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Figure1: Catmull-Clarksubdivision sequencecompletedasacollectionof largeNurbspatches(top fivepatchesareshown).

Abstract

Namedafter the title, the PCCM transformationis a simple, ex-
plicit algorithmthat createslarge,smoothlyjoining bicubicNurbs
patchesfrom arefinedCatmull-Clarksubdivisionmesh.Theresult-
ing patchesaremaximally large in thesensethatonepatchcorre-
spondsto onequadrilateralfacetof theinitial, coarsestquadrilateral
meshbeforesubdivision. The patchesjoin parametrically

���
and

agreewith theCatmull-Clarklimit surfaceexceptin theimmediate
neighborhoodof extraordinarymeshnodes;in suchaneighborhood
they join at leastwith tangentcontinuity andinterpolatethe limit
of the extraordinarymeshnode. The PCCM transformationinte-
gratesnaturally with array-basedimplementationsof subdivision
surfaces.

CR Categories: I.3.5 [surfacerepresentation,splines]: I.3.6—
graphicsdatastructures

Keywords: CAD, Curves& Surfaces,GeometricModeling

1 Motivation

Catmull-Clarksubdivision meshes[2] arean increasinglypopular
surfacerepresentationthatcomesequippedwith tools for adapting
shapelocally andglobally [3, 6]. Thelimit surfacescanbedirectly
evaluated[13] andanamplebodyof analysisassurestangentcon-
tinuity [1, 11, 14]. It would be nice thoughif we could stopthe
subdivisionprocessatany point,applyasimpletransformationand
getacompact,explicit surfacerepresentationin theform of asmall
collectionof maximallylarge,standardspline(Nurbs)patchesthat
join justassmoothlyandlargelyagreewith theCatmull-Clarklimit
surface.ThePCCM(PatchingCatmull-ClarkMeshes)algorithmis
sucha transformation.�
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Thepaperhasthreeparts:a review of basicsandliterature,the
specificationof the algorithmandthe discussionof the properties
of its output:� EachNurbspatchcoversamaximallylargeregionof themesh

correspondingto thecoarsestlevel quadrilateralmeshfacets.� Thepatchesjoin
� �

almosteverywhereandareat leasttan-
gentcontinuousnearthe extraordinarymeshnodes. Transi-
tionsbetweenpatchesarealmostall parametric.� TheNurbspatchesarepolynomial,of order4 (degree3) and
in interpolatingform with 4-fold knots.� The Nurbs patchesdiffer from the limit surface of the
Catmull-Clarksubdivision only nearthe extraordinarymesh
nodes.(Thepatcheshavegenericallyfinite curvaturewhereas
thegenericcurvatureof theCatmull-Clarklimit surfaceatex-
traordinarymeshnodesis infinite.)� Nurbspatches,Catmull-Clarksubdivision andthePCCMal-
gorithmcanusethesamearray-baseddatastructures.

2 Nurbs, Catmull-Clark and Prior Work

A Nurbspatch ���
	����������� of order4 (bicubic tensor-product
spline)is definedby two nondecreasingsequencesof scalars(called
knots) of length ����� , onefor the 	 andonefor the  parameterand� � control points ����������� . If we connectcontrol pointswhose
indicesdiffer by 1 in exactly oneslot, we obtaina control net that
outlinesthe patch. A concreteinterfacefor Nurbspatchesis the
gluNurbsSurface specificationin OpenGL[4]. By definition,
Nurbsdonotchangegeometricallyunderknot insertion. (Repeated
insertionof the sameknot just transformsto Béziera.k.a.glMap
form.) Insertingnumbersinto theknot sequencesubdividesthepa-
rameterdomaininto morepiecesbetweenknots.Correspondingly,
thecontrolnetmustberefinedor [sic] subdividedby specificrules.
For example,if we startwith a uniform (evenly spaced)knot se-
quenceconsistingof even integersandinsertnew knotsat odd in-
tegerswe canclassifythenew controlpointsas(a) facetpoints,  ,
correspondingto odd knots,(b) edgepoints, ! , correspondingto
oneoddandoneeven knot, and(c) vertex points, " , correspond-
ing to evenknots.Theweightsfor new  , ! and " typepointsas



averagesof theold pointsaredisplayedasaveragingmasks:
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For example,a new  point is theaverageof four surroundingold
points. A centralcontribution of [2] wastheadditionof a rule for
extraordinarymeshnodes" with /102 � neighbors:
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The idea of converting from the subdivision meshback to a
splinerepresentationfor renderingdatesbackat leastto DeRose,
KassandTruong[3], beforethe availability of the full Pixar sub-
division pipeline. Comparedto the large patchesderived below,
thesepatchesaresmallerandmorenumerousandtheconversionis
not well-definedin theneighborhoodof extraordinarymeshnodes.
Nasri andPeters[9] usean approximationto the limit surfaceof
the Doo-Sabinsubdivision to get a quickly convergent seriesof
approximationsto the volumeof the enclosedsubdivision object.
The approximationsurface,however, is only positioncontinuous.
Prautzsch[12] givesanelegantsolutionto thedifficult problemof
filling / -sidedholes. ; � completionof a Catmull-Clarkmeshre-
quiresorder7 patchesandat leastninetimesasmany asthe large
patchesderivedbelow. GrimmandHughes[5] usesubdivision asa
preprocessingstepto generatingsmoothmanifoldswith whichthey
associatean interestingclassof rationallyblendedsplinesurfaces.
Their approachwould generateat leastninetimesasmany rational
splinepatcheseitherover nonstandarddomainsor of highdegree.

3 From Mesh to Surface

As Figure1 illustrates,all meshfacetsarefour-sidedeitheroninput
or afterat mostonesubdivision step.We referto eachfacetof this
coarsestquad-meshasthe level 0 of a quad andthink of < th step
of Catmull-Clarksubdivisionassubdividing thelevel < 5 % of each
quadinto 4 timesasmany subfacetsfor a total of �.= subfacetsat
level < .

Indexing. Sincethegoalis to transformarepeatedlysubdivided
meshwe cantreateachcornerof a quadin isolationasshown in
Figures2 and3. The quadssurroundingthe cornerpoint arear-
rangedin counterclockwiseorderindexed by > . The nodes? ��� �
>��
of the > th quadlie ona @*A grid of meshlines.Thedoublesubscripts@*A aretheGreville abscissae,scaledby 3, of theoutputNurbssur-
face. ?CB�B#�
>�� is thecornernodefor all > and ?CD B �
>E� % � 2 ? B DF�
>�� .
Thesameindexing is usedfor theoutputcontrolpoints � ��� �
>�� . If
a quaddoesnot have a neighbordueto a manifold boundary, we
usethesamerule astheCatmull-Clarksubdivision, say[8, 15], to
provide anadditionaloutsidelayerof meshnodes.

The PCCM( < ) Algorithm: The input is a meshof a < times
subdivided quadswith nodes? �G� �
>H�I�J� � . (If all verticeshave
4 or an odd number of neighborsthen <LKNM suffices other-
wise <OK %

shouldhold.) The output is one bicubic (order 4)
Nurbs surface (patch) for every quad. The patchesare in stan-
dard interpolating form. That is, the @ and the A knot sequence
start and endwith a 4-fold knot (at M andat � 2QP = where < is
the subdivision level). Eachsequencecan have up to two dou-
ble knots (at

%
and P = 5 % ) and hassingle knots otherwise,e.g.M��RMS�TM��RMS� % � % � P � , ���U�WV*� ' � 7 � 7 �RXS�TX��RXS�TX . Systemsthat do not al-

low internaldoubleknotsbut do allow uneven knot spacingwith
minimal distanceY canbeaccommodatedby perturbingoneinner
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Figure2: Catmull-Clarkmeshin the neighborhoodof an extraor-
dinarymeshnodeof degree5. Quadsarelabeledin counterclock-
wiseorderfrom

%
to / aroundtheextraordinarymeshnodesothat

all indices > are interpreted�
>:�O/ 5 % �[Z�\S]^/_� % . The dou-
ble subscriptsM3M , , M and

,.,
in quad1 belongto the extraordinary

meshnode?CB�B#� % � , its directneighbor? � B#� % � andits diagonalfacet
neighbor? ��� � % � . Thedoubleline delineates(oneof thefour cor-
nersof) asubmeshusedto defineonequadlevel.
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Figure3: After Knot InsertiontheNurbspatchesabut sharingthe
nodes�`D B �
>a� % � 2 � B DH�
>�� . Theenlargementshows theindicesof
thecontrolpointsrelevantfor CornerSmoothing.
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Figure4: Knot insertionat @ 2 M ; ?cb � is a meshnodeborrowed
from theneighboringquad.

doubleknot by Y . PCCMsurfacesof level < preserve theblendra-
tios (or smoothedcreases)of theCatmull-Clarkmesh[10, 3] up to
level < . The surfacecanadditionallybe pinched(flattened)at the
extraordinarymeshnodeby decreasingthe multiplier d of

4�e
to

lessthan1 (morethan1). Thecontrolpoints � �G� �
>�� of theNurbs
patchesarederivedfrom theinputmeshpoints ?f�G�g�
>�� in two steps.

1. [Knot Insertion]
For eachquad, we define a submeshof the Catmull-Clark
meshthat includesall subfacetsof the quadandthoseshar-
ing at leastonenodewith thequad: we borrow onelayerof
nodesfrom all directanddiagonalneighborquadsto arriveat
thesubmeshdelineatedby thedoubleline in Fig. 2.
We interpretthe two perpendicularfamilies of grid lines of
quad > (without ? � B �ih*� for h�0�kjl> 5 % �T>���>:� % �T>�� P#m ) as
thecontrolnetof anorder4 Nurbspatchwith uniform 	 and knot sequences

5 �U� 5 , � 5 P � 5 % �RMS� % � P �(9(9l9 . To bring this
Nurbspatchinto standardinterpolatingform, we insertthree
knotsfirst at 	 2 M and 	 2 � thenat  2 M and  2 � .
Figure4 illustratesthe(standard)knot insertionprocedureat	 2 M for a grid line indexed by @ . The new points � � are
obtainedfrom theold points ?f� via�`B 2 �n?cb � �8�#?CBc�1? � ��o ' �p��q 2 � P ?�Br�s? � ��o , 9
For every edgewith at leastoneextraordinarymeshnodewe
inserta secondknot,at

%
for 	 2 M (at � 5 % for 	 2 � ):� � 2 �n?CBc� P ? � ��o , �p�`t 2 � P ? � �1?�uv��o , 9

All remaining � ��w
x �ny 2 ? ��w
x �ny , except for the cornerpoint� B�B � % � 2 � B�B � P � 2 9(9(9 2 � B�B �
/�� which we placedirectly
on theCatmull-Clarklimit surface[6]:

�`B�B#� % � 2 9(9(9 2 �`B�B#�
/E� 2{z /E? B�B �
>H�f�8�#? � B �
>��E�s? ��� �
>��/:�
/��sV3� 9
2. [CornerSmoothing]

If wewereto stopat thispoint, theNurbspatcheswould only
meet with position continuity close to extraordinarymesh
nodes– althoughwith

� �
continuity everywhereelse. To

obtaintangentcontinuity, we modify the control pointsnear
eachextraordinarymeshnode. Theenlargementof Figure3
shows therelevantdoublesubscripts.We define,for every / ,
two / by / matrices

4 e
and | e with rows > 2 % �l9}9(9E�F/ and

columnsh 2 % �l9(9}9E��/ andentries4�e �
>��Gh*� 2 P d/J~ \3�v� Pv�/ �
> 5 h*��� d 2 % (default) and

| e �
>��Gh*� 2k� � 5 % � e3�
�S� if / is odd,� 5 % � y 5 P / w b y � 5 % � y b w og/ if / is even,/ w b y 2 Z�\S]��
/��s> 5 h3�T/E�W9

For example,|�u#� , � , � 2 5 % . Wecollectthepoints ���G�v�
>��6�� � generatedby Knot Insertionfor > 2 % �l9(9(9f��/ and @*A��jgM.M�� % MS� P MS�T�#M m into ����G����� ea� � . Only if / is even and
greaterthan 4, do we compute � 2 z ew�� q � 5 % � w �� t�B �
>���og/and if ��02 M we add, for each > , � w 2 5 � 5 % � w � to� t�B �
>�� 2 � B�t �
> 5 % � , � t}q �
>H� and � qGt �
> 5 % � so thatz ew�� q � 5 % � w � t�B �
>�� 2 M and � t�B �
>H� 2 �n� t}q �
>��:�O� qGt �
> 5% ����o P . Otherwiseall coefficientsremainunchangedexcept

��qGB 2 ��B�B�� 4 e ���qGB3�� � B 2 �n� t�B � ' � qGB 5 P � B�B ��o.VS�
��q�q 2 | ec� ��qGBc� ~ \3�l� Pg� og/E�' �n�`t�B 5 � � Bv�H��9

For > 2 % �l9}9(9E�F/ , we copy ����B3�
>:� % � 2 �`BH�g�
>�� for A��j % � P ��� m andadd � � B �
>�� 5 �� � B �
>�� to � � q �
>�� and � q � �
> 5 % � .
4 Smoothness and Approximation

We claim: the outputNurbspatchesare internally parametrically� �
andjoin theneighborsparametrically

� �
exceptpossiblyatex-

traordinarymeshnodes,acrossedges	���jvM�� % m �TO��� M�� %}� re-
spectively ��_jgM�� % m �T	I��� MS� %}� shown in bold in Figure2. Across
theseedgesthesurfaceis at leasttangentcontinuous.

Before the Knot Insertionstep,submeshesof adjacentpatches
overlapin threelayersof cubicsplinecontrolpointswith a single
knot associatedwith thecentercontrolpoint. Standardsplinethe-
ory thenguaranteesthat thepatchesjoin parametrically

� �
across

theboundaryedges	_��jgMS�R� m �T���� % �R� 5 %}� and ���jvM��R� m ��	��� % �T� 5 %}� . Knot insertiondoesnotchangetheNurbssurfaceandthe
smoothnessof thetransition.Thereforeeachpatchis alsointernally���

beforetheCornerSmoothingstep.
CornerSmoothingenforcestangentcontinuityfor theremaining

parameterinterval at thecornerfrom M to
%
: with 	 w �� w theparam-

etersof patch > and  w 2 	 w�� q 2�� �+� MS� %}� the parameteralong
theboundarybetweenpatch   w andpatch   w�� q , and ¡ 2 ~ \.�g� �F¢e � ,CornerSmoothingenforcesthepolynomialequation

P ¡3� % 5 � � ��££  w   w �nMS� � � 2 ££ 	 w   w �nM�� � �¤� ££  w�� q   w�� ql� � �TM#�W9
The equationis easily verified by insertingtwo more knots at

%
andequatingthe four resultingBéziercoefficientsin thevariables� . For example,at a cornerpoint ( �`2 M ) with / 2 , neighbors¡ 2 5 M�9 V and

5 £   w o £ �c2 £   w o £ 	 w � £   w�� qWo £  w�� q . This relation
is enforcedby applying

4�e
. Thedoubleroot of � % 5 � � � at �¥2 %

is equivalent to the collinearity of �`D q �
>�� , �`D B �
>�� and � q DH�
> 5 % �
for ¦ 2LP and ¦ 2 � . The oneremainingequation,for the mixed
derivativesat ��2 M , holdsdueto thechoiceof | e and,if / even
andgreaterthan4, theperturbationby � w . Thematrix | e is derived
following [10] but hasslightly differententriesin theevencase.

The continuity acrossthe knot line 	 w 2 %
and  w ��� M�� %W� is

thatof anorder4 splinewith adoubleknot andthereforeis at least� q . If �J02 M the joint movementof the nodes � t}q �
>�� , � t�B �
>��
and ��qGt3�
> 5 % � preservescollinearity andthereby

� q -nessof the
transitionbetweenadjacentNurbspatches.

Unless��02 M , theNurbspatchesdiffer from theCatmull-Clark
limit surfaceonly nearthe cornersfor �
	��F������nM�� %W� � . The dif-
ferenceincreaseswith oscillationof theCatmull-Clarkmeshat the
extraordinarymeshnodesinceapplicationof

4 e
and | e average

the dataandthe choiceof � � B removes inflections. Eachstepof
subdivision halvestheextentof theregion.



5 Conclusion

The strengthsof the PCCM algorithm are that it (a) converts
Catmull-Clarkmeshesto closed-form,smoothly-connected,stan-
dardNurbspatches,(b) doessowith simple,explicit formulas,(c)
integratesseamlesslywith thearray-basedview of subdivision (see
theAppendix)and(d) remainslocal sothatalmostall patchtransi-
tionsacrosspatchboundariesareparametrically

� �
.
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Figure 5: Collection § and distribution � of points; (left) the
Catmull-Clarkmipmapat levels < 2 MS� % � P , (right) PCCMat level< 2OP .
6 Appendix: array-based data structures

Catmull-Clarksubdivision andPCCM canbe implementedusing
only the connectivity information of the quadsand a mipmapof
controlpointarraysaswouldbeinput togluNurbsSurface [4].� For eachquad,storea mipmap of arrays. The arrayat level< is of size ��� P by ��� P by 3, � 2{P =¨� % andcontains

the ©��Hª«�T¬ nodepositionsof subdivision < . Entry [1][1], short%3%
(andsymmetrically

% � , � % and �U� ), holdsthepositionof
a cornernode(cf. Figs. 2, 5,left). If the cornernodeis an
extraordinarymeshnodethen M3M is undefined.If / 2 , then
theentriesin M % and

% M agree.PCCMoutputsinto anarrayof
size �`�s� by ���s� by 3. Entry 00 is thepositionof a corner
coefficient.� For eachextraordinarymeshnode,a connectivity list stores
for eachincidentquadtheglobal index andthecornerof the
quadcorrespondingto theextraordinarymeshnode.

Catmull-Clarksubdivision with this datastructureconsistsof two
parallelizablesteps:

a. For eachquad,createthemipmaplevel <:� % from level < by
theregularsubdivision rules(1).

b. For eachextraordinarymeshnode,usetheconnectivity list to
– collect at level < , ? B�B 2 ? B�B � % � and ? � B �
>H� , ? ��� �
>�� for all >
(c.f. Figures2, 5left: if ?CB�B is entry

%3%
then ? � B#�
>�� and ? ��� �
>��

areentry P % and P3P ).
– Compute new locationsfor ? � B �
>�� and ? ��� �
>H� at level <C� %
from rules(1) and ?CB�B from rule (2) (or useSabin’scurvature
boundedrule [7], Appendix).
– Distribute thenew locationsto level <S� % (Entry M % receives? � B �
>«� P � andentry

% M receives ? � B �
> 5 % ��� ).
PCCMwith this structureconsistsof two parallelizablesteps:

a. For eachquad,applyKnot Insertion.

b. For eachextraordinarymeshnode,usetheconnectivity list to
–collect ��B�B#� % � and ������g�
>�� , @*A���j % M�� P M��T�#M m .
–Compute � �G� �
>�� , @*A��j % MS� P M�� %.% m , � � B 5 �� � B andpossi-
bly � t�B 5 �� t�B .
–Distribute ���G�g�
>�� , @#A®�¯j % MS�RM % � P M��RM P � %3% m and add toj P % � % P3m andpossibly jvM.���W�3M�� % �U�T� % m .

All spacefor subdivision level < can be allocatedat the outset,
andtheconnectivity list remainsunchangedthroughout.Thequad-
arrayscanbe input directly to gluNurbsSurface or displayed
asquad-meshes.


