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Abstract. Bézieror b-splinecontrolmeshesarequintessentialCAGD tools
becausethey link piecewiselinearandcurvedgeometryby providing a lin-
ear, re�nableapproximationthatexaggeratesfeaturesandis,upto reparametriza-
tion, in 1-1correspondencewith thecurvedgeometry. However, for agiven
budgetof line segments,Bézierandb-splinecontrolmeshesareusuallyfar
from the'nearest'piecewiselinearapproximantto thecurvedgeometry.

SubdividableLinearEf�cient FunctionEnclosures,shortslefes(pronounced
like sleeves),aim at sandwichingthecurved geometryastightly aspossi-
ble. Thispaperillustrateshow to deriveslefes,lists theliteratureonslefes,
discussesslefes for rationalfunctionsandtensor-productsandanalyzesthe
improvementof slefes underre�nement. The averageof the upperand
lower slefe boundsis calledmid-structure.Mid-structurescomecloseto
being the 'nearest' piecewise linear approximantwhile retainingthe 1-1
correspondenceandthecomputationalef�ciency of controlmeshes.

x1. Intr oduction

What do interferencetesting of subdivision limit surfaces(Figure 1, (left) )
andthebend-minimizingroutingof splinecurvesbetweenobstacles(Figure1,
(right) ) have in common?Both taskscanbeperformedby enclosingthecurved
geometryby piecewise linear geometry. This, in turn, can be computedef®-
ciently by computinga piecewise linear pair, f ; f , of upperandlower bounds
that tightly sandwicha given functionf on a domainU: f � f � f : We call
sucha pair a subdividablelinear ef�cient functionenclosure of f , shortslefe
(pronouncedlike shirt sleeve) of f . That is, to computea tight bound,we take
advantageof theknown parametrizationof theobject.

Slefe constructionsfor speci®crepresentations,splinesin one and more
variables,in BÂezier and B-spline form and even for interpolatorysubdivision

XXX 1
xxx and xxx (eds.), pp. 1{4.
Cop yrigh t c
 200x by Nash b oro Press, Bren t wood, TN.
ISBN 0-9728482-x-x
All righ ts of repro duction in any form reserv ed.
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Fig. 1. Two applicationsof slefes. (left) Ef®cient andaccurateintersection
detectionof subdivisionlimit surfaces[15]. (right) A robotnavigatesfreespace
following anapproximatelycurvature-minimizingsplinepath[8].

schemeshave beenreportedin [6, 7, 10]. However, aspointedout in the sur-
vey [10], the underlying principle is the same. Each constructiononly dif-
fers by the choiceof functionalsand pre-computedbestapproximationsthat
dependon thosefunctionals. The quality of slefes is judgedby their width
w(f ; U) := f � f , with theargumentsrestrictedto U. In simplecases,slefes
have beencomparedto the bestpossible,i.e. narrowest,enclosureby a pair of
piecewise linear boundslines with the samebreak-abscissae[11]. The survey
[10] juxtaposesslefes with eightotherboundingconstructs.Thecomparisonis
particularlyin favor of slefes if thecurve or surfaceis not closeto linear, asin
Figure2. To form a consistentinnerandouterhull of an object,slefes canbe
piecedtogether. This is explained,for differentscenarios,in [12] and[15]. Fit-
ting slefesbetweenprescribedupperanda lowerbounds,asin Figure1 (right)
, addressesa problemsimilar to near-interpolation[2].

Thepresentpapershedslight ontwo additionalaspectsof slefes: re®nement
andmid-structures.Section2 derivesaparticularslefe andthengeneralizesit to
motivatetheconstructionsandanalysisof thefollowing sections.Section3 dis-
cusseshow subdivisionimprovesslefesandthewidth of theslefe changesunder
subdivisionof f . Section4 showsthatslefesareeasilyextendedto rationalrep-

Fig. 2. (left) Separatedslefes certify non-intersection.In contrast,the convex
hullsof thecurvesoverlapevenafteronesubdivision (right) .
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resentationseven thoughrational representationslack a ®nite basis. Section5
discussesthemid, f := (f + f )=2, of a slefe, whichservesasagoodpointwise
L 1 approximantandplaysanimportantrole in ef®cientintersectiontesting.

x2. Example of a slefe

This sectionintroducesslefes by meansof a simple example. Considerthe
polynomialp of degree3,

p(t) := � b1(t) + b2(t); bj :=
�

3
j

�
(1 � t)3� j t j ;

in BÂezierform
P 3

j =0 cj bj , with coef®cientsequence(cj ) j =0 ;::; 3 = (0; � 1; 1; 0).
In termsof its linearinterpolantat t = 0 andt = 1, `(t) := p(0)(1 � t) + p(1)t,
andthenew basis

a1(t) := �
2
3

b1(t) �
1
3

b2(t); a2(t) := �
1
3

b1(t) �
2
3

b2(t);

we canrewrite thepolynomialas

p = ` + 3a1 � 3a2:

Thefunctiona1 is strictly convex (seeFigure3 (right) ) andis thereforeeasyto
boundby asequenceof m connectedline segmentsfrom aboveandfrom below.
For example,for m = 3, thefour breakpointsof the

piecewiselinearupperboundfunction a1
m (t); t 2 U := [0::1];

area1(j =3), j = 0; 1; 2; 3. (If the numberof line segmentsis evident or not
important,we shortentheexpressionto a1.) Thefour breakpointsof thepiece-
wiselinearlowerboundfunctiona13 areobtainedby paralleloffsettingfrom the
uppervaluesuntil the segmenttouchesthecurve tangentially. Thenwe adjust,
from the largestoffsetdownwards,to hugthecurve tightly. Theresultis stored
in thefollowing table(cf. Figure3 (right) ):

t = 0 1/3 2/3 1
a1

3 0 -.3703703704 -.2962962963 0
a13 -.0695214343 -.4398918047 -.3153515940 -.0087327217

Sincea2(1 � t) = a1(t), thetablefor a2 is mirror-symmetric.Thepoint of
this exerciseis that,for t 2 U = [0::1],

p(t) � p(t) := `(t) � 3a13(t) + 3a2
3(t)

asillustratedin Figure3 (left) . With thesametables,wehave

p(t) � p(t) := `(t) � 3a1
3(t) + 3a2

3(t):
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Fig. 3. (left) The functionp := � 2
3 b1 + 1

3 b2, andits upperboundp. (right)
The lower andthe upperbounda13 anda1

3 sandwichingthe function a1 with
threesegments.

Generalizationsof the example.
Theweights,� 3 = (( � 1) � 2(1) + 0), 3 = (0 � 2(� 1) + 1) aretheresultof
evaluatingseconddifferencesof thecontrolpoints.Thatis, they aretheresultof
applyingtwo particularfunctionalsF� to p, namelyF1p := c0 � 2c1 + c2 and
F2p := c1 � 2c2 + c3. It is theneasyto checkthat thefunctionsa� aredual to
theF� in thefollowing sense.

Lemma 1. For � 2 f 1; : : : ; d � 1g, de�ne thefunctional
F� (

P d
k=0 ck bk ) := ck � 1 � 2ck + ck+1 ; andthescalar-valuedfunctions

ad
� :=

1
� � 1

� + d� � � 1
d� � � 2

� �X

k=0

k
�

bd
k +

dX

k= � +1

d � k
d � �

bd
k

�
:

ThenF� ad
� =

(
1 if � = �
0 else.

Generally, for apolynomialp of degreed, (wedropthesuperscriptd indicat-
ing thedegreeif thedegreeis evidentor not importantin thecontext)

p � p p := ` +
d� 1X

� =1

maxf 0; F� pg ad
� +

d� 1X

� =1

minf 0; F� pg ad
� :

A lower boundp is obtainedby exchangingthe min with the max operators.
Thesetupcanbefurthergeneralizeduntil it canbesummarizedin two shortand
abstractlemmas,Lemma1 and2 of [10].

The key challengelies in generatingonceandfor all, for eachnew repre-
sentation,the tablesa[: : :] that recordthe breakpointsof the upperandlower
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boundsminimizing

w(a� ; U) := a� � a� :

Here,we recordthebreakpointvaluesof a� � a� in a vectorandminimizewith
respectto theL 1 norm(thelargestentry)asfollows. For piecewiselinearenclo-
sures,thewidth is to beassmallaspossiblewhereit is maximal. Having ®xed
the valuesat the pair of breakpointswherethe width is maximal (zerothand
®rst breakpointin Figure3 (right) ), the width at the remainingbreakpointsis
recursively minimizedsubjectto matchingthealready®xedbreakpoint values.

By generatingtight slefesfor thea� , weexpectto staycloseto optimalwhen
we computea linear combinationof the tight boundsandmeasurew(f ; U) :=
f � f . (To exactly minimizethewidth would imply thatwe solveda nonlinear
problemby asinglelinearapproximation,andshouldthereforenotbeexpected.)

Theupshotof all this is: if someoneprovidesthetablesa[: : :] of thebreak-
point valuesof a� anda� thenan enclosurecan be computedcheaplyby the
following algorithm.

An algorithmfor computingtheslefe of a polynomialin BÂezierform

Let f :=
P d

k=0 bk f k be a linear combinationof BÂezierbasisfunctions
bk with coef®cientsfk . For (small)integersd;m, 1 � � � d, 1 � � � m
andsgn 2 f� 1; +1 g, let

F� f := f � � 1 � 2f � + f � +1

q� := (1 �
�
m

)f 0 + f d(
�
m

) +
d� 1X

� =1

F� f a[d;m; sign(F� f ) � sgn; � ; � ]

and a[d;m; sgn; � ; � ] a table of breakpointvalues(available,
sayvia [14]). Then

slefe([f 0; : : : ; f d]; m; sgn) := [q0; : : : ; qm ]:

Let hm
� bethepiecewiselinearhat functionwith breakpointsat j

m , j =
0; : : : ; m that is 1 at �

m and 0 at all other breakpoints. Then the m-
piecewiselinearupperandlowercomponentof theslefe arefor t 2 [0::1],

f (t) :=
mX

� =0

~f � hm
� (t); where[ ~f 0; : : : ; ~f m ] := slefe([f 0; f 1; : : : ; f d]; m; +1)

f (t) :=
mX

� =0 ~
f � hm

� (t); where[
~
f 0; : : : ;

~
f m ] := slefe([f 0; f 1; : : : ; f d]; m; � 1):
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Slefesof polynomialsin tensor-productform

f (s; t) :=
d1X

i =0

d2X

j =0

f ij bd2
j (t)bd1

i (s): bd
k (u) :=

d!
(d � k)!k!

(1 � u)d� k uk ;

areeasilygeneratedon [0::1]2 from theunivariateslefe on [0::1] asfollows.

for i = 0; : : : ; d1; [ ~f i 0; ~f i 1; : : : ; ~f im 2 ] := slefe([f i 0; f i 1; : : : ; f id 2 ]; m2; +1)

for j = 0; : : : ; m2; [
�

f 0j ;
�

f 1j ; : : : ;
�

f m 1 j ] := slefe([ ~f 0j ; ~f 1j ; : : : ; ~f d2 ;j ]; m1; +1) :

f (s; t) :=
m 1X

j =0

m 2X

i =0

�

f ij hm 2
i (s)hm 1

j (t):

An alternativeslefe construction
Note thatwe couldhave chosennot only differentfunctionalsbut alsoa differ-
ent approximant̀ that is anihilatedby the functional. For example,sincethe
functionalis a seconddifference,we canchoosethe linear function` 12 that in-
terpolatesc1 andc2, write p = `12 + (c2 � 2c1 + c0)b0 + (c3 � 2c2 + c1)b3.
If we then boundthe basisfunctionsb0 and b3, which happento be convex
for degree3 and hencealso easyto bound, be arrive at an alternative slefe
constructionfor polynomial piecesof degree3. The approachcan be boot-
strappedby subtractingfrom the input polynomialp :=

P d
j =0 cj bj the poly-

nomialpd� 2 :=
P d� 1

j =1 cj bj + ~c0b0 + ~cdbd with ~c0 and~cd chosensothatpd� 2

is of degreed � 2. Thenp � p2 = (c0 � ~c0)b0 + (cd � ~cd)bd canbeboundedby
boundingtwo convex functionsandwe caniterateby boundingpd� 2 in degree-
reducedform. This resultsin anexpansionof p in termsof convex polynomial
pieceson theinterval U = [0::1].

Sowhy wouldwenot justboundtheoriginalbasisfunctionsbd
k to startwith?

Theanswer(for theparticularfunctionalsF� , namelyseconddifferences)is that
addingany constantor linearfunctionh wouldmodify thewidth of theslefe and
make it arbitrarily large! Speci®cally,

dX

j =0

(cj + h)(bj � bj ) =
dX

j =0

cj (bj � bj ) + h
dX

j =0

(bj � bj )

| {z }
const

:

By contrast,if F� is aseconddifference,F� (h) = 0sothattheslefe construction
andwidth areunaffectedby translationof thefunction.

Figure4 pointsto moregeneralapplicabilityof theapproach.It shows the
slefe of a `3-sidedpatch', a patchin total degreebivariateBÂezierform with U
theunit triangle.Here

bk ; k := (k0; k1; k2) 2 N3 andk0 + k1 + k2 = 4
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Fig. 4. (left) BÂezierpieceof total degree4 with control structure. (right) The
pieceenclosedby its slefe.

arethebasisfunctionsof bivariatepolynomialstotaldegree4 in BÂezierform, h�
thebivariatehatfunctionscorrespondingto aregularpartitionof theunit triangle
and

F� f := f � 0 � 2;� 1 +1 ;� 2 +1 � f � 0 � 1;� 1 ;� 2 +1 � f � 0 � 1;� 1 +1 ;� 2 + f � 0 ;� 1 ;� 2

is a seconddifferenceandthereforeanihilateslinearcomponents.

x3. Re�nement and slefes

Therearetwo alternative waysto re®nethe piecewise linear upperandlower
boundsof a slefe. The ®rst is to increasem, the numberof segmentswhen
boundinga� above andbelow. This only mildly increasestheruntimecost,but
requireslargerpretabulations.Thesecondis to apply, at runtime,De Casteljau's
algorithmto p(t) :=

P d
k=0 ck bk (t), sayat the midpoint t = 1=2 of the unit

interval. This yields a left piecep1 (and,similarly, a right piecep2) whent 2
[0::1]. The left piecerepresentsp on [0:: 1

2 ] with coef®cientsSdc wherec is the
vectorof coef®cientsof p andSd is amatrix of sized + 1 � d + 1,

Sd :=
�
�

r
q

�
=2r �

r ;q2f 0;::: ;dg =

2

6
6
6
6
6
6
6
4

1 0 0 0 : : : 0
1
2

1
2 0 0 : : : 0

1
4

2
4

1
4 0 : : : 0

1
8

3
8

3
8

1
8 : : : 0

...
...

...
...

... 0
1

2d : : : : : : : : : : : : 1
2d

3

7
7
7
7
7
7
7
5

:

Figure5 illustrateswhy goodslefesshouldnotbenestedunderre®nement,i.e.

theoptimalslefe afterre®nementshouldnotgenerally®t
insidetheoptimalslefe beforere®nement.

By de®nition,the intersectionof theslefes at differentlevelsof re®nement
is againa piecewiselinearenclosure.
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Often, we want to guaranteea maximal width everywhere. It is dif®cult
to estimatethe numberof subdivisionsnecessary, unlesswe have some®xed
constantlessthan1 of decayof thepointwisewidths.So,animportantquestion
is, whetherthewidth atanexistingbreakpointcanincrease,or anew breakpoint
hasa width thatexceedsthatof its neighboringold breakpoints.

To answerthisquestion,we recallthatthewidth at breakpoint �
m is

w(p;
�
m

) := p(
�
m

) � p(
�
m

) =
d� 1X

� =1

(a� � a� )(
�
m

)jF� pj =: W (�; :)F(p):

Here,W (�; :) is row � of thematrixof widthsof thefunctionsa� at �
m ,

W :=
�

w� (
�
m

)
�

� =0 ::m;� =1 ::d � 1
; w� := a� � a� ;

andF(p) :=
�

jF� (p)j
�

� =1 ::d � 1
is thevectorof absoluteseconddifferencesof

p.

Lemma 2. If w(f ; � ) := W F(f ) is the vector of widths after � subdivision
stepsthen

w(f ; � + 1) � W Sd� 2
1
4

F(f ):

Proof: Let � bethed� d+ 1 matrix thatmapsthevectorof coef®cientsto their
®rst differences.Dueto thehalvingof theabscissaedistances,Sd� 1� = 2� Sd

for thesubdivisionmatrix of thedifferencesaselaboratedby

: : : 024: : :
Sd! : : : 01234: : :

�
! : : : 111: : :

: : : 024: : : �! : : : 222: : :
Sd � 1! : : : 222: : :

Therefore,if F is thematrixwhose� th row representsthe� th seconddifference
thenF Sd = �� Sd = Sd� 2F=4 and(notetheabsolutevalues,appliedin last
whenforming jF (Sd(c)) j with c thecoef®cientsof f ):

FSd = abs�� Sd = absSd� 2
1
4

�� �
1
4

Sd� 2abs�� =
1
4

Sd� 2F:

Fig. 5. Goodenclosuresarenot nested.Re®nementfrom 1 to 2 segments.The
optimalslefe on theright doesnot®t insidetheoptimalslefe on theleft.
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width = 0.2767 width = 0.0579 

Fig. 6. (left) A cubic BÂeziersegmentwith coef®cients0; � 1; 1; 0. The control
polygonexaggeratesthecurvefarmorethanthegrey 3-pieceslefe. (right) After
onesubdivisionat themidpoint,thewidth of theslefe (grey) is roughly1/4thof
thewidth of theunsubdividedslefe(dashed).

Theclaim follows from w(f ; � + 1) = W FSd(f )

Observation3.1: If all F� areequalthenSF = F andall widthsdecreaseby
1
4 . Thishappensin thelimit, whentheseconddifferencesconverge.

Observation3.2: To show thatwidthscan,in principle,increaselocallyunder
subdivision,let v bearow of W . If theW is notfurtherspeci®ed,wecouldhave
v(1) = 0, v(j ) = 1 for j 6= 1 andF j = 0 for j 6= 1, F 1 = 1. Thenw(f ; � ) = 0
but w(f ; � + 1) = 1=2+ 1=4+ : : : + 1=2d 6= 0. Thatis, theratioof widthsafter
andbeforethesubdivision stepcouldbein®nite at a speci®cbreakpointsrather
thanthehoped-for1=4.

Observation3.3: For thealgorithmstatedin Section2, theentriesof a have
their largestentryalongthediagonalandthewidthsareall guaranteeddecrease
by at least3=8 for d = 2; 3; 4; 5.

We now show that, if theseconddifferencesarereplacedby thesumof � th
differencestheneveryv(i ) shrinksby at least1=2 at everysubdivision stepre-
gardlessof thetightnessof theestimatesin tablesa[: : :]. To provetheresult,we
®rst estimatethecolumnsumsof Sd.

Lemma 3. Each row of Sd sumsto 1. Thesumof all elementsin each columnq
each columnsuq,s(d;q) :=

P d
r =0

� r
q

�
=2r , is strictly boundedaboveby2.



10 J.Peters

Proof:

s(d;q) =
1
2

s(d � 1; q � 1) +
1
2

s(d � 1; q)

=
1
2

s(d � 1; q � 1) +
1
2

[
1
2

s(d � 2; q � 1) +
1
2

s(d � 2; q)]

=
d� qX

j =1

s(d � j; q � 1)=2j sinces(d � k; q) = 0 for d � k < q:

We observe s(d;0) < 2 for all d and usethis as induction start from which
s(d;q) < 2 followsasclaimed.

Lemma 4. For � = 2; : : : ; d de�ne

F� (f ) :=
d+1 � �X

j =0

� �
j (f ); � �

j is � th differenceappliedto f j ; : : : ; f � + j +1 :

Let f (t) :=
P

k f k bk (t) =
P d� 1

� =1 F� (f )a� (t), whereeach a� is a polynomialof
degreed de�nedby a� (0) = a� (1) = 0, F� (a� ) = 0 if � 6= � andF� (a� ) = 1.
For the interval U = [0::1], let a� � a� � a� ; � = 1::d � 1 be any choiceof
lower and upperbounds. Thensubdivisionat t = 1

2 reducesthe width of the
enclosureof p to lessthan1=2 thepreviouswidth.

Proof: Let 1 := [1; : : : ; 1] and� � thecolumnvectorof � th differenceswith j th
entry� �

j sothatF� = 1� � . Then,asin theproofof Lemma2,

absF� Sd = abs1Sd� �
1
2� � � <

2
2� absF� ;

wherethe inequality follows for the qth columnof Sd� � from 1Sd� � (:; q) =
s(d � � ; q) < 2 accordingto Lemma3 since� � 2.

Thelemmagivesa worstcaseestimateover all possibleboundsW : regard-
lessof how poorly or, and this is more important,how tightly we choosethe
enclosures,thewidth is guaranteedto halveeverywhere.

x4. Slefesof Rational Functions

Rationalfunctionsareanexamplewherewecannotbuild aslefe directlyas
alinearcombinationof two-sidedboundsona®nite family of functionssincewe
donothavethe®nite basis.However, wecanboundnumeratoranddenominator
of

r :=
p
q

=:
P

pk bkP
qk bk

:
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Fig. 7. (left) Enclosureof rational linear segmentr +
� . (right) Quartercircle

enclosedby its slefe.

separatelyanduseelementaryinterval arithmetic. We mustassumethatq 6= 0
onU, i.e. without lossof generalityq > 0. Thenwe computer asfollows. (The
calculationof the lower enclosureis analogous).Let p� be the � th breakpoint
value,� = 1; : : : ; m, of p. On theinterval [ �

m :: � +1
m ], r is boundedaboveby the

rationallinearfunction

r +
� :=

p� (1 � � ) + p� +1 �

q
�
(1 � � ) + q

� +1
�

� 2 [0::1]:

We determinethe linear interpolantl 0
� to r +

� at thebreakpoints,andits parallel
offset l1

� that just touchesr +
� tangentiallyFigure7 (left) . Dependingon the

convexity or concavity of r +
� , eithertheendpointsof l0

� or of l1
� providea linear

upperboundon r on the interval. By taking themaximumof theendpointsof
abuttingsegments,adjacentslefe segmentsjoin continuously. A resultis shown
in Figure7 (right) .

x5. Mid-Structur es

BÂezieror b-splinecontrolmeshesprovidea linear, re®nableapproximationthat
exaggeratesfeaturesandis, up to reparametrization,in 1-1correspondencewith
thecurvedgeometry. However, for a givenbudgetof line segments,BÂezierand
b-splinecontrolmeshesareusuallyvery loosepiecewiselinearapproximations
to thecurvedgeometry. This sectionderivesandanalyzesa mid-structure(mid-
path, mid-patch,etc.) that comesclose to being the 'nearest' piecewise (bi-
)linear approximantwhile retainingthe 1-1 correspondenceand the computa-
tionalef®ciency of controlmeshes.

De�nition 1. Themid of f is de�nedasf := (f + f )=2.

With Lf mappingto thepiecewiselinearfunctions,e.g.the` in Section2 or,
alternatively, the control polygonof f , a the d + 1 � m + 1 matrix of mids of
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Fig. 8. A degree3 curve (left) ®nely evaluated,(middle) approximatedby sam-
pling at four points,(right) approximatedby a 3-segmentmid-path.

thebasisfunctionsa� , andh thevectorof hatfunctionshm
� , we canrewrite

f (t) := (f (t) + f (t))=2 =
1
2

� mX

� =0

~f � hm
� (t) +

mX

� =0 ~
f � hm

� (t)
�

= f 0(1 � t) + f dt +
mX

� =1

d� 1X

� =1

F� (f )
a[d;m; + ; � ; � ] + a[d;m; � ; � ; � ]

2
hm

� (t)

= Lf (t) + F (f ) � a � h(t):

Observation5.1: Themid x := (x + x)=2 is well-de®nedfor avector-valued
curveor surfacex := (x; y; z).

Observation5.2: Theboundaryof a splinein piecewiseBÂezierform is, for
example,theendpointof acurvesegmentor thespacecurvecorrespondingto an
edgefor a patchin R3. Along suchanedge,themid-structureis computedfrom
thatboundaryonly. Therefore,mid-structuresjoin continuouslyif their patches
abut continuously. For example,we de®nethemid-pathf of f asthem-piece
linearfunctionwith values

f (
�
m

) :=

(
1
2 (f

m
+ f

m
)( �

m ) if 0 < � < m;

f � if � = 0 or � = m:

The choicefor � = 0 and � = m guaranteesthat mid-pathsof continuously
joinedBÂezierpiecesmatchupat their endpoints.

Observation5.3: Thedistancebetweenthepolynomialf andthebrokenline
f on the interval [ �

m :: � +1
m ] is boundedby the linearaverageof thedistancesat

theendpoints;andthesedistancesareevidentlyboundedby

jf � f j(
�
m

) �
� �

2
(f

m
� f

m
)(

�
m

)

where� � = 2 for � = 0 or � = m and � � = 1 otherwise. This makes f
an excellentmax-normapproximationto thesplinewith a known maximalap-
proximationdistance.By contrast,naive linearizationwithout further analysis,
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saytriangulationby sampling,reapproximateswithoutknownerrorandtypically
with largererrorbetweensamplesasillustratedin Figures8 and9.

Observation5.4: (MidpathControlStructures)If thenumberof breakpoints
equalsthenumberof controlpoints,for exampleif m = d for apolynomialpiece
in BÂezierform, or m = 1 for eachpolynomialpieceof a spline,thenthematrix
a is invertiblefor all (functionalsand)tablesencounteredso far. Therefore,we
canobtainf from f by reversingthemidpathcoef®cientcomputation,

f � Lf = F(f ) � a:

whereLf represents,for examplefor thelinearinterpolant̀ in Section2 anda is
thevectorof polynomialsa� . Solvingfor F(f ), wecanreconstructthefunction

f = Lf + a � F(f ) = Lf + a � (a) � 1(f � Lf )

from theknown quantitiesLf , f , a anda. That is, themid-structandcontrol-
polytopeequivalentlyrepresentthe(spline)functionin differentbases.Thislinks
piecewiselinearwith nonlinearsplinegeometrysimilar to controlpolygons,but
with acloserspatialrelationship.In particular, wecantakethepointof view that

any brokenline canbeinterpretedasthef of a splinef
of prescribeddegree

with eachcontrolpointsassociatedwith onebreakpoint. WecheckthatLf = f
is consistent.

Themidpathfor rationalfunctioncanbe invertedif we make additionalas-
sumptionson theconvexity of thecurve.

Whenderiving f from a brokenline thatlies in aplane,saytheapproximate
level curveof animplicit function,it is goodto know thatf will stayin thesame
plane. More generally, the simplelinear relationbetweenf andf implies the
following.

Lemma 5. f andf lie in thesameleastdimensionalhyperplaneif Lf does.

During the talk, an interactive examplewas shown wherethe interval in-
tersectionof the slefe, ratherthanof the exact function, wascomputedon the
�y , andthe piecewise linear centralcurve wasinterpretedandinvertedasmid-
structure.Also interactive manipulationof a cubicsplinecurve by its mid was
shown. Onepotentialdrawbackof usingthemid-structurefor designis that f
equi-oscillatesaboutthemid-structureif theslefe is ef®cient,becausethen,f is
a (near-)optimalapproximantin therecursivemax-norm.More canbefoundin
themaster's thesis[3].

Why would we not just computea bestL 1 approximantby Chebyshev econ-
omization? Chebyshev economizationonly generatesoptimal approximation
from to polynomialsof degreed from polynomialsof degreed � 1. Moreover,
just likethestandardRemezalgorithm([1] Section6.1),it doesnotgeneratecon-
tinuouspiecewiseapproximations.Finally, neitherapproachyieldsthedesirable
one-sidedapproximation.
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Fig. 9. A bi-quadraticBÂezierpatch(left) ®nelyevaluated,(middle) approximated
by sampling,(right) approximatedby a mid-patch.

x6. Open Problems

Althoughthereis by now a lot of empiricalevidencethatslefes a closeto opti-
mal in their width, it would benice to exactly quantifyhow muchwe looseby
switchingfrom a hardnonlinearmax-normapproximationproblemto usingthe
simpleslefe construction.Thedif®culty lies in deriving thebestapproximation
(if thisweresimple,wewould indeednotneedslefes)anddeterminingtheworst
case.

While [15] indicatesthat slefes do a goodjob whenusedinsidea collision
detectionhierarchy, the jury is still out asto whetherit will bebetterthanother
methodsat robustly ®nding all rootswithin somebox U, sayof a multivariate
polynomial.Experimentswith univariatepolynomials,usingaframeworkgener-
ouslyprovidedby CasciolaandFabbriof theUniversityof Bologna,Italy, show
that slefe-basedroot ®nding is on parwith thebest,BÂezierclipping [13]. The
hopeis that the tighterboundswill pay of in the®rst stepsof multivariateroot
®nding.

Theinvertibility of themid-structureopensup thepossibilityof parametriz-
ing level setsapproximatelywith aknown error. Hereonecomputestheinterval
intersectionof theslefe, ratherthantheexactfunction,andusesthemiddlecurve
or surfaceof theinterval intersectionasmid-structure.
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