings join smoothly and are
internally smooth.

ct- degree layout ring degree repro-
map X duces
c (3,3) 2-sprocket Xce (6,6) 2
(eg Catmull-Clark) xcs5 (5,5) 1
Xca (33) 1
L 4 -sprocket XLg 8 2
(eg Loop) XLa 4 1
D 3,1 polar Xps  (6,5) 2
Xpe3 (6,3) 2
Xp3  (3,3) 1
9 (2,1) polar Xgs (4,3) 2

Table 1

Some combinations of ct-mapsand guided surface rings. See Figure 2 for an expla-
nation of the entry “layout’. The rst subscript of indicates the ct-map, the second
the degree of the patches generatedthyThe ct-map ¢ results inG?2 surface rings, all
other ct-maps irC? rings. The numberk 2 f 1;2g in the last column indicate that™
reproduceg)x  wheregy is thekth order expansion af at the central point.

The point of guided constructions is to decouple the deamtbf the shape from
the nal, more restrictive representation. The shape isired by the guide and the
nal representation ok™ is in terms of low-degree Bézier or B-splines. Joining
anin nite sequence of spline rings yields a surfaceith subdivision structure.
Only the use of a guide surface in place of a guide (subdm)sitatrix sets guided
subdivision apart from the usual procedure of re ning mesfsee Section 2). The-
orem 1 of [KP07] showed that the limit surface®f this process ar€?, provided



(1) the guide surfacg is twice continuously differentiable &b; 0) and (2) the op-
eratorH generates rings™ of suf cient degree to reproducg, , whereg, is
the piecewise quadratic expansiorgadt the central point. This theorem applies to
the guided surfaces with entry “2" in the last column of Tahle

2

\
200
0
s
\a

§V
Vavy
g

S

e
QXK
LRRH
SRR | B
<BREBRpRAES
SRR
O
ek
<>

X

A
%V

AVA
0

‘; VAVAVAY

Z
K

X
R
X
N

N

TAY
N
K

Fig. 2. Three types of ct-mapsc (2 -sprocket), . ( -sprocket), , (polar). The rays
emanating from the center demarcate the segment bounddrieand are mapped to the
segment boundaries gt

The present paper focuses on the new constructions with d@ntn the last column
of Table 1. These constructions are analogous tatheonstructions in [KP07]
and consist of a sequence Gf rings joining to form aC? surface with an ever
smaller central hole. However, their degree is lower thareeded to reproduce the
compositiong, . The surfaces are therefoB® except in the limit extraordinary
point,x* . We will see that the surfaces have bounded curvature antgygically
visually indistinguishable from their curvature contimscsiblings.

To quantify a surface's deviation from curvature contigwitve turn to a classical
notion of curvature, the convergence of a sequence of gtiaduactions. These
guadratics are de ned in a xed coordinate system, corresiiag to the tangent
plane and normal at® , rather than in a local coordinate system. They are thexefor
called "anchored' quadratics.

Section 2 contrasts standard subdivision with guided stgdn. Section 3 intro-
duces the new constructions, drsprocket, -sprocket and polar layout, and es-
tablishesC! continuity of the limit surfaces. Section 4 de nes curvatgontinuity
via anchored osculating quadratics and provides curvastienates and bounds
for guided surfaces. Section 5 presents and discussessresirhplementations of
all three layouts.

2 Subdivision and guides

Subdivision has both a discrete structure, the re nemerd cbntrol net, and a
continuous structure, by associating re nalgieneratingsplines with the control
nodes.

The early literature on generalized subdivision (now abibated to subdivision)
[DS78,CC78,BS86], focused exclusively on the discretecstire, namely the re-
nement A™c of the control nett guided by a subdivision matri& (Figure 3).



control ne'rAm
or
g ™ generatmg system J

re nement ‘ 1

surface ring«™

control netA™*1 ¢ ‘
or B
g ™ generating system nested rings

surface ring<m+1

Fig. 3. Generalized subdivision and guided subdivisior lggnerate a sequence of nested
surface rings: generalized subdivision surface rings argegl by a subdivision matriR,
guided subdivision surface rings are guided by an explieipm

Alternatively, one can emphasize thenerating systerassociated with the mesh,
i.e. the spline rings that form the surface. In the earlyditere, these spline rings
weres tacitly understood to be structurally simple splungctions so that the “tun-
ing' or improvement of properties of schemes focused onsitjg the spectrum
of the subdivision matrix. To obtai@? continuity guided by a matrix, [PU98] in-
duces zero curvature at extraordinary points; [XYDO06] agde multiple values
and functions with each node, achievi@g continuity, but only for valence three;
[LLO3,SWO05] focus on reproduction of quadratics to comtsnbdivision schemes
C? except at extraordinary points and [ZLLT06] adjusts sulsitm functions to
yield oneC? extraordinary point by applying special rules for tramsit across
edges of the control net. Of the ma@y curvature-bounded subdivision schemes,
we implemented the constructions of [Loo02] and [ADS06] domparison (see
Section 5).

The focus of guided subdivision is the continuous structdrdne generating sys-
tem. This is grounded in the analytic point of view [Rei95(BPthat characterizes
subdivision as a process of piecing a surface together asdspline rings con-
verging to an extraordinary point (see Figuraight). In guided subdivision, this
sequence is locallguided by amapg ™ . If the guide surface were a single,
global polynomial and we dropped the operatbrthen guided surfacing would
reduce to the approach in [Pra97,Rei98]. However, suchaflpblynomial map-
pings, as well as low degree piecewise polynomial mappiagsknown to create
surfaces with curvature aws (see e.g. Figure 3 of [KPO7)}.49mpling, guided
subdivision decouples the need for a low degree standardeggaesentation from
the degree of the guide. Most recently, a scheme was detia¢ddmbines the fea-
tures of generalized subdivision and guided subdivisiop@dar layout [KMPO6].



3 Guided surfaces

This section reviews the construction of guided rimgsin [KPO7]. At rst sight,
guided surfacing appears to be more complex than subdiMisieed on the control
mesh. However, Observation 1 of [KP0O7] shows that guidethsing based on
piecewise polynomial guides is numerically stable andstaty.

Table 1 lists ct-maps and the degree of rings obtained byagpbperatordd . The
operators corresponding to a "2' in the last column have legplained in detail in
[KPO7].

......
......

......

Fig. 4.h>° combines fou8 3 blocks of Bézier coef cients, representing partial dariv
tives up to second order at the four corners, into one patdegfee (5,5).

The operatoh®® samples (2,2)-jets at each corner (Figure 4) and comiSnes
such sampled patches into a rirgs of degree (5,5)h>° can be replaced by an
operatoth®? that substitutes, for each (5,5) patct8 a 3 array of bicubic patches.
The formulas determining the Bézier coef cients are ithased in Figure 5. Alter-
natively, we could view th8 3 of patches as one bicubic surface piece in B-spline
representation, with single knots in the interior and ftald knots at the boundary.

Replacing the three layers of Bézier coef cientsxdf abuttingx™ * by extrapo-
latingx™ * ensure<C? continuity; that is, the surface rings jo? whenx™ 1 is
represented in once-subdivided form to match the graruldrme resulting type
of surface ring ixc3. Similarly, replacing the degree (6,3) patchesgf by three
bicubics yieldsx,3. A bicubic macro-patch construction corresponding §das
also been developed, but presents no additional insigiat #asecond curvature-
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Fig. 5. Interpolation of a (2,2)-jet at the cornelleft) Stencil for Bézier coef cients to form
aC? composite curve.right) Xcs construction: th& 3 jets in Bézier form, shown as
are either obtained by sampling or, when adjacent to thaqursving, by subdividing the
previous ring and extending it in@? fashion.



bounded construction of degree (3,3) does not seem wortrtneg on when the
G? constructiork 44 uses patches of only degree (4,3).)

3.1 C2guided rings of total degree 4

The construction of_4 is conceptually alike the previous constructions, but taeri
an extra section due to the different;sprocket layout. The ring is de ned in terms
of the box-splinewith directions[§ 9 1 3 9 1] that also underlies Loop subdivision.
This box-spline i<C? and of degree 4. We will determine all box-spline coef cient
of one ring from sampled derivatives. By construction froox{spline coef cients,
the rings areC? and joinC? in the sense of Loop subdivision.

The sampling operatdr* collects eight derivatives at a sample point:

(@@ )o j+k 2 @G, Q@f f=qg "

These eight derivatives de ne eight box-spline coef cige(fEigure 6 middleright)
and we select seven of these associated with the sample(pe@aFigure 7, (b)).

Fig. 6. (eft) Locations ofh*-sampling in consecutive steps 1 andm. (middle repre-
sentation in Bézier form andight) representation in terms of box-spline coef cients.

@) (b) ()

Fig. 7. Construction of one segment of a ring in grey. (a) Tthe Sample points of a seg-
ment. Two of the sample points are associated with the pusyicoarser layen 1 and
depicted as larger circles. (b) Seven of the eight box-eptimef cients at leveim, deter-
mined byh*-sampling at the upper right sample point, are depicted &9 Subdivision of
the box-spline net at leveh 1, depicted as light grey disks, yields another set of coef -
cients at leveim. The two topmost coef cients are borrowed from neighborgegments.

The construction of the box-spline coef cients of one guidéng is sketched in
Figure 7. At each iteratiom* is appliedn times to generate new box spline coef -
cients. Where these new box-spline coef cients overlap Egure 7 (b)), they are



averaged. Subdivision of the box-spline net at the previevsl (in step 0, of the
input data) generates another set of box-spline coef si@bthe same granularity
as shown in Figure 7 (c). Where these coef cients overlapiely created ones,
they prevail and replace the new ones. Together (see Figle&)3the box-spline
coef cients de ne a ring with12n polynomial pieces arranged as a double layer
(Figure 8,right).
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Fig. 8. Assembly of the double ringleft) The box-spline coef cients from levels 1
andm determining one oh segments. Coef cients marked as hollow circlestem from
sampling at leveim (cf. Figure 7,leftmiddle. The remaining coef cients, marked as
were generated in leveh 1. (right) Partial surface ring 4.

3.2 C! continuity

To analyze the surfaces in the limit, we assume ghiatC? at the center point, and
choose the coordinate system so that

g(0;0) = (0;0;0):

surface cag. That isg} is a linear combination of monomials of total degkeig
the expansion o with respect to the parametds; v) andgl( ) = g Then

form> 0, xf:=H(g ")= ™H(& ) (2)
(Note thatx} is typically not homogeneous.) This yields the decompositi

am=" Dixic = * (X Vis Z0): 3
k=0 k=0
Retracing the proof of curvature continuity in Theorem 1KiPD7], but replacing
reproduction ofg, ™ , whereg, := g + g9 + g% by reproduction only of
(gh+ gy ™ ,we seethax® = g(0;0), aunique limit of the tangent planes of
the surface ringg™ existsaan ! 1  and equals the tangent plane of the guide
surface ak® , and the guided subdivision surfaxés C* atx? .



4 Curvature Continuity and Shape Characterization

We now use a classical parametrization-independent notioarvature continuity.
The idea is to remove the in uence of the surface parameteoia by xing the
local coordinate system &9; 0) and isolate a quadratic map so that surface rings
are a higher-order perturbation of this quadratic. Thisreagh can also measure
deviation from curvature continuity. To make the idea pegcwe denote piecewise

X

Fig. 9. lllustration in one variablelgft) anchored osculating quadrati¢kif strokeparabo-
las) are de ned with respect to a xed coordinate system @&y position and normal of
g (thick curve) at the central pointright) Quadratics in local coordinates.

De nition 1 (curvature continuity) Letf : R?! R?®be tangent plane continuous
atfo := f(0;0). We choose the coordinate system so fhat (0;0;0) and the
tangent plane aty isfz = 0g. Further assume fofs;t) 6 (0;0) that(x;y;z) :=
f(s+ ;t + ) satis esthe equation

z=q(s;t) XExy;yExyi b+ so(; st g=[miin a6l (4)

whereq is a continuous function @fk; t). Then

() q(s; 1) is called ananchored osculating quadratiod

(i) f is curvature continuouat fy if the anchored osculating quadratics have a
unique limit atf,.

Direct symbolic computation gives concrete formulas fartared osculating quadrat-
ics. We use subscripts to indicate partial derivatives,a.¢- %ﬁ,

Lemma 1 If f(s;t) := (X(s;t); y(s;t); z(s; 1)) then the mapg : R?! Rare

G =[v¥y]Q[#]l; = 2[xx]Q[]; e =[xx]Q[x]; (5)
= 20X qy Y=Y = mx 2y =Y (6)
O = X2+ Xy + py? + jYx+ [Py + Yz 5V; 7)



wherej j denotes a determinant and

1 h i
Q — L M . 1 Xy — 1 Xs Ys .
. 72(' Xy)3 M N ’ J . JXt ytJ:
Xss Yss Zss Xst Yst Zst Xt Yit Zitt
L= Xs¥ 2z : M@= XsV¥ 2z : N = XsV¥s 25 :
Xt Yt Zt Xt Yt Zt Xt Yt Zt

Let (s(s;0);t(s;1)) be a different parametrization @k;y; z). Then @x(s;t) =
XsSs+ Xtts etc.. By the multilinearity of the determinants, a lengtly &traightfor-
ward computation proves the termsto be unchanged under change of variables.

Lemma 2 The anchored osculating quadratic at a point is a geometn@riant,
i.e. independent of the parametrization.

Similarly, multilinearity of determinants and elementagerations establish the
following lemma where we writg (X; y; z) in place ofg (x(s; t); y(s; t); z(s; 1)).

Lemma 3 If f = (x;y;2) = (Ixy + 12x;ly1 + 12y; 122, + 132) then
im q (X y;2) = q(X1;Y1; 22): (8)
For the "height function” at a point, the anchored osculatijuadratic simpli es

even further.

Lemma4 If f(s;t) := (s;t;h(s;t)) then

1 1
Opzéhss; G = hg; oe=§hn: 9)

The idea now is to inseft := x™ into (4) and to bound the deviation from the
quadraticasn! 1

Theorem 1 Letx be a guided surface of atype listed in Table 1. Then the curgat
of x at the central point is bounded. If the entry in last columi2ighen the surface
at x! is curvature continuous and its anchored osculating quéidragrees with
that of the curvature continuous guide

Proof We x the coordinate system so that the tangent plang afx* = (0;0;0)
isfz = 0gandg has the expansion

g=(u+ s1(uVv);v+ si(upv);au® + buv+ oV + 5 o(U;Vv)): (10)



In this coordinate system, applying formulas (7), (6) angtbx™ = (X;y;2)
expanded according to (3)

xd xd xd
x™ = IxB 1200 1D YR+ 120 1 Ay 130 1k 3y s 1)
k=2 k=2 k=3

we obtain from Lemma 3
limq (xy;2) = q(x1:1:23); (12)
and, since the arguments are homogenous, we can read off
Hngq =0; |j=3;45 (13)

Now, we de ne

1

9

For type 1 schemes, i.e. schemes that do not reproduce gjuad@amposed with
the ct-mapq1 depend ors andt and are polynomials divided by the corresponding
polynomial piece of ¥ on each of it&kn domain pieces (unit triangles or squares).
For example, for the scheme of line 2 of Tableklz 3 and for line 3,k = 27.
Sincejj *¥j > 0 by injectivity of ct-maps and each of thk& domain pieces of ql

is compact, eacq1 is bounded.

=1lm q(xyi2) = gy z);  forj =0;32 (14)

Since type 2 schemes reproduce quadratics,
z; = a(x})? + b(xiy7) + c(y7)? (15)

allows us to reparameterizg = q (s;t; as*+ bst+ ct?) with the coef cents of the
anchored osculating quadraticgfatx* . Indeed, by Lemma 4 = a, ¢ =
andg; = c. With these well de ned limits ak* , we can apply the mean value
theorem to conclude that the surfac€satx?® . i

The theorem yields an alternative proof of curvature caityrof the surfaces con-
sidered in [KPO7]. Moreover, it gives a concrete way to cotegnounds.

4.1 Computing Curvature Bounds

Speci cally, we compute as follows.
(i) Bound the coef cientsy, on, @ for the functions | := u?, f, := uv, f3 := V2

This yields nine intervals that allow computing the bounmtsany functionf =
1U2 + LUV + 3V2.

10



(ii)

If (x;y;z) is anorthogonalcoordinate system iR3 with x* = (0;0;0), tan-
gent planefz = Og atx! andg = (epuu+ epv+ -1(U;V);eU + enV +

>1(u;v);au? + buv+ cv? + .,(u;Vv)). Then the bounds of the coef cients
o® of the osculating quadratic in such system are calculatu the previous
bounds on coef cientsy as

o =pe) + queper + T ; B = S+ heres + b

16
& =2 qpeer + Gu(eo€s + €16) + 2 peres ; (16)

L 1.
where(Q &) :=( gL e2) * .

(iii) To boundGaussian and mean curvaturege observe that faix; y; gix?+ ofxy +

(iv)

Py?) the mean curvaturel and the Gaussian curvatuge at the origin(0; 0; 0)
are

H= e K =acf o
Substituting formulas (16), we get

H =(€2+ €)% + (&€ + &63)0h + (€ + D) ;

K =(e08s e&)’dpte ©): a7

For Gaussian curvatut€, we get a tighter estimate if, in formula (17), the part
4pp @ is precomputed with respect basis functibéns », f 3. Consistent with
[PUO1], there are six precomputed intervalskand nine foH .

Dening f1 := u?+ v f, := uv, f3 := v? gives an immediate impression of
how guided subdivision reproduces canonical elliptic,dnpolic and parabolic
shapes. Table 4.1 lists bounds on the Gaussian curvatutieefee shapes when
n=a.

Table 2
Gauss curvature bounds on monomials for diffeseandn = 8.

guide | K K (Xc3) K (Xcs) K (Xp3)

u2+v2 | 4 | [3.87501, 4.22213]  [3.96505, 4.02945]  [3.98505, 4.03352]
uv 1| [-1.06493, -0.96478] [-1.00426, -0.99261] [-1.0522997M47]

V2 0 | [-0.15738,0.15644] [-0.02054, 0.02241] [-0.09641, 0BE1

5 Discussion

Traditional "tuning' of subdivision algorithms focussea explicitly setting eigen-
values or on formulating an optimization problem to appmuie several spec-
tral properties (e.g. [BKO4]). More recently, subsubdoamnheigenvectors have
gained attention in the context of optimizing surfaces wibpect to shape charts
[KPR0O4,ADS06,GUO06]. This allows enforcing, for examplengexity. In guided

11



subdivision we prescribe, via the guide surface, both theidant eigenvalues and
the dominant eigenvectors up to the order of continuity. &eer, prescribing the
guide surface yields a regional averaging as opposed teetlydacalized averaging
of standard subdivision rules. To set the guided constinstin perspective, Fig-
ures 11, 12 and 13 compare the Gauss curvature to two reqariilished tuned
curvature-bounded surface constructions. Overall, thpesiof guided surfaces ap-
pears to be the most predictable of the constructions.

In the 2005 version of this paper [KP05], we observed thatnbyeasing the sam-
pling density at each step, we can build guided surfacessltidivision structure
that areC? and of degree (3,3). This approach is theoretically intargsn that it
sheds new light on the challenge to buld subdivision surfaces of the degree of
Catmull-Clark surfaces and on the lower bounds on the dexjre@rvature contin-
uous subdivision surfaces [Rei96,Pra98]. The approachbweber at present not
practical since the patch size shrinks rapidly and the nurmobpatches grows too
fast.

We have, however been able to implement and thus practiestyall low-degree
guided constructions presented in this paper for all ctiyersed subdivision lay-
outs:2 -sprocket, -sprocket and polar. While the combination of degree anchpat
layout is too low to be curvature continuous at the extra@)i point, the surfaces
areC? everywhere else and their curvature is bounded. In fackufaces are typ-
ically visually indistinguishablérom their curvature continuous siblings de ned in
[KPO7]. In Figure 10 and Table 4.1 we therefore resort to Gausvature images
to illustrate the trade-off and effect of choosing low-dEgapproximations. We
note that the lower the degree, the more fractured the loligtoin of curvature.

While high-end engineering applications will require diexa curvature distribu-
tion, we expect that the low-degree constructions will befuisfor high-end ren-
dering where a good visual impression suf ces.

AcknowledgemenfThis work was supported by NSF Grants CCF-0430891 and
DMI-0400214.
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Fig. 11. Constructions of degree (3,3pf{ row, leff) Input mesh: the characteristic control
net of Catmull-Clark subdivision projected onto the patalsbz = x? 0:6y?; (middle
Tuned construction of [ADS06]right) guided constructioxc3. (bottomrow) Gaussian
curvature shading: th@? constructionx cg (for comparison), [ADS06]Xc 3.

Fig. 12. Constructions of degree (3,3) for double-saddta.deft) Tuned construction of
[ADS06]: Gauss curvature is both negative and positigd, (vhere segments meetight)
guided construction ¢ 3 is non-positive as it should be.
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Fig. 13. Constructions of total degree thg{row, left) Input mesh: the characteristic control
net of Loop subdivision projected onto the parabolbid x2  0:6y2; (middle surface
rings 3,4,5 of [Loo02]; (ight) surface rings 3,4,5 of, 4. (bottomrow) Gaussian curvature
shading: theC? constructiorx g (for comparison), [Loo02]x| 4.
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