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Abstract

This paperintroducesnew techniquesfor modelinglow degree,smoothfree-
form surfacesof unrestrictedpatchlayout. In particular, surfacesthatare �
	 after
reparametrizationcanbebuilt from tensor-productBézieror splinepatchesof de-
gree( �
��� ) and(3,d+2);at extraordinarypoints,thesesurfaceshave the �e xibility
of ��	 splinesof total degree ����� . The particularchoice, ����� , yields more
than ����� vector-valueddegreeof freedomwhere� patchesjoin. Thetechniques
generalizeto ��� constructionsof free-formsurfacesof degree( � ��!"���#�%$"�'&($ ).

1 Intr oduction

High qualitysurfacesrequirecontinuityof curvatures,while ef�cient computation,say
of intersections,favorspolynomialrepresentationsof low degree. In practice,curved
shapeswith atensor-productlayoutarethereforetypicallydesignedusingsplinesof de-
gree( )+*,) ) or ( -.*/- ). For arbitrarypatchlayout,however, known surfaceconstructions
of degree( )+*/) ) areonly tangentcontinuous(seee.g.[GZ94, Pet94, Rei95,Pet00]); and
it seemsunlikely thatcurvaturecontinuitycanbeachievedusingjust bicubicpatches
exceptif oneis willing to acceptshapede�cienciessuchas�at regions. Even if we
usean in�nite sequenceof bicubic patchesnearthe extraordinarypoints, as in the
Catmull-Clarkgeneralizedsubdivisionscheme[CC78],weobtainatbestboundedcur-
vature[Sab91]. Thenew techniquesyield in particularcurvaturecontinuoussurfaces
consistingof splinesof degree( )+*/) ) plussomestripsof splinesof degree( )+*0- ).

With theexceptionof [GZ99], curvaturecontinuouspolynomialconstructionsus-
ing tensor-productpatchesareof degree( 12*,1 ) or higher[Hah89, GH89, Ye97] or they
useanapproachdevelopedby PrautzschandReif [Pra97, Rei98]: adisk-shapedregion
in 354 de�ned by a 687 tensor-productsplineof degree( 9;:=<>*/9?:=< ) is mappedontoa
polynomialsurfaceof total degree @ in 3'A to cover theneighborhoodof anextraordi-
narypointby asurfaceof degree( @B9C:D@2*/@E9
:D@ ). If 9%FHG and @IFJG , thedegreeis as
low as(6,6);but, at higher-ordersaddlepoints, @%FKG leadsto undesirable�at patches
ratherthanzeroGaussiancurvatureat thecentralpoint andnegative Gaussiancurva-
turein theimmediateneighborhood(cf. Figure9,right). Quadraticboundarycurvesin
[GZ99] leadto similar shapede�ciencies.Increasing@ to ) , assuggestedin [Rei99] to
avoid �at patches,leadsagainto patchesof degree( 12*,1 ). [PU00, BR97, Pet96] explain
constructionsusingthree-sidedpatches,the lastaslow astotal degree L . 6M4 surfaces
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Figure1: Controlstructureandcorrespondingfree-formsplinesurface.

canbe constructedfrom the ideasin [GH95, DL89, NG00] usingrationalpatchesof
degree( 12*,1 ) andhigher. [Du88, Her96] usesecondorder `Gregory patches'of de-
gree( -.*0- ) that aresingularin the cornersandhave more than twice the numberof
coef�cients of theconstructionin Section3 below.
Outline. Section2 developsthealgebraicfoundationof thenew approach.In partic-
ular, Theorem1 addressesthetransitionfrom anextraordinarypoint surroundedby �

patches(cf. the6-sidedregion on the right of Figure1 correspondingto the 6-valent
nodeon theleft) to theregulartensor-productpatchstructure(darkgrey andlight grey
regions). Section3 sketchesan algorithmfor creatinga 6M4 surfacethat consistsof
polynomialpatchesof maximaldegree( )2*,@8:HG ) andfollows the outlinesof a poly-
hedralmesh(cf. Figure1); theneighborhoodsof extraordinarypointsaremodeledas

6?4 splinesof total degree @ . Section4 summarizesthenew ideasandshows how the
constructiongeneralizesto 9 th ordercontinuity.

1.1 Notation, de�nitions and concepts.
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for 9)( < . Let
* parametrizea line segmentin 3 4 . Thenwedenotethederivativein a direction ��+

perpendicularto * by
�-,/.




. If
�10 ,/.




restrictedto * is a (univariate)polynomialthen

@

0243 5

� F degree 6

�

0,
.
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�#7
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To reducethe numberof parentheses,we follow the conventionthat composition 8

precedesdifferentiation
�

�




, precedesthecomposition

��

*

� andevaluationof a mul-
tilinear form


�9#: ;

. The latter is usedfor combiningthe multivariatechain rule and
productrule for

�<0

�>=

8@?A� in Faádi Bruno'sLaw (seeAppendix).
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Figure2: Reparametrization? andgeometrymaps � and
=

. For a � 7 join the � th
transversalderivativesof

=

8@? and � have to agreealong * .

De�nition 2 A subdomainis a simple, closedsubsetof 3 4 , boundedbya �nite number
of regularly parametrizededges. Let *�� parametrizeanedgeof thesubdomain�

� and
*�� an edgeof thesubdomain�

� . Denotean openneighborhoodof a set � by 	

�

� � .
Then ? �
	

�

*��

�

�

	

�

*��

� is a 6;7 reparametrizationbetween( �

� ,*�� ) and( �

� , *�� ) if
it maps*�� to *�� , mapspointsexterior to �

� to pointsinside �

� , andis 6

7 continuous
andinvertible.

We will assemblesurfacesfrom patches.A patch is the imageof a subdomainunder
a 6;7 mapinto 3

A
. Thepre�x `sub' of subdomainpointsto thefact thata typical 6(7

map,sayapolynomialmap,is well-de�ned ona largerdomain.

De�nition 3 Two regular 6
7 maps�

�
�

�

�

3�� and
=

�
�

�

�

3
� , join �
7 via the

6;7 reparametrization? between( �

� , * ) and( �

� ,?

�

*

� ) if

�

0

�

�

*

� F

�

0

� =

8@?A�

�

*

� * for � F��+*

% %4%

*/9 *

where 8 denotescomposition,and
� 0

�

�

*

� is a univariatemapobtainedby restricting
�10

� to * . If ? is a rigid transformationthen � and
=

join parametrically6(7 . If ? is the
identitythen

=

restrictedto �

� and � restrictedto �

� forma 6;7 mapon �

���

�

� .

If � F�) , � and
=

will becalledgeometrymapsto emphasizethatthey determinethe
local shapeandcurvatureof thesurface.Thepatch

=

8�?

���

��� 3
A

maybeviewedas
theresultof `trimming' a standarddomain � of

=

(dashedtrianglein Figure2) to the
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Figure3: Themapsof Theorem1: Thereparametrizations?
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bothmaptheunit
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� 354 andtheedges*

� and *
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to halfedges
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 of the
regular � -disk

�

;
�

is inscribedin a larger, � � -rotated� -disk � with vertices�

�

; � is
theunionof thedomaintriangles�

�

of themaps
=

�

� �

�

�

3
A
. �

�

mapstheclosure
of G

�

�

�

to 3
A ; it consistsof thepolynomialpieces�

�

&

, �

�

� and �

�

�

.
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quadrilateral�

�

� F ?

� �

� where
�

is a subdomainadjacentto �

� , thesquareon the
right in Figure2.

The key to minimizing the degreeis to choosea reparametrizationthat is of low
degreealongadomainedge* . Thenthecomposition

=

8 ?

�

*

� is of low degree:speci�-
cally, if @

0

�

3 5

F�� : < for ��F �2* <
*0G and
=

is of totaldegree@ thenasimplecalculation
(cf. thetablein theproofof Theorem1) establishes@

0

���

�

3 5

F @ : � .
Weapplythisobservationto �lling an �

� sidedholeusingthefollowing(sub)domains.
Hereandlater, � �

�

<
*0G.*

% % %

*#��� , �1( ) , andindicesarecyclic, i.e. � : < mapsto < for
� F � and �

�

< mapsto � for � F < .

De�nition 4
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is theclosureof G
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is thetrianglewith vertices�2*
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� � is an � -diskwith vertices
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� F��
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edge-midpoints�

�

� F

�

� �

&

�

:

� �

���
G , boundary�

�

, and
quadrilateral sectors

�

�

with vertices� , �

�

�

� ,
� �

, �

�

.

2 SmoothJoining of Trimmed Patches

Thefollowing centraltheoremestablishestheconnectionbetweenfour piecewisepoly-
nomialmaps.For eachmap,we list (1) thenumberof pieces,their domainandrange,
(2) propertiesof the image,(3) smoothnessandregularity, and(4) degree. Figure3
sketchesthemaps.Notethat ? ,

=

and � in Figure2 correspondto ?

�

,
=

�

and �

�

below.

Theorem1
Let ? bea reparametrizationwith thefollowing properties(cf. Figure4)

( �
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( �(' ) For ��F �+*"<
*0G.*"@

0

�

3 5*)

FJ@

0

�

3 5,+

F �M:J< .
Let

=

bea geometrymapwith thefollowingproperties(cf. Figure6).
( - � )

=

consistsof � polynomialpieces
=

�

�
�

�

�

3
A
.

( -

4

) For all � ,
=

�

�

� � F/. and
=��

� �
F10

�

=

�

�

�

�

� is a regular surfaceneighborhood
of . .

( -

A

) Each of thethreespatialcomponentsof
=

�

and
=

�

&

� forma 6?4 function
on �

�

�

�

�

&

� .
( -

' ) Thetotal degreeof
=

�

is @ .

Thenthereexistsa piecewisepolynomialmap �

�

�

<
*

% % %

*#�2�

�

3 4

�

3
A such that

( 3
� ) � consistsof � piecewisepolynomials�

�

�

�

3
A .

( 3

4

) 0

�

�

�

�

� formsa regular surfaceextensionof
=��

� � .
( 3

A

) �

�

&

� and �

�

join parametrically 6;4
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%4% %

*,L , theBéziercontrolpointsof � bicubicmaps?

�
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354 ,
�DF <
*

% % %

*#� , that join parametrically6;4 at the midpointsof the � -gon boundary
(labeled�>) , resp.)
� ).
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.
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FJ@ : � .
Moreover, there existsa map

�

consistingof � polynomialpieces
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�

such that
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� �
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�
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is of degree( @2*/@ ).

Examplesof maps? for various� areshown in Figure4. Examplesof geometrymaps
=

areshown in Figure7, right, bottom. Figure9 shows Hermiteextensions� (dark
grey) andvertex neighborhoods

=��

�

� (mediumgrey); for @ F ) ,
�

4

implies that
= �

�

�

canbeparametrizedby � bicubictensor-productpolynomials
=

�
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�

�

�

�

3
A
.

Proof For � F �+* <>*/G , we de�ne
� 0

�

�

� F

�10

� =

�

8 ?

�

� on *

&

�)*
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=

is 6?4

andsince?

�

and ?

�

&
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Figure5: Thepiecewisebicubicmap? is de�nedby ringsof linear, quadraticandcubic
curves.

for � F �+*"<
*/G ; since � is not further constrained,its expansioncan be completed
to a 6;4 spline satisfying 3 � , 3

4

, 3

A

(see,for example, the constructionin Section
3). Droppingthe superscripts,subscriptsandreferenceto the edgeandapplyingthe
chainrule to

=

8 ? , we obtainthe tablebelow. The left columnlists theexpansionof
the composition,i.e. Fáadi Bruno's Law for � F �+*"<
*0G , the centercolumnlists the
maximaldegreeof theexpansionrestrictedto theedge* giventhat @

	

�

F�< , andthelast
columnlists thedegreedueto @

0

�

F �M:J< andproves 3 ' .

derivative degree
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=
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=

� 8@?

9

�

4

,
.

?

;

�����
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*,@
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�

: @>4

�

� @ : G

�

4

follows from
�

�

���

�8F

�

�

F ?

�

� �

� and,evidently,
=

�

8

�

�

is of degree( @ *,@ )
andjoins �;4 with �

�

via
�

�

�

�

�

�

8�?

�

. Since
�

�

only trims thedomainof thesmoothly
connectedsplinepieces

=

�

to
�

�

,
�

A

holds.
�����

Theidenti�cation of edgesvia thereparametrizations? de�ne theconnectingrelations
of a topologicalspacethatcanserveasglobaldomainof thesplineconstructionin the
senseof [GH95, Rei99,NG00].

We now constructmaps
=

and ? that satisfy the assumptionsof Theorem1. A
suitablereparametrization ? �

�

<
*

% %4%

* �2�

�

�

�

3'4 consistsof � bicubicpolynomial
pieceswith Béziercontrol points �

�

�

7

, �%F <
*

% %4%

* � where �
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	���


�

G���� � � ,
�

� F 
/���

�

G���� � � . Explicitly, with theupperleft entrycorrespondingto �

�

	/	

andthelower right to �

�

A/A

, and � default F/	���


�

��� � � , the � componentsof �

�

are
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�

G

��
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�

�

�

�

�

�

< :�
 �

�

< -�:J<
<�
4���

�

< :�
4�

���

:�
 � )��
: )���


�

< :�
 �

�

< -�:=<><�
 � ) �
: G>G�


�

G�: G���


�

L
: G

�




�

�

< :�
4�

���

:�
 �

�

GC: G���


�

LC:J< ��
 �
�
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)��C: )���


�

L
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 �
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"

"

"
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andthe � componentsof �
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"

"

"
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%

The mapsarebestunderstoodby their constructionwhich consistsof setting �

�

	/	 to
betheorigin andtheremaining15 controlpointsof eachdegree( )+*,) ) pieceto bethe
controlpointsof symmetricfamiliesof curvesegmentsin Bézierform.

a. Theoutermostcurvesarethelinearsegmentsof �

�

. Expressingthesein Bézier
form of degree3 andsubdividing at themidpointcreates7 controlpoints(Figure
5, right) peredge,i.e. thecontrolpoints �

�

�

A

and �

�

A

� for �(F��+*"<
*/G+*,) .

b. The 7 control pointsof the secondlayer from eachouterboundaryrepresenta
quadraticcurve segment(Figure5, middle), raisedto degree3 andsubdivided
at themidpoint. The �rst andthe last Béziercontrol point of the � th quadratic
segmentare �

�

A
4

and �

�

&

�

4
A

. Subdividing at themidpoint andplacingthemiddle
control point of the quadraticon the diagonalfrom �

�

	 	 to �

�

A,A

uniquelydeter-
minesthe quadraticcurve pieces. Degree-raisingyields the control points �

�

�

4

and �

�

4

� , �(F��+*"<
*0G .

c. The third layerof coef�cients arethecontrolpointsof a piecewisecubiccurve
(Figure5, right). Two controlpointsof eachcubicare �

�

A

�

, �

�

4

�

respectively �

�

&

�

�

Aand �

�

&

�

�

4

. Two additionalcontrolpointsarepinneddown by the 6M4 join, andthe
shared�nal degreeof freedomis usedto place�

�

� �

on thediagonal.This de�nes
theremainingcontrolpoints �

�

�

�

and �

�

�

� , � F �+*"< .

Lemma 2.1 Themap ? �

�

<>*

% %4%

* �2�

�

�

�

354 de�ned abovehasproperties� � –�
'

of Theorem1.

Proof Properties�
� and �

4

are explicit in the construction. Since
� 0

?

�

�

*

&

� and
�10

?

�

&

�

�

*

�

� are two piecesof the samepolynomial for �=F �2* < andtwo piecesof
a 6?4 spline for � F G , the piecesjoin parametrically684 at �

�

(via the re�ection
that maps *

� to *

&

). Evidently, they are of degree ��: < . Regularity and, by the
inversefunctiontheorem,localinvertibility of ? in aneighborhoodof �

�

areveri�ed by
computingtheJacobian.Restrictedto theboundary, theJacobianis apositivemultiple
of theunivariatepolynomialwith Béziercoef�cients G
�

�

<���
 *0G �

�

< ��
 */G �

�

<
< 
 */G
�

�

<") 
 */G
�

�

< � 
 */G
�

�

G � 


%

�����

It is instructive to compare? with threeotherbicubic reparametrizationsthat play a
centralrole in higher-orderconstructions.Thereparametrizationin [Pra97] is de�ned
by the subdominanteigenfunctionsof Catmull-Clarksubdivision. [Rei98] de�nes a
singularparametrizationwhere �

�

�

7

for �>*/9 � ) coalescewhile the remainingcon-
trol pointsform a curved � -gonwith right anglesat thevertices.The constructionin

8



300
201

210

102

111

120

003

030

021

012

Figure6: Coef�cient indicesof acubicsplinepieceon � .

[NG00] usesrotatedcopiesof amapof degree( )2* < ), derivedastheparallelsweepof a
cubiccurve. All threereparametrizationshave @

	

�

3 5

FH) andthereforethecomposition
=

8 ? hasdegree )>@ ratherthan @ . Thereis, however, a trade-off. Thecubicboundary
curvesof the threereparametrizationsallow for curvedboundarieswith control over
theanglesat theverticesof thecurved � -gon. The linearboundarycurvesof �

�

, by
contrast,intersectwith an anglethat convergesto � as � goesto in�nity . While this
near-singularityfor large � is in principlenoproblem(seethesingularconstructionof
[Rei98]), parametrization-dependent applicationsmustprocedwith care.

Wechoosethegeometrymap asa 6
4 splinewith pieces

=

�

of totaldegree@ overa
triangulatedunit � -disk � asshown in Figure6. For @(F < , sucha 6M4 splineis a linear
polynomialandfor @ F G , it is aquadraticpolynomial.For @1( ) , countingshowsthat
thesplinehasat least�#:��

6 6��

& 4

4

7

�

)
@

7

degreesof freedomin eachspatialcomponent.
For the importantcase@ F ) , we analyzethe distribution andexact numberof free
coef�cients in moredetail.Figure6 showstheBézierindex triples ��F��

	

� ���

4

of one
cubicsplinepiece

=

�

, � �

�

<>*

% %4%

* �2�

=

�
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���

&

�
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����
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�

�

���

�
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�

�

�

� *

�

��� F

)��

�

	

� �
�

� �

4

�

�

<

�

�

�

�

�

���

�

��	

�

���

%

The �

� arethecubicBézierbasisfunctions.We prove thatsucha splinehasat least
onedegreeof freedomfor eachboundarycurve.

Lemma 2.2 A 6?4 splineconsistingof � polynomialpieces
=

�

� �

�

�

3 of total degree
) (cf. Figure6) hasat least �;:�� freecoef�cients. Thesemaybechosenas

�

�

A

	 	

*

�

�

4

�

	

*

�

�

4

	

�

*

�

�

�

4

	

*

�

�

�/� �

*

�

�

�

	

4

*
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thatdeterminethequadratic Taylor expansionat � , and

�

�

	/	

A

*/�5F�<
*

%4% %

*#� *

the outermostBéziercoef�cient of each boundarycurve. If �HF ) or �HF � , then
oneadditionalcoef�cient, e.g. �

�

	

4

�

, canbeprescribed.If ��F

�

, thentwo additional
coef�cients, e.g. �

�

	

4

�

and �

�

	

�

4

, canbeprescribed.

Proof The parametric6;4 transitionsand �

�

� � � 	 � � for �

	

%

� determinethe coef-
�cients with �

	

%

� . Sincethreeconsecutive verticesof the � -gon are relatedby
�

	

�




:

�

	

���




F�G�


�

�

	 
 where 
 � F�	���


�

G���� � � *

�

� F�
/���

�

G���� � � * theremaining6

� condi-
tionsfor � F�<>*

%4% %

* � are

�

�

	

�

4

�

�

�

�

	

4

:

�

�

&

�

	

4

�

�

�

�

�

	

4

FHG�


6

�

�

	 	

A

�

�

�

�

	

4

7

%

Solvingfor �

�

	

�

4

andsubstitutinginto the 6;4 constraintsyieldsthecirculantsystem

�

�

& 4

	

4

�

:

�




�

�

&

�

	

4

�

:

�

�

	

4

�

F �

�

where �

�

is a function of �

�

	 	

A

and �

�

� with �

	

%

� , � �

�

�

�

<>*#�0*#� : <�� . The
correspondingtridiagonalcirculantmatrix is of full rank unless	���


�

G��#9 � � �(F

�

G�


for some9 �

�

�2*

%4% %

* �

�

<�� . For �

%

� we have G�


%

< andthe lemmaholds.The
remainingcasesareveri�ed directly.

�����

3 Construction of a spline surface: an algorithm

Theprevioussectioncreatesanalgebraicfoundationfor building �e xible 6(4 surfaces
of low degree. As an exampleof how Theorem1 may be applied,this sectiongives
a recipefor smoothingout a polyhedralmeshwith quadrilateralfacets(seeFigure7,
top). Therecipeis asfollows:

1. Determinethe maps
=

andde�ne the vertex neighborhoodsby
=

8

�

(medium
grey in Figure9).

2. Connectany two adjacentneighborhoodsby splinesof degree( )2*,@M:=G ) (dark
grey) thatHermite-interpolatetheboundarydata.

3. Repeatthe interpolationprocessto cover thequadrilateralfacesof the original
shapewith tensor-productsplinesof degree( )+*,) ) (light grey).

Therecipehastwo �a ws thatwill not be �x ed in this paper. As � becomeslarge,
?

�

becomessingularat
�

<
*"< � sincethe � -gonsconvergeto a circle. Thereis no proof
of a local convex hull property, a �a w sharedby almostall polynomialschemeslisted
in the introduction.We notethatotherschemes,saysimilar to [MP96], canbebased
onTheorem1.
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�

�

6?4 SplineSurface

� �

Figure7: Constructionof asplinesurface.(left) Theinputcontrolpolyhedronandone
Catmull-Clarkre�nement step. (middle, bottom) Star-shapedclustersof triangular,
total degree ) proposalpatches�

=

obtainedfrom the Catmull-Clarkmesh. Backfac-
ing clustersarevisible sincetheclustersonly cover partof there�ned Catmull-Clark
mesh.Thecentralhexagonalclusteris outlinedfor clearity. (right, bottom) Thepro-
posalpatchesareconvertedto nearby 684 patchcomplex

= �

� � usingsingularvalue
decomposition.The vertex neighborhoods

= �

�

� arecut out of theseclusters(dashed
lines) and thenconnectedby interpolatingsplines�rst acrossedgesandthenacross
faces(right,top).
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Figure8: Degreeandpatchlayoutchoicesfor coveringoneinput quadrilateralfacet.

3.1 Geometryof the vertex neighborhood

The actualgeometryof the triangularpatchesmay be determinedby minimizing the
deviationfrom aproposedsetof controlpoints

�

�

�

� of ourchoiceandenforcingsmooth-
nessacrosstheradialedges
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* for � F <
*

% % %

*#� * ��F �2* <
*0G

%

Sincetheconstraintsarelinearin thecoef�cients, thequadraticminimizationproblem
reducesto �nding a leastsolutionin the variables�

�

�

� F

�

�

�

�

�

�

�

� by singularvalue
decomposition.To obtainthecoef�cients

�

�

�

� for �

	

��) we applyoneCatmull-Clark
re�nement step(Figure7, left). Let 


�

�
	 ��� be the Bernstein-B́eziercoef�cients of �

tensor-productpatchesmeetingat a point .�F 


�

	/	 , � F <
*

% % %

*#� on theCatmull-Clark
limit surfacethatcorrespondsto anoriginal meshnode.Thenwe choose

�

�

�

�

F 


�

��	 ���

for � � : �

4

� ) .
As shown in Figure7, thesurfacesegments

=

�

reachhalfwaysacrossto theneigh-
bor point of the input control net. Setting � so that ?

�

� �

� � � cutsout four-sided
surfacepieces

=

�

8

�

�

� �

��F

=

�

8 ?

�

� �

� thatcombineto form � -sidedvertex neighbor-
hoods(mediumgrey in Figure9) createsspacefor the�rst threelayersof Béziercontrol
pointsof theHermiteextension�

F

=

8 ? (dark grey in Figure9). Theresultingver-
tex neighborhoodscaneachindependentlybeaf�nely transformed.For examplethey
canbe scaledby local parameters-����-�

�

�

%�%

<


 to distributecurvature,i.e. sharpenor
smoothout theedgeneighborhoodsasin [Pet94].

3.2 Hermite interpolation of vertex neighborhoods

For eachvertex neighborhoodand @=F ) , we now have (mediumgrey in Figure9)
a parametrizationby patches

=

�

8

�

�

of degree( )+*/) ) andthe Taylor expansionup to
ordertwo of a complex � thatparametrically684 extends

=

8�? . Connectingthevertex
neighborhoodsby interpolatingtheTaylorexpansionsto form edgepatchesamountsto
constructingaunivariate6;4 splinefor eachparameterline of �

�

(darkgrey in Figure9)
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d,d

3,d+2

3,3

Figure9: (Left:) Thevertex neighborhoods(mediumgrey) consistof patchesof degree
( )+*,) ). Faces(light grey) are 6;4 splinesof degree( )2*,) ), while eachedge(darkgrey) is
coveredby a 6;4 splineof degree( )2*/- ). Edgeandfaceneighborhoodsjoin parametri-
cally 6?4 while thevertex neighborhoodsjoin �M4 with therestof thesurface.(Right:)
TheGausscurvatureof thehigher-order(monkey) saddleon theleft with its threedips
andthreeraises.TheGaussscurvatureis zero(green,mediumgrey) at thecentralpoint
andnegative(blue, darker grey) in thesurroundingregion.

andinterpolatingthegivenTaylor expansionat eachend.Six suchinterpolantssuf�ce
to de�ne thedegree( )2*/- ) edgepatches.Thefacepatchesof degree( )+*/) ) (light grey in
Figure9) areconstructedby tensoringtheapproach.Layoutanddegreechoicesfor the
completionof thesurfacearesketchedin Figure8.

4 Summary and higher-order continuity

Thereductionof themaximaldegreeof geometrically�e xible 684 free-formsurfaces
from degree( 1+*,1 ) to degree( -+*,) ) makesuseof thefollowing ideas.

� The mapde�ning the geometryin the neighborhoodof an extraordinarypoint
is de�ned by a splineandthe �#* � and � componentsof the splineareof total
degree, here3.

� The reparametrizationchanges(trims) the domainof eachsplinepiecefrom a
triangleto a rectangulardomain.

� The reparametrizationis only relevant in the neighborhoodof the edgesof an
� -gon(to de�ne theconnectionbetweenthevertex neighborhoodandits tensor-
productsurrounding);the vertex neighborhoodhastwo differentparametriza-
tionsthatyield thesamepoint set.
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To increasethe smoothnessof the surfacecontruction,we only needto �nd a
reparametrization? , of low degree,that is parametrically6(7 at all preimagesof �

�

.
Fortunately, theconstructionof ? in termsof polynomialcurvesgeneralizes:

��0

?

�

&

�

�

*

�

�

and
�10

?

�

�

*

&

� mustmatch � controlpointsso that ?

�

is 6;7

3

7 at (1,1). TheseG
� plus
thesymmetryrequirementareexactly metby a polynomialof degree G � . According
to theAppendix,thisyieldsacomposition

=

�

8 ?

�

with @B7

� �

3 5 +

F @E7

� �

3 5 )

F G>9 : @

�

< .

Thedegreecanbereducedto G
9 : @

�

G by usinga 6

7 splinein the laststepof the
contructionof ? . Since 9 : < univariate, 6M7 -connectedpolynomialpiecesof degre

98: < caninterpolate9 th orderHermitedataat eachend,this resultsin a construction
of degree( 9
: <
*/G>9�: @

�

G ). If, for 9<( G , onechooses@(F 9C: < to obtain � degrees
of freedomthis yields a 687 surfaceparametrizedby tensor-productsplinesof degree
( 9?:J<
*/)>9

�

< ) ascomparedto degree(
�

9;:=< � 4
*

�

98:=< ��4 ) for [Pra97, Rei98].
Acknowledgements:Thenotationowesmuchto carefulreadingby Carl deBoor,
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Freiform�ächenbeliebiger Topologie. ShakerVerlag,Aachen,1999.

[Sab91] Malcolm Sabin. Cubic recursive division with boundedcurvature. In
L.L. Schumaker P.J. Laurent,A. LeMéhaut́e, editor, Curvesand Surfaces,
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5 Appendix: Fáa di Bruno' s chain rule Law

Faádi Bruno'sLaw combinesthechainruleandtheproductrule. In onevariablewhere
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In themultivariatecase(seee.g.[CS96]),
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enclosestheargumentsof themultilin-
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Theleft columnof thetableonpage7 showstheexpansionfor � F �+*"<
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