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Abstract

This paperintroducesnew techniquedor modelinglow degree,smoothfree-
form surfacesof unrestrictecpatchlayout. In particular surfacesthatare  after
reparametrizatioganbebuilt from tensorproductBézieror splinepatchesf de-
gree( ) and(3,d+2);at extraordinarypoints,thesesurfaceshave the e xibility

of splinesof total degree . The particularchoice, , yields more
than vectorvalueddegreeof freedomwhere patchegoin. Thetechniques
generalizéo  construction®f free-formsurfacesof degree( ).

1 Intr oduction

High quality surfacesrequirecontinuity of curvatureswhile ef cient computationsay
of intersectionsfavors polynomialrepresentationsf low degree. In practice,curved
shapesvith atensorproductiayoutarethereforetypically designedisingsplinesof de-
gree( )or( ). Forarbitrarypatchlayout, however, known surfaceconstructions
of degree( ) areonly tangentontinuougseee.gq.[GZ94, Pet94 Rei95,Pet0Q); and
it seemaunlikely that curvaturecontinuity canbe achieved usingjust bicubic patches
exceptif oneis willing to acceptshapede cienciessuchas at regions. Evenif we
usean in nite sequencef bicubic patchesnearthe extraordinarypoints, asin the
Catmull-ClarkgeneralizedubdvisionschemdCC78], we obtainatbestboundectur
vature[Sab9]. Thenew techniquesield in particularcurvaturecontinuoussurfaces
consistingof splinesof degree( ) plussomestripsof splinesof degree( ).

With the exceptionof [GZ99], curvaturecontinuouspolynomialconstructionsis-
ing tensofproductpatchesareof degree( ) or higher[Hah89 GH89 Ye97 or they
useanapproactdevelopedby PrautzsctandReif [Pra97 Rei9g: adisk-shapedegion
in denedbya tensorproductsplineof degree( ) is mappecdontoa
polynomialsurfaceof totaldegree in  to coverthe neighborhoof anextraordi-
narypointby a surfaceof degree( ). If and , thedegreeis as
low as(6,6); but, at higherordersaddlepoints, leadsto undesirableat patches
ratherthanzero Gaussiarcurvatureat the centralpoint and negative Gaussiarcurva-
turein theimmediateneighborhoodcf. Figure9 right). Quadratidooundarycurvesin
[GZ99] leadto similar shapede ciencies.Increasing to , assuggesteih [Rei99 to
avoid at patchesleadsagainto patche®of degree( ). [PUOQ, BR97, Pet9§ explain
constructionsusingthree-sidegatchesthe lastaslow astotal degree . surfaces
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Figurel: Controlstructureandcorrespondindree-formsplinesurface.

canbe constructedrom the ideasin [GH95, DL89, NGO({ usingrational patchesof
degree( ) andhigher [Du88, Her9§ usesecondorder Gregory patches'of de-
gree( ) thataresingularin the cornersand have more than twice the numberof
coefcients of the constructiorin Section3 below.
Outline. Section2 developsthe algebraicfoundationof the new approach.n partic-
ular, Theoreml addressethe transitionfrom an extraordinarypoint surroundedy
patchedcf. the 6-sidedregion on the right of Figure 1 correspondingdo the 6-valent
nodeon theleft) to theregulartensorproductpatchstructure(dark grey andlight grey
regions). Section3 sketchesan algorithmfor creatinga  surfacethat consistsof
polynomial patchesof maximaldegree( ) andfollows the outlinesof a poly-
hedralmesh(cf. Figure1); the neighborhoodsf extraordinarypointsare modeledas
splinesof total degree . Section4 summarizeshe new ideasandshavs how the
constructiorgeneralizeso th ordercontinuity.

1.1 Notation, de nitions and concepts.

De nition 1 With and , the th partial derivativeof a function
atthepoint is givenas

We alsode ne , and for . Let

parametrizea line sggmentin . Thenwe denotethe derivativein a direction
perpendiculato by Af restrictedto is a (univariate)polynomialthen
degree

To reducethe numberof parenthesesye follow the corventionthat composition

precededlifferentiation  , precedeshe composition andevaluationof a mul-

tilinear form . The latter is usedfor combiningthe multivariate chainrule and

productrule for in Faadi Bruno's Law (seeAppendix).



Figure 2: Reparametrization andgeometrymaps and . Fora  join the th
trans\ersalderivativesof and haveto agreealong .

De nition 2 Asubdomains asimple closedsubsebf , boundediya nite number

of regularly parametrizecedgesLet  parametrizean edge of thesubdomain  and
an edee of thesubdomain . Denotean openneighborhoodfaset by

Then isa  reparametrizatiobetweer( , )and( , )if

itmaps to ,mapspointsexteriorto  topointsinside ,andis  continuous

andinvertible

We will assemblesurfacesfrom patches.A patc is theimageof a subdomairunder
a mapinto . Thepre x “sub'of subdomaimointsto thefactthata typical
map,saya polynomialmap,is well-de ned onalargerdomain.

De nition 3 Tworegular  maps and ,join  viathe
reparametrization between( , )and( , ) if
for
where denotesompositionand is a univariatemapobtainedby restricting

to .If isarigid transformatiorthen and join parametrically .If isthe
identitythen restrictedto  and restrictedto  forma  mapon

If , and will becalledgeometrymapsto emphasizehatthey determinethe
local shapeandcurvatureof the surface. The patch may beviewedas
theresultof “trimming' a standarddomain of (dashedrianglein Figure2) to the



Figure3: Themapsof Theoreml: Thereparametrizations and bothmaptheunit

square to
regular -disk ;

theunion of thedomaintriangles  of themaps

of to

andtheedges and to halfedges , of the
is inscribedin alarger, —-rotated -disk  with vertices ; is
mapsthe closure

; it consistof thepolynomialpieces , and



quadrilateral where is asubdomairadjacento , thesquareon the
rightin Figure2.

The key to minimizing the degreeis to choosea reparametrizatiothat is of low
degreealongadomainedge . Thenthecomposition is of low degree:speci -
cally, if for and isof totaldegree thenasimplecalculation
(cf. thetablein the proof of Theoreml) establishes .

We applythisobsenationto lling an  sidedholeusingthefollowing (sub)domains.

Hereandlater, , , andindicesarecyclic, i.e. mapsto for
and mapsto for
De nition 4
denoteghe unit squae
with upperandright edges and ;

o] is theclosuee of
isthe -diskwith vertices — - — =
is thetriangle with vertices ;
isan -diskwith vertices — — -,
edge-midpoints ,boundary ,and
guadrilateral sectos  with vertices , .

2 SmoothJoining of Trimmed Patches

Thefollowing centraltheoremestablishetheconnectiorbetweerfour piecavisepoly-
nomialmaps.For eachmap,we list (1) the numberof piecestheir domainandrange,
(2) propertiesof the image, (3) smoothnessindregularity, and (4) degree. Figure 3
sketcheghemaps.Notethat , and in Figure2 correspondo , and below.

Theorem1
Let beareparametrizatiowith thefollowing properties(cf. Figure 4)
() consistof polynomialpieces .

() . , .
( )For ;

( ) For .
Let beageometrymapwith thefollowing properties(cf. Figure 6).
() consistof polynomialpieces

( )Forall , and is aregular surfaceneighborhood
of .
() Eadch of thethreespatialcomponentsf and forma  function
on

() Thetotal deggreeof is .

Thenthere existsa piecavisepolynomialmap sud that
() consistof piecavisepolynomials &
() 9 formsaregular surfaceextensionof
() and join parametrically



Figure4: For , the Béziercontrolpointsof bicubicmaps ,
, that join parametrically  at the midpointsof the -gon boundary
(labeled ,resp. ).

across
and forma  mapon
() For , .
Moreover, there existsamap consistingof polynomialpieces sud that
()
() :
() joins  with across and
with across
() isof degree( ).

Examplesof maps for various areshawn in Figure4. Examplesof geometrymaps
areshown in Figure7, right, bottom Figure9 shovs Hermite extensions (dark

grey) andvertex neighborhoods (mediumgrey); for ,  impliesthat

canbeparametrizedy bicubictensorproductpolynomials .

Proof For , wede ne on . Since is
andsince and join parametrically , theTaylorexpansion®f and join
parametrically wherethey aredeterminedy
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Figureb5: Thepiecavisebicubicmap isde nedby ringsof linear, quadratiandcubic
curves.

for ; since is not further constrainedjts expansioncan be completed
toa spline satisfying , (see,for example,the constructionin Section
3). Droppingthe superscriptssubscriptsand referenceto the edgeand applyingthe

chainrule to , we obtainthe tablebelon. Theleft columnlists the expansionof

the composition,i.e. Faadi Bruno's Law for , the centercolumnlists the
maximaldegreeof the expansiorrestrictedo theedge giventhat , andthelast
columnlists thedegreedueto andproves

derivative degree

follows from and, evidently, is of degree( )
andjoins  with via . Since  only trims the domainof the smoothly
connectedplinepieces to , holds.

Theidenti cation of edgesvia thereparametrizations de ne theconnectingelations
of atopologicalspacethatcansene asglobaldomainof the splineconstructiorin the
sensef [GH95, Rei99,NGO0(.

We now constructmaps and that satisfy the assumption®f Theoreml1. A

suitablereparametrization consistof bicubicpolynomial
pieceswith Béziercontrol points where ,

, . Explicitly, with the upperleft entry corresponding
andthelowerrightto , and gequit ,the componentef are



andthe componentsf are

The mapsare bestunderstoody their constructionwhich consistsof setting  to
bethe origin andthe remainingl5 control pointsof eachdegree( ) pieceto bethe
controlpointsof symmetricfamiliesof curve sgmentsin Bézierform.

a. Theoutermosturvesarethelinearsggmentsof . Expressinghesen Bézier
form of degree3 andsubdviding atthemidpointcreates controlpoints(Figure
5, right) peredge,.e.thecontrolpoints and  for

b. The 7 control pointsof the secondayer from eachouterboundaryrepresena
guadraticcurve sggment(Figure 5, middle), raisedto degree3 and subdvided
at the midpoint. The rst andthe last Béziercontrol point of the th quadratic
sgmentare  and . Subdviding at the midpoint andplacingthe middle
control point of the quadraticon the diagonalfrom to uniquely deter
minesthe quadraticcurve pieces. Degree-raisingyields the control points

and

c. Thethird layer of coefcients arethe control pointsof a piecavise cubic curve
(Figureb, right). Two controlpointsof eachcubicare respectiely
and . Two additionalcontrol pointsarepinneddown by the  join, andthe
sharednal degreeof freedomis usedto place  onthediagonal. Thisde nes
theremainingcontrolpoints and ,

Lemma 2.1 Themap de ned above hasproperties —
of Theoem1.

Proof Properties and areexplicit in the construction. Since and

aretwo piecesof the samepolynomialfor andtwo piecesof
a spline for , the piecesjoin parametrically  at (via the re ection
thatmaps to ). Evidently, they areof degree . Regularity and, by the
inversefunctiontheorem|ocalinvertibility of in aneighborhooaf  areveri ed by
computingthe JacobianRestrictedo the boundarythe Jacobiaris a positive multiple
of theunivariatepolynomialwith Béziercoefcients

It is instructive to compare with threeotherbicubic reparametrizationthat play a
centralrole in higherorderconstructionsThe reparametrizatiom [Pra97 is de ned
by the subdominantigenfunctionsof Catmull-Clarksubdvision. [Rei9g de nes a
singularparametrizatiorwhere  for coalescewhile the remainingcon-
trol pointsform a curved -gonwith right anglesat the vertices. The constructionn
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Figure6: Coefcient indicesof a cubicsplinepieceon

[NGOQ] usesotatedcopiesof amapof degree( ), derivedasthe parallelsweepof a
cubiccurve. All threereparametrizationsave andthereforethe composition

hasdegree ratherthan . Thereis, however, atrade-of. The cubicboundary
curvesof the threereparametrizationallow for curved boundarieswith control over
the anglesat the verticesof the curved -gon. Thelinearboundarycurvesof , by
contrast,intersectwith an anglethat corvergesto as goesto in nity . While this
nearsingularityfor large is in principle no problem(seethe singularconstructiorof
[Rei98)), parametrization-dependeapplicationamustprocedwith care.

We choosghegeometrymapasa  splinewith pieces of totaldegree overa

triangulatedunit -disk asshownin Figure6. For ,sucha  splineisalinear
polynomialandfor , it is aquadratigpolynomial. For , countingshavsthat
thesplinehasatleast degreesof freedomin eachspatialcomponent.
For the importantcase , we analyzethe distribution and exact numberof free
coefcients in moredetail. Figure6 shovsthe Bézierindex triples of one

cubicsplinepiece

The  arethecubicBézierbasisfunctions. We prove thatsucha splinehasat least
onedegreeof freedomfor eachboundarycurve.

Lemma2.2 A  splineconsistingpf polynomialpieces oftotal degree
(cf. Figure 6) hasat least freecoefcients. Thesemaybechoseras



thatdeterminghe quadmtic Taylor expansionat , and

the outermostBézier coefcient of eat boundarycurve If or , then

oneadditional coefcient, e.g. , canbe prescribed.If , thentwo additional

coefcients, e.g. and , canbeprescribed.

Proof The parametric transitionsand for determinethe coef-

cients with . Sincethree consecutie verticesof the -gon are relatedby
where theremaining  condi-

tionsfor are

Solvingfor andsubstitutingntothe  constraintyieldsthecirculantsystem

where is a function of and  with , . The
correspondingdridiagonalcirculantmatrix is of full rank unless
for some . For we have andthelemmaholds. The

remainingcasesareveri ed directly.

3 Construction of a spline surface: an algorithm

The previous sectioncreatesanalgebraicfoundationfor building e xible  surfaces
of low degree. As an exampleof how Theoreml may be applied,this sectiongives
arecipefor smoothingout a polyhedralmeshwith quadrilaterafacets(seeFigure7,
top). Therecipeis asfollows:

1. Determinethe maps andde ne the vertex neighborhood$y (medium
grey in Figure9).

2. Connectary two adjacentineighborhood$y splinesof degree( ) (dark
grey) thatHermite-interpolate¢he boundarydata.

3. Repeathe interpolationprocesgo cover the quadrilaterafacesof the original
shapewith tensorproductsplinesof degree( ) (light grey).

Therecipehastwo awsthatwill notbe x edin this paper As becomedarge,

becomesingularat sincethe -gonscorvergeto acircle. Thereis no proof
of alocal corvex hull property a aw sharedby almostall polynomialschemedisted
in theintroduction. We notethat otherschemessaysimilar to [MP96], canbe based
onTheoreml.
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SplineSurface

Figure7: Constructiorof a splinesurface.(left) Theinput controlpolyhedrorandone

Catmull-Clarkre nement step. (middle botton) Starshapedclustersof triangular

total degree proposalpatches obtainedfrom the Catmull-Clarkmesh. Backfac-

ing clustersarevisible sincethe clustersonly cover partof there ned Catmull-Clark
mesh. The centralhexagonalclusteris outlinedfor clearity. (right, bottorm) The pro-

posalpatchesare corvertedto nearby  patchcomplex usingsingularvalue
decomposition.The vertex neighborhoods arecut out of theseclusters(dashed
lines) andthen connecteddy interpolatingsplines rst acrossedgesandthenacross
faceq(right,top).
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Figure8: Degreeandpatchlayoutchoicesfor coveringoneinput quadrilaterafacet.

3.1 Geometry of the vertex neighborhood

The actualgeometryof the triangularpatchesmay be determinedoy minimizing the
deviationfrom aproposedsetof controlpoints  of our choiceandenforcingsmooth-
nessacrosgheradialedges of

on for

Sincethe constraintsarelinearin the coefcients, the quadratiominimizationproblem

reducego nding aleastsolutionin the variables by singularvalue
decompositionTo obtainthe coefcients  for we apply oneCatmull-Clark
re nementstep(Figure7, left). Let be the Bernstein-Ezier coefcients of

tensorproductpatchesneetingata point , ontheCatmull-Clark

limit surfacethatcorrespondso anoriginal meshnode. Thenwe choose
for .

As shawvn in Figure7, thesurfacesggments reachhalfwaysacrosgo the neigh-
bor point of the input control net. Setting sothat cuts out four-sided
surfacepieces thatcombineto form -sidedvertex neighbor
hoods(mediungrey in Figure9) createspacedor the rst threelayersof Béziercontrol
pointsof the Hermiteextension (dark grey in Figure9). Theresultingver-
tex neighborhoodsaneachindependenthpe af nely transformed.For examplethey
canbe scaledby local parameters to distribute curvature,i.e. sharperor
smoothout the edgeneighborhoodssin [Pet94.

3.2 Hermite interpolation of vertex neighborhoods

For eachvertex neighborhoodand , we now have (mediumgrey in Figure 9)
a parametrizatiorby patches of degree( ) andthe Taylor expansionup to
ordertwo of acomplex thatparametrically extends . Connectinghevertex
neighborhoodby interpolatingthe Taylor expansiongo form edgepatcheamountgo
constructingaunivariate  splinefor eachparameteline of  (darkgreyin Figure9)
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Figure9: (Left)) Thevertex neighborhood$émediunmgrey) consistof patchef degree
(). Faceglight grey) are  splinesof degree( ), while eachedge(dark grey) is
coveredbya  splineof degree( ). Edgeandfaceneighborhoodgoin parametri-
cally  while thevertex neighborhoodgoin  with therestof the surface. (Right.)
The Gaussurvatureof the higherorder(monkey) saddleon theleft with its threedips
andthreeraises.The Gaussgurvatureis zero(green,mediungrey) atthe centralpoint
andnegative (blue, darker grey) in the surroundingregion.

andinterpolatingthe given Taylor expansionat eachend. Six suchinterpolantssufce
tode nethedegree( ) edgepatchesThefacepatcheof degree( ) (light greyin
Figure9) areconstructedy tensoringheapproachlLayoutanddegreechoiceor the
completionof the surfacearesketchedn Figure8.

4 Summary and higher-order continuity

The reductionof the maximaldegreeof geometrically e xible  free-formsurfaces
fromdegree( )todegree( ) makesuseof thefollowingideas.

The mapde ning the geometryin the neighborhoodf an extraordinarypoint
is de ned by a splineandthe and componentof the splineare of total
degree here3.

The reparametrizatiomhangegtrims) the domainof eachspline piecefrom a
triangleto arectanguladomain.

The reparametrizatiofis only relevantin the neighborhoodf the edgesof an
-gon(to de ne the connectiorbetweerthevertex neighborhooandits tensor
productsurrounding);the vertex neighborhoochastwo differentparametriza-

tionsthatyield the samepoint set.
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To increasethe smoothnes®f the surface contruction,we only needto nd a
reparametrization, of low degree,thatis parametrically  atall preimageof
Fortunatelytheconstructiorof in termsof polynomialcurvesgeneralizes:
and mustmatch control pointssothat is at(1,1). These plus
the symmetryrequirementre exactly metby a polynomialof degree . According
to the Appendix,this yieldsa composition with

The degreecanbe reducedo by usinga  splinein thelaststepof the
contructionof . Since univariate, -connectedolynomial piecesof degre
caninterpolate th orderHermitedataat eachend,this resultsin a construction
of degree( ). If, for , onechooses toobtain degrees
of freedomthisyieldsa  surfaceparametrizedy tensofproductsplinesof degree
( ) ascomparedo degree( ) for [Pra97 Rei9q.
Acknowledgements:The notationowesmuchto carefulreadingby Carl de Boor,
KestaKarciauskasHartmutPrautzsctandUIrich Reif.
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5 Appendix: Faadi Bruno'schainrule Law

Faadi Bruno'sLaw combineghechainrule andtheproductrule. In onevariablewhere
denoteghe th derivative of

In themultivariatecase(seee.qg.[CS94), enclosesheargumentof themultilin-
earform andthemultiplicity of theargumentds expressedy superscripts:

Thederivativesin thedirection , evaluatedalonganedge are

Theleft columnof thetableon page7 shows the expansiorfor

If s of total degree and degree thenthe degreefor
eachsummandor is

degree

If isoftotaldegree and thenthedegreefor eachsummands

degree
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