Mid-Structured.inking Curvedand
PiecaviseLinear Geometry

Jorg Peters

Abstract. Bézieror b-splinecontrolmeshesrequintessentiaCAGD tools
becausehey link piecevise linearandcurved geometryby providing alin-
ear re nable approximatiorthatexaggeratefeaturesandis, upto reparametriza-
tion, in 1-1 correspondenceith thecurvedgeometry However, for agiven
budgetof line sgmentsBézierandb-splinecontrolmeshesreusuallyfar
from the'nearest'piecavise linearapproximanto the curved geometry
SubdvidableLinearEf cient FunctionEnclosuresshortslefes(pronounced
like slesves),aim at sandwichingthe curved geometryastightly aspossi-
ble. This paperillustrateshow to derive slefes, lists theliteratureon slefes,
discusseslefesfor rationalfunctionsandtensofrproductsandanalyzeghe
improvementof slefes underre nement. The averageof the upperand
lower slefe boundsis called mid-structure. Mid-structurescomecloseto
being the 'nearest' piecavise linear approximantwhile retainingthe 1-1
correspondencandthe computationaéf ciency of controlmeshes.

x1. Intr oduction

What do interferencetesting of subdvision limit surfaces(Figure 1, (left) )
andthe bend-minimizingrouting of spline curvesbetweenobstaclegFigurel,
(right) ) havein common?Both taskscanbe performedby enclosingthe curved
geometryby piecavise linear geometry This, in turn, can be computedef®-
ciently by computinga piecevise linear pair, f ; f, of upperandlower bounds

thattightly sandwicha givenfunctionf onadomainU: f  f f: We call
sucha pair a subdividablelinear efcient functionenclosue of f, shortslefe
(pronouncedikee shirt sleeve) of f . Thatis, to computea tight bound,we take
adwantageof the known parametrizatiof the object.

Slefe constructionsfor speci®crepresentationssplinesin one and more
variables,in B/ezier and B-spline form and even for interpolatorysubdision
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Fig. 1. Two applicationsof slefes. (left) Ef®cient and accurateintersection
detectiorof subdvisionlimit surfaceq15]. (right) A robotnavigatesfreespace
following anapproximatelycurvature-minimizingsplinepath[8].

schemedave beenreportedin [6, 7, 10]. However, aspointedoutin the sur
vey [10], the underlying principle is the same. Each constructiononly dif-
fers by the choice of functionalsand pre-computedestapproximationshat
dependon thosefunctionals. The quality of slefes is judged by their width
w(f;U) := f f,with theargumentgestrictedto U. In simplecasesslefes
have beencomparedo the bestpossible,i.e. narrovest,enclosureby a pair of
piecavise linear boundslines with the samebreak-abscissad1]. The suney
[10] juxtaposeslefes with eightotherboundingconstructs.The comparisoris
particularlyin favor of slefesif the curve or surfaceis not closeto linear, asin
Figure2. To form a consisteninnerandouterhull of an object,slefes canbe
piecedtogether This is explained,for differentscenariosin [12] and[15]. Fit-
ting slefes betweerprescribedipperanda lower boundsasin Figurel (right)
, addressea problemsimilar to nearinterpolation[2].
Thepresenpapersheddight ontwo additionalaspect®f slefes: re®@nement

andmid-structuresSection2 derivesa particularslefe andthengeneralized to
motivatethe constructionandanalysisof thefollowing sections.Section3 dis-
cussesiow subdvisionimprovesslefes andthewidth of theslefe changesinder
subdvisionof f . Sectiond shavsthatslefes areeasilyextendedo rationalrep-

Fig. 2. (left) Separatedlefes certify non-intersectionIn contrast,the corvex
hulls of the curvesoverlapevenafteronesubdvision (right) .
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resentationgven thoughrational representationkack a ®nite basis. Section5
discusseshemid, f := (f + f)=2, of aslefe, whichsenesasagoodpointwise
L! approximanandplaysanimportantrolein ef®cientintersectiortesting.

x2. Example of a slefe

This sectionintroducesslefes by meansof a simple example. Considerthe
polynomialp of degree3,

p() = by(t) + ba(t), by = j?’(l 03 it

N P
in BAezierform f’:o G by , with coef®cientsequencég )0 ;3 = (0; 1;1;0).

In termsof its linearinterpolantatt = Oandt = 1, "(t) := p(0)(1 t) + p(L)t,
andthenew basis

2 1 1 2
a(t) == ébl(t) §b2(t), (t) = ébl(t) §b2(t),
we canrewrite the polynomialas
p="+ 3y 3a:

Thefunctiona is strictly corvex (seeFigure3 (right) ) andis thereforeeasyto
boundby a sequencef m connectedine segmentsrom above andfrom below.
For example,for m = 3, thefour breakpointf the

piecaviselinearupperboundfunction a;™(t); t2 U := [0::1];

area;(j=3),j = 0;1;2;3. (If the numberof line sggmentsis evident or not
important,we shortenthe expressiorto a;.) Thefour breakpointsof the piece-
wiselinearlowerboundfunctiona; , areobtainedby paralleloffsettingfrom the
uppervaluesuntil the sgmenttoucheshe curve tangentially Thenwe adjust,
from the largestoffsetdownwards,to hugthe curve tightly. Theresultis stored
in thefollowing table(cf. Figure3 (right) ):

t= | 0 1/3 213 1
a 0 ~3703703704 -.2962962963 0
ar, | 0695214343 -.4398918047 -.3153515940 -.0087327217

3

Sinceax(1 t) = ay(t), thetablefor a, is mirror-symmetric. The point of
thisexerciseis that,fort 2 U = [0::1],

p(t)  P(t) == (1)  Bag,(t) + 3&>(1)
asillustratedin Figure3 (left) . With the sametables,we have

p(t)  p(t) == (1) 3a(t) + 3a3(t):
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Fig. 3. (left) Thefunctionp :=  Zby + 1b,, andits upperboundp. (right)
The lower andthe upperbounday , andaz® sandwichingthe function a; with
threesegments.

Generalizationsof the example.

Theweights, 3= (( 1) 2(1)+ 0),3= (0 2( 1)+ 1)aretheresultof
evaluatingsecondlifference®f thecontrolpoints. Thatis, they aretheresultof
applyingtwo particularfunctionalsF to p, namelyFip:= ¢ 2c¢; + ¢, and
Fop:= 1 2c, + c3. It istheneasyto checkthatthefunctionsa aredualto
theF in thefollowing sense.

Lemmal. For 2 f1;:::;d 19, de nethefunctional
F ( E:O cbyk) = &k 1 2ck + c+1 ; andthescalarvaluedfunctions

§ 1 X kq X d ok
a = 1,d 1 o —by+
- d k=0 k= +1

by :

ThenF af =
0 else

Generallyfor apolynomialp of degreed, (we dropthesuperscript indicat-
ing thedegreeif the degreeis evidentor notimportantin the context)

% 1 _ X1
p P P="+ maxfO;F pga?+  minfO;F pga’:
=1 =1

A lower boundp is obtainedby exchangingthe min with the max operators.
Thesetupcanbefurthergeneralizedintil it canbe summarizedn two shortand
abstractemmasLemmal and2 of [10].

The key challengelies in generatingonceandfor all, for eachnew repre-
sentation the tablesa]: : ;] that recordthe breakpoints of the upperandlower
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boundsminimizing
w@a,;U)=a a:

Here,we recordthe breakpointvaluesof a~ a in avectorandminimize with
respectotheL! norm(thelargestentry)asfollows. For piecaviselinearenclo-
suresthewidth is to be assmallaspossiblewhereit is maximal. Having ®xed
the valuesat the pair of breakpointswherethe width is maximal (zerothand
®rst breakpointin Figure 3 (right) ), the width at the remainingbreakpointss
recursvely minimizedsubjectto matchingthe already®xedbreakpoint values.

By generatingdight slefesfor thea , we expectto staycloseto optimalwhen
we computea linear combinationof the tight boundsandmeasurav(f ; U) :=
f  f. (To exactly minimize the width would imply thatwe solveda nonlinear
problemby asinglelinearapproximationandshouldthereforenotbeexpected.)

Theupshotof all thisis: if someonerovidesthetablesal: : :] of the break-
point valuesof @~ anda_thenan enclosurecan be computedcheaplyby the
following algorithm.

An algorithmfor computingthe slefe of a polynomialin B/zierform

P —

Letf := E:O bcf« bealinear combinationof BAezierbasisfunctions
bk with coef®cientsfy. For (small)integersd; m, 1 d1 m
andsgn 2 f 1;+1g,let

Ff=1f ¢ 2f +f
% 1
q:=(@1 E)fo+ fd(a)"‘ B F f a[d;m;sign(F f) sgn; ; ]

and ald;m;sgn; ; ] a table of breakpointvalues (available,
sayvia[14]). Then

Let h™ bethe piecewise linear hatfunctionwith breakpointsatjm,j =
0;:::;m thatis 1 at . and O at all otherbreakpoints. Thenthe m-
piecaviselinearupperandlowercomponenbf theslefe arefort 2 [0::1],

f(): f~h™(t); where[fo;:::;fm]:
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Slefes of polynomialsin tensofproductform

Ri X d!
f(sit) = fi b OB (9 bW = G

i=0 j=0

@ u)d kuk;

areeasilygeneratedn [0::1]? from the univariateslefe on [0::1] asfollows.

fori=0;:::; di; [flosfins it fim,] = slefe[fio; fis;iiiifia, I me;+1)
forj = 0;:iiymo; [fojifyysiiifmyy] = slefd[fo;; f1y;:005 0,1 ma; +1):
_ X1 X2
f(s;t) = fiy h"2(s)h™ (1):
j=0 i=0

An alternative slefe construction

Note thatwe could have chosemot only differentfunctionalsbut alsoa differ-
entapproximant thatis anihilatedby the functional. For example,sincethe
functionalis a seconddifference we canchoosethe linearfunction ™ 1, thatin-
terpolates; andc,, writep = “12 + (C;  2¢1 + Co)bo + (c3 2¢, + ¢p)bs.
If we then boundthe basisfunctionsby and bz, which happento be corvex
for degree 3 and hencealso easyto bound, be arrive at an alternatve slefe
constructionfor polynomial piecesof degree3. The aqproachcan be boot-
strappedby subtractingfrom the input polynomialp := J-dzo G bj the poly-

nomialpy » := j":llq bj + ephbo + e4by with & andey chosersothatpy »
isofdegreed 2. Thenp p2= (co €)bo+ (¢4 €4)bg canbeboundedoy
boundingtwo corvex functionsandwe caniterateby boundingpy - in degree-
reducedorm. This resultsin anexpansionof p in termsof convex polynomial
piecesontheinterval U = [0::1].

Sowhy would we notjustboundtheoriginal basisfunctionsb to startwith?
Theanswer(for theparticularfunctionalsF , namelysecondlifferences)s that
addingary constanbr linearfunctionh would modify thewidth of theslefe and
male it arbitrarily large! Speci®cally

_ xo X
(G+h(b b)= g b)+h (b b):
j=0 j=0 i:o iz

}
const

By contrastjf F isasecondlifferenceF (h) = 0sothattheslefe construction
andwidth areunafectedby translationof thefunction.

Figure4 pointsto more generalapplicability of the approach.It shavs the
slefe of a3-sidedpatch’, a patchin total degreebivariateB Z&zierform with U
theunit triangle.Here

be; k:= (ko;kl;kz) 2 N3 andkg + k1 + k, = 4
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Fig. 4. (left) BAezierpieceof total degree4 with control structure. (right) The
pieceenclosedy its slefe.

arethebasisfunctionsof bivariatepolynomialstotal degree4 in B/Zezierform, h
thebivariatehatfunctionscorrespondingo aregularpartitionof theunit triangle
and

Ff::f0221+1;2+1 fo 1 15 2+l fo 1§1+1;2+f031§z

is a secondlifferenceandthereforeanihilatedinearcomponents.

x3. Re nement and slefes

Therearetwo alternatve waysto re®nethe piecavise linear upperand lower
boundsof a slefe. The ®rst is to increasem, the numberof sggmentswhen
boundinga above andbelow. This only mildly increaseshe runtimecost,but
requiresiargerpretatmlg\tions.Theseconds to apply, atruntime,De Casteljaus
algorithmto p(t) := g:o ¢k bk (t), sayat the midpointt = 1=2 of the unit
interval. This yieldsa left piecep; (and,similarly, aright piecep;) whent 2

[0::1]. Theleft piecerepresentp on [O::%] with coefdcientsS;c wherec is the
vectorof coef®cientsof p andS; isamatrixof sized+ 1 d+ 1,

2 3
1 0 0 0 :@::: O
: 2 0 0 0
A Bt 0 0
- = =gl 1 1 1
Sq = q 2 riq2f 0;::dg 5§ 88 8 8 0
. . . 0
1 1
20 20

Figure5 illustrateswhy goodslefes shouldnot be nestedinderre®nementj.e.

the optimalslefe afterre®nemenshouldnotgenerally®t
insidethe optimalslefe beforere®nement.

By de®nition, the intersectionof the slefes at differentlevels of re®nement
is againa piecaviselinearenclosure.
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Often, we want to guaranteea maximal width everywhere. It is dif®cult
to estimatethe numberof subdvisions necessaryunlesswe have some®xed
constantessthanl of decayof the pointwisewidths. So,animportantquestion
is, whetherthewidth atanexisting breakpointanincreasepr anew breakpoint
hasawidth thatexceedghatof its neighboringold breakpoints.

To answetthis questionwe recallthatthe width at breakpoint is

% 1
wip;—) = P(—~) P(-) = . @ a)(iF pi=W( )F(p):

Here,W(; :) isrow of thematrix of widthsof thefunctionsa at —,

W = W(H) w=a a;

=0:m; =1:d 1;
andF(p) := jF (p)j g 1 is the vectorof absoluteseconddifferencesof
p.
Lemma?2. If w(f; ) := WEF(f) is the vector of widths after  subdivision
stepsthen

w(f; +1) WSy 2%F(f):

Proof: Let bethed d+ 1matrixthatmapsthevectorof coef®cientsto their
®rst differencesDueto the halving of the abscissadistancesy 1 = 2 Sy
for thesubdvision matrix of the differencesiselaboratedy

:::024:::Fd:::01234::s:! R ¢ R
21024: 00 12220 P20

Thereforejf F is thematrixwhose throw representthe th secondlifference
thenF Sy = Sq¢ = Sq 2F=4 and(notethe absolutevalues,appliedin last
whenformingjF (Sq(c))j with ¢ the coef®cientsof f ):

1

FSq = abs Sy = ab§d QZ

Fig. 5. Goodenclosuresrenot nested.Re®nemenfrom 1 to 2 sgments.The
optimalslefe ontheright doesnot®t insidethe optimalslefe ontheleft.

1 1
ZSd zabS = st oF:
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width = 0.2767 width = 0.0579

Fig. 6. (left) A cubic B/ziersggmentwith coefdcients0; 1;1;0. The control
polygonexaggeratethe curve far morethanthegrey 3-pieceslefe. (right) After
onesubdiision atthe midpoint,the width of the slefe (grey) is roughly 1/4th of
thewidth of theunsubdvidedslefe(dashed.

Theclaimfollowsfromw(f; + 1)= WFSy(f) O

Observatior8.1: If all F areequalthenSF = F andall widthsdecreasby
%. This happensn thelimit, whenthe secondlifferencesorverge.

ObservatiorB.2: To shav thatwidthscan,in principle,increasdocally under
subdvision,letv bearow of W. If theW is notfurtherspeci®edwe couldhave
v(1)=0,v(j) = 1forj 6 1andF; = Oforj 6 1,F; = 1. Thenw(f; )= 0
butw(f; + 1)= 1=2+ 1=4+ :::+ 1=29 6 0. Thatis, theratio of widthsafter
andbeforethe subdvision stepcould be in®nite at a speci®cbreakpointgather
thanthehoped-forl=4.

Observatior.3: For the algorithmstatedin Section2, the entriesof a have
their largestentry alongthe diagonalandthewidths areall guaranteediecrease
by atleast3=8 ford = 2; 3; 4;5.

We now shaw that, if the seconddifferencesarereplacedby the sumof th
differencegheneveryv(i) shrinksby atleast1=2 at every subdvision stepre-
gardlesf thetightnesf theestimatesn tablesal: : :]. To provetheresult,we
®rst estimatehe columnsumsof .

Lemma 3. Eacd row of Sy s,ymsto 1 Thesumof all elementsn eat columng
ead columnsug,s(d;g) .= q ' =2", is strictly boundedaboveby 2.
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Proof:

=35 Lg D+ s La)

:%s(d 1;q 1)+%[%s(d 2;q 1)+%s(d 2;0)]

% a .
= s(d j;q 1)=2 sinces(d k;q)=0ford k< q
i=1

We obsene s(d;0) < 2 for all d andusethis asinduction startfrom which
s(d;q) < 2followsasclaimed. O

Lemma4. For = 2;:::;ddene

dH
F (f):= i (F); j is thdifferenceappliedtof;;:::;f +j.1:
j=0

Letf (t) := P k Frb(t) = P d=11 F (f)a (t), wheeead a isapolynomialof
degreed de nedbya (0) = a (1) = O,F (a) = 0if 6 andF (a)= 1.
For theintervalU = [0::1], leta  a a; = 1l:d 1beary choiceof
lower and upper bounds. Thensubdivisionat t = % reduceshe width of the
enclosue of p to lessthan1=2 the previouswidth.

Proof: Letl := [1;:::;1]and thecolumnvectorof th differenceswith jth
entry ; sothatF =1 . Then,asintheproofof Lemma2,

abd Sy = abdSy i < Eabs: ;
2 2
wherethe inequality follows for the gth columnof Sy from 1Sy  (;;q) =
s(d ;) < 2accordingo Lemma3 since 2. 0

Thelemmagivesa worstcaseestimateover all possibleboundswW : regard-
lessof how poorly or, andthis is more important, how tightly we choosethe
enclosuresthewidth is guaranteedo halve everywhere.

x4. Slefesof Rational Functions

Rationalfunctionsarean examplewherewe cannotbuild a slefe directly as
alinearcombinatiorof two-sidedboundson a®nite family of functionssincewe
do nothave the®nite basis.However, we canboundnumeratoanddenominator
of P

r=P= P—pkbk :
q Ok bx
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Fig. 7. (left) Enclosureof rationallinear segmentr* .  (right) Quartercircle
enclosedy its slefe.

separatelyanduseelementarnyinterval arithmetic. We mustassumehatq 6 0
onU, i.e. withoutlossof generalityq > 0. Thenwe computer asfollows. (The
calculationof the lower enclosurds analogous).Letp bethe th breakpoint

rationallinearfunction

,_P@ )+pa

r =
@ J)*a,

2 [0:1]:

We determinethe linearinterpolantl® to r* atthe breakpointsandits parallel
offsetl! thatjust touchesr* tangentiallyFigure 7 (left) . Dependingon the
corvexity or concaity of r*, eitherthe endpointsof 1° or of I* provide alinear
upperboundonr on theinterval. By taking the maximumof the endpointsof
alutting sgments adjacenslefe segmentgoin continuously A resultis shavn
in Figure7 (right) .

x5. Mid-Structur es

BZezieror b-splinecontrolmeshegprovide a linear, re®nableapproximatiorthat
exaggerate$eaturesandis, up to reparametrizatiorin 1-1 correspondenceith
the curvedgeometry However, for a given budgetof line segments Bzierand
b-splinecontrol meshesare usuallyvery loosepieceavise linear approximations
to thecurvedgeometry This sectionderivesandanalyzesa mid-structurg(mid-
path, mid-patch,etc.) that comescloseto beingthe 'nearest' piecavise (bi-
)linear approximantwhile retainingthe 1-1 correspondencand the computa-
tional ef®ciengy of controlmeshes.

De nition 1. Themidoff isde nedasf := (f + f)=2.

With Lf mappingto the piecaviselinearfunctions,e.g.the in Section2 or,
alternatvely, the control polygonof f , athed+ 1 m + 1 matrix of mids of
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Fig. 8. A degree3 cune (left) ®nely evaluated(middle approximatedy sam-
pling atfour points,(right) approximatedy a 3-sggmentmid-path.

thebasisfunctionsa , andh thevectorof hatfunctionsh™, we canrewrite

— _ 1 X X
fM= FO+t=2=3 Fhrm+ 1"
=0 =0~
X X1 ‘e e e
- f()(l t)+fdt+ F (f) a[dlml+! ’ ];a[dym! [ ]hm(t)
=1 =1

Lf () + F(f) a h(t):

Ql

Observatiorb.1: Themid X := (X+ x)=2 iswell-de®nedor avectorvalued
cuneor surfacex = (x;y;2).

Observatiorb.2: The boundaryof a splinein piecavise B/Z&zierform is, for
example theendpointof a curve sggmentor the spacecurve correspondingo an
edgefor apatchin R2. Along suchanedge the mid-structureis computedrom
thatboundaryonly. Thereforemid-structuregoin continuouslyif their patches
abut continuously For example,we de®nethe mid-pathf of f asthe m-piece
linearfunctionwith values B

fy= 20 LG o< <m
—m f if =0or =m:
The choicefor = 0and = m guaranteeshat mid-pathsof continuously

joined B Z&ezierpiecesmatchup attheir endpoints.

Observatiorb.3: Thedistancebetweerthepolynomialf andthebrokenline
f ontheintenal [m::%] is boundedby the linear averageof the distancesat
theendpointsandthesedistancesreevidently boundedy

. . —m
itoTE) S ()
where = 2for = Oor = mand = 1 otherwise. This makesf

an excellentmax-normapproximatiorto the splinewith a known maximalap-
proximationdistance.By contrast,nawe linearizationwithout further analysis,
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saytriangulatiorby sampling reapproximatewithoutknown errorandtypically
with largererrorbetweersamplessillustratedin Figures8 and9.
Observatiorb.4: (Midpath Control Structures)f the numberof breakpoints
equalghenumberof controlpoints,for exampleif m = dfor apolynomialpiece
in B/ezierform, or m = 1 for eachpolynomialpieceof a spline,thenthe matrix
ais invertiblefor all (functionalsand)tablesencounteregofar. Thereforewe
canobtainf fromf by reversingthe midpathcoef®cientcomputation,

f U=Ff) &

whereLf representdpr examplefor thelinearinterpolant in Section2 andais
thevectorof polynomialsa . Solvingfor F (f ), we canreconstructhefunction

f=Lf +a F(f)=Lf +a (@ “f Lf)

from the known quantitiesLf , f, @ anda. Thatis, the mid-structandcontrol-
polytopeequialentlyrepresenthe(spline)functionin differentbasesThislinks
piecaviselinearwith nonlinearsplinegeometrysimilar to controlpolygons but
with acloserspatialrelationshipIn particular we cantake the point of view that

ary brokenline canbeinterpretecasthef of asplinef
of prescribedlegree

with eachcontrolpointsassociateavith onebreakpoint. We checkthatLf = f
is consistent.

The midpathfor rationalfunction canbe invertedif we make additionalas-
sumptionon the corvexity of thecurve.

Whenderving f from abrokenline thatliesin aplane,saytheapproximate
level curve of animplicit function,it is goodto know thatf will stayin thesame
plane. More generally the simplelinear relationbetweenf andf implies the
following. B

Lemma5. fandf lie in thesamdeastdimensionahyperplangf Lf does.

During the talk, an interactive examplewas shavn wherethe interval in-
tersectionof the slefe, ratherthan of the exact function, was computedon the
y , andthe pieceavise linear centralcurve wasinterpretedandinvertedas mid-
structure. Also interactve manipulationof a cubic spline curve by its mid was
shavn. Onepotentialdravbackof usingthe mid-structurefor designis thatf
equi-oscillatesboutthe mid-structuref theslefe is ef®cient,becaus¢hen,f is
a (near)optimalapproximanin the recursie max-norm.More canbe foundin
themasters thesig[3].

Why would we not just computea bestL® approximantoy Chebyshe econ-
omization? Chebyshe economizatioronly generateptimal approximation
from to polynomialsof degreed from polynomialsof degreed 1. Moreover,

justlikethestandardRemezalgorithm([1] Section6.1),it doesnotgenerateon-

tinuouspiecaviseapproximationsFinally, neitherapproactyieldsthedesirable
one-sidedapproximation.
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Fig. 9. A bi-quadratid3 Z&ezierpatch(left) ®nely evaluated (middle) approximated
by sampling,(right) approximatedy a mid-patch.

x6. Open Problems

Althoughthereis by now alot of empiricalevidencethatslefes a closeto opti-
mal in their width, it would be nice to exactly quantify how muchwe looseby
switchingfrom a hardnonlinearmax-normapproximatiorproblemto usingthe
simpleslefe construction. The dif®culty lies in deriving the bestapproximation
(if thisweresimple,wewouldindeednotneedslefes) anddeterminingheworst
case.

While [15] indicatesthat slefes do a goodjob whenusedinsidea collision
detectionhierarchythejury is still outasto whetherit will be betterthanother
methodsat robustly ®nding all rootswithin somebox U, sayof a multivariate
polynomial. Experimentsvith univariatepolynomials usingaframewvork gener
ously providedby CasciolaandFabbriof the Universityof Bologna,ltaly, shav
that slefe-basedroot ®nding is on parwith the best,BZ&zierclipping [13]. The
hopeis thatthe tighter boundswill pay of in the ®rst stepsof multivariateroot
®nding.

Theinvertibility of the mid-structureopensup the possibility of parametriz-
ing level setsapproximatelywith a known error. Hereonecomputegheinterval
intersectiorof theslefe, ratherthantheexactfunction,anduseshemiddlecurve
or surfaceof theinterval intersectiorasmid-structure.
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