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Figurel: Catmull-Clarksubdvision sequenceompletedasa collectionof large Nurbspatchegtop five patchesareshavn).

Abstract

Namedafter the title, the PCCM transformationis a simple, ex-
plicit algorithmthat createdarge, smoothlyjoining bicubic Nurbs
patchedgrom arefinedCatmull-Clarksubdvision mesh.Theresult-
ing patchesaremaximally largein the sensethat one patchcorre-
spondgo onequadrilaterafacetof theinitial, coarsestuadrilateral
meshbeforesubdiision. The patchegoin parametricallyC? and
agreewith the Catmull-Clarklimit surfaceexceptin theimmediate
neighborhooaf extraordinarymeshnodesjn suchaneighborhood
they join at leastwith tangentcontinuity andinterpolatethe limit
of the extraordinarymeshnode. The PCCM transformatiorinte-
gratesnaturally with array-basedmplementationsof subdvision
surfaces.

CR Categories:  1.3.5 [surfacerepresentationsplines]: 1.3.6—
graphicsdatastructures
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1 Motivation

Catmull-Clarksubdvision mesheq2] areanincreasinglypopular
surfacerepresentatiothatcomesequippedwith tools for adapting
shapdocally andglobally [3, 6]. Thelimit surfacescanbedirectly
evaluated[13] andan amplebody of analysisassuresangentcon-
tinuity [1, 11, 14]. It would be nice thoughif we could stopthe
subdvision processatary point, applyasimpletransformatiorand
getacompactexplicit surfacerepresentatiom theform of asmall
collectionof maximallylarge,standardspline (Nurbs)patcheghat
join justassmoothlyandlargely agreewith the Catmull-Clarklimit

surface.The PCCM (PatchingCatmull-ClarkMeshesylgorithmis

suchatransformation.
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The paperhasthreeparts: a review of basicsandliterature,the
specificationof the algorithmandthe discussiorof the properties
of its output:

e EachNurbspatchcoversamaximallylargeregionof themesh
correspondingdo the coarsestevel quadrilaterameshfacets.

¢ Thepatchegoin C? almosteverywhereandareat leasttan-
gentcontinuousnearthe extraordinarymeshnodes. Transi-
tionsbetweerpatchesarealmostall parametric.

e TheNurbspatchesarepolynomial,of order4 (degree3) and
in interpolatingform with 4-fold knots.

e The Nurbs patchesdiffer from the limit surface of the
Catmull-Clarksubdvision only nearthe extraordinarymesh
nodes(Thepatchesave genericallyfinite curvaturewhereas
thegenericcunatureof the Catmull-Clarklimit surfaceat ex-
traordinarymeshnodess infinite.)

e NurbspatchesCatmull-Clarksubdvision andthe PCCM al-
gorithmcanusethe samearray-basedlatastructures.

2 Nurbs, Catmull-Clark and Prior Work

A NurbspatchQ(u,v) € R? of order4 (bicubic tensosproduct
spline)is definedby two nondecreasingequencesf scalargcalled
knots) of lengthk +4, onefor thew andonefor thev parameteand
k2 control pointsQ., € R3. If we connectcontrol pointswhose
indicesdiffer by 1 in exactly oneslot, we obtaina control net that
outlinesthe patch. A concreteinterfacefor Nurbs patchess the
gl uNur bsSur f ace specificationn OpenGL[4]. By definition,
Nurbsdo notchangegeometricallyunderknot insertion. (Repeated
insertionof the sameknot just transformsto Béziera.k.a.gl Map
form.) Insertingnumberdnto theknot sequencsubdvidesthe pa-
rameterdomaininto morepiecesbetweerknots. Correspondingly
the controlnetmustberefinedor [sic] subdvided by specificrules.
For example,if we startwith a uniform (evenly spacedknot se-
guenceconsistingof evenintegersandinsertnen knotsat odd in-
tegerswe canclassifythe new controlpointsas(a) facetpoints, F',
correspondingo odd knots, (b) edgepoints, E, correspondingo
oneodd andoneeven knot, and(c) vertex points, V', correspond-
ing to evenknots. Theweightsfor new F', E andV type pointsas



averagef theold pointsaredisplayedasaveragingmasks:
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For example,anew F' pointis the averageof four surroundingold
points. A centralcontritution of [2] wasthe additionof a rule for
extraordinarymeshnodesV” with n # 4 neighbors:

The idea of corverting from the subdvision meshback to a
splinerepresentatioffor renderingdatesback at leastto DeRose,
Kassand Truong[3], beforethe availability of the full Pixar sub-
division pipeline. Comparedto the large patchesderived belaw,
thesepatchesaresmallerandmorenumerousandthe corversionis
notwell-definedin the neighborhoof extraordinarymeshnodes.
Nasri and Peters[9] usean approximationto the limit surface of
the Doo-Sabinsubdvision to get a quickly convergent seriesof
approximationgo the volume of the enclosedsubdvision object.
The approximationsurface,hawever, is only position continuous.
Prautzsch12] givesanelegantsolutionto the difficult problemof
filling n-sidedholes. G? completionof a Catmull-Clarkmeshre-
quiresorder? patchesandat leastninetimesasmary asthelarge
patcheslerivedbelav. Grimm andHugheq5] usesubdvision asa
preprocessingtepto generatingsmoothmanifoldswith which they
associatan interestingclassof rationally blendedsplinesurfaces.
Their approactwould generateat leastninetimesasmary rational
splinepatchesitherover nonstandardiomainsor of high degree.

3 From Mesh to Surface

As Figurel illustrates all meshfacetsarefour-sidedeitheroninput
or afteratmostonesubdvision step.We referto eachfacetof this
coarsestjuad-mestasthe level 0 of a quad andthink of ¢th step
of Catmull-Clarksubdvision assubdviding thelevel £ — 1 of each
quadinto 4 timesasmary subfcetsfor a total of 4° subfcetsat
level £.

Indexing. Sincethegoalis to transformarepeatediysubdvided
meshwe cantreateachcornerof a quadin isolationasshavn in
Figures2 and 3. The quadssurroundingthe cornerpoint are ar-
rangedin counterclockwiserderindexed by i. The nodesP,,(7)
of theith quadlie onauv grid of meshlines. Thedoublesubscripts
uv arethe Greville abscissaescaledby 3, of the outputNurbssur
face. Pyo(i) is the cornernodefor all  and Pio (i + 1) = P (3).
The sameindexing is usedfor the outputcontrol points Qu. (¢). If
a quaddoesnot have a neighbordueto a manifold boundary we
usethe samerule asthe Catmull-Clarksubdvision, say[8, 15], to
provide anadditionaloutsidelayerof meshnodes.

The PCCM (¢) Algorithm: The input is a meshof a ¢ times
subdiided quadswith nodesP., (i) € R3. (If all verticeshave
4 or an odd numberof neighborsthen?¢ > 0 sufices other
wise £ > 1 shouldhold.) The output is one bicubic (order 4)
Nurbs surface (patch) for every quad. The patchesare in stan-

dardinterpolating form. Thatis, the u andthe v knot sequence

startand endwith a 4-fold knot (at 0 andat k = 2° where? is
the subdvision level). Eachsequencecan have up to two dou-
ble knots (at 1 and 2¢ — 1) and hassingle knots otherwise,e.g.
0,0,0,0,1,1,2,3,4,5,6,7,7,8,8,8,8. Systemsthat do not al-
low internal doubleknots but do allow uneven knot spacingwith
minimal distancee canbe accommodatedly perturbingoneinner

Figure2: Catmull-Clarkmeshin the neighborhoof an extraor

dinary meshnodeof degree5. Quadsarelabeledin counterclock-
wiseorderfrom 1 to n aroundthe extraordinarymeshnodesothat
all indices: areinterpreted(i + n — 1) mod n + 1. The dou-
ble subscript€00,30 and33 in quadl belongto the extraordinary
meshnodePyo(1), its directneighborPs (1) andits diagonalfacet
neighborPs3(1) . Thedoubleline delineategoneof thefour cor-

nersof) asubmestusedto defineonequadlevel.
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Figure 3: After Knot Insertionthe Nurbspatchesatut sharingthe
nodesQo(i + 1) = Qoi(¢). Theenlagementshavs theindicesof
the controlpointsrelevantfor CornerSmoothing.
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Figure4: Knot insertionatu = 0; P_3 is ameshnodeborroved
from the neighboringquad.

doubleknot by e. PCCM surfacesof level £ presere the blendra-
tios (or smoothectreasespf the Catmull-Clarkmesh[10, 3] upto
level £. The surfacecanadditionally be pinched(flattened)at the
extraordinarymeshnodeby decreasinghe multiplier a of A, to
lessthan1 (morethan1). The control points Q.. (i) of the Nurbs

patchesarederivedfrom theinput meshpoints P, (z) in two steps.

1. [Knot Insertion]

For eachquad, we definea submeshof the Catmull-Clark
meshthatincludesall subficetsof the quadandthoseshar
ing at leastonenodewith the quad: we borronv onelayer of
nodesfrom all directanddiagonalneighborquadsto arrive at
thesubmesltdelineatedy the doubleline in Fig. 2.

We interpretthe two perpendiculafamilies of grid lines of
quads (without Pso(j) for j & {i — 1,4,% + 1,7 + 2}) as
the controlnetof anorder4 Nurbspatchwith uniform» and
v knotsequences-4, -3, —2,—1,0,1,2,.... To bring this
Nurbspatchinto standardnterpolatingform, we insertthree
knotsfirstatu = 0 andu = k thenatv = 0 andv = k.
Figure4 illustratesthe (standardknot insertionprocedureat
u = 0 for agrid line indexed by u. The new points@, are
obtainedrom theold points P, via

Qo= (P-3+4Py+ P3)/6, Q1= (2P, + P3)/3.

For every edgewith at leastoneextraordinarymeshnodewe
insertasecondknot,atl foru = 0 (atk — 1 for u = k):

Q2= (P(] + 2P3)/3, Q4= (2P3 + PG)/3

All remaining@s;,3; = Pss,35, exceptfor the cornerpoint

Qoo(1) = Qoo(2) = ... = Qoo(n) whichwe placedirectly

onthe Catmull-Clarklimit surface[6]:

_ Z nPoo(i) + 4P3 (’L) + P33 (’L)
n(n + 5) )

Qoo(1) = ... = Qoo(n)

2. [CornerSmoothing]

If we wereto stopatthis point, the Nurbspatchesvould only
meet with position continuity close to extraordinary mesh
nodes— althoughwith C? continuity everywhereelse. To
obtaintangentcontinuity we modify the control pointsnear
eachextraordinarymeshnode. The enlagementof Figure3
shaws therelevantdoublesubscripts We define,for every n,
two n by n matricesA,, andB,, withrowsi =1,... ,nand
columnsj = 1,... ,n andentries

Anlisg) = 22 cos(2 (i - )
(e
Bn(%]) = { (_1)j _ 2ni_j(_1)j—i/n

mod (n+1i— j,n).

a = 1(default)and

if nisodd,
if niseven,

Nni—j =

For example,Bg(3, 3) = —1. We collectthe pointsQ..(¢) €
R? generatedy Knot Insertionfor ¢ = 1,... ,n anduv €
{00, 10, 20,40} into Q.. € R™*3. Only if n is even and
greaterthan 4, do we computer = Y7, (—1)'Quo(4)/n
andif » # 0 we add, for eachi, h; = —(-1)ir to
Qao(9) = Qoa(i — 1), Qu(é) and Q14(i — 1) so that
e (=1)'Qa0(d) = 0 andQuo (i) = (Qu1(4) + Qua(i —

1)) /2. Otherwiseall coeficientsremainunchangeaxcept

Q10 = Qoo + A, Q10,
Q20 = (Q40 + 6Q10 — 2Q00)/5,

Q1 = B, (Qm + W(Qw - Q20))-

Fori =1,...,n, wecopy Qvw(i +1) = Qov(¢) for v €
{1, 2, 4} andaddQQO(i) — on(i) to Qm(i) ande(z' — 1).

4 Smoothness and Approximation

We claim: the output Nurbs patchesare internally parametrically
C? andjoin theneighborgarametricallyC? exceptpossiblyat ex-
traordinarymeshnodes,acrossedgesu € {0,1},v € [0,1] re-
spectvely v € {0, 1}, u € [0, 1] shavnin boldin Figure2. Across
theseedgeghesurfaceis atleasttangentcontinuous.

Beforethe Knot Insertionstep, submeshesf adjacentpatches
overlapin threelayersof cubic spline control pointswith a single
knot associateavith the centercontrol point. Standardsplinethe-
ory thenguaranteeshat the patchegoin parametricallyC? across
theboundaryedges: € {0,k},v € [1,k — 1] andv € {0,k},u €
[1, k—1]. KnotinsertiondoesnotchangeheNurbssurfaceandthe
smoothnessf thetransition. Thereforeeachpatchis alsointernally
C? beforethe CornerSmoothingstep.

CornerSmoothingenforcedangentcontinuityfor theremaining
parametemtenal atthecornerfrom 0 to 1: with u;, v; theparam-
etersof patchi andv; = u;41 = t € [0, 1] the parameterlong
the boundarybetweenpatchg; andpatchgit1, ande = cos(22),
CornerSmoothingenforceghe polynomialequation

0

0
a—viqz'( (0,t) + s——qi+1(t,0).

0
2 .
20(1 — t) 8_uqu a’vi_'_l

0,) =

The equationis easily verified by insertingtwo more knots at 1

andequatingthe four resultingBéziercoeficientsin the variables
Q. For example,at a cornerpoint (¢ = 0) with n = 3 neighbors
¢ = —0.5 and—9q; /0t = 8q; /Ou; + 8¢i+1/0vi4+1- Thisrelation
is enforcedby applying A,,. Thedoublerootof (1 —¢)% att = 1

is equivalentto the collinearity of Q;1(), Qio(¢) and Q1 (¢ — 1)

for I = 2 andl = 4. The oneremainingequation for the mixed
derivativesatt = 0, holdsdueto the choiceof B,, and,if n even
andgreatetthan4, theperturbatiorby h;. Thematrix B,, is derived
following [10] but hasslightly differententriesin theevencase.

The continuity acrossthe knot line w; = 1 andv; € [0,1] is
thatof anorder4 splinewith adoubleknotandtherefores atleast
C*. If r # 0 the joint movementof the nodesQui (4), Qao(4)
andQ14(i — 1) preserescollinearity andtherebyC* -nessof the
transitionbetweeradjacenNurbspatches.

Unlessr # 0, the Nurbspatchediffer from the Catmull-Clark
limit surfaceonly nearthe cornersfor (u,v) € (0,1]%. The dif-
ferenceincreasesvith oscillationof the Catmull-Clarkmeshat the
extraordinarymeshnodesinceapplicationof A,, and B,, average
the dataandthe choiceof Q20 removesinflections. Eachstepof
subdvision halvesthe extentof theregion.



5 Conclusion

The strengthsof the PCCM algorithm are that it (a) converts
Catmull-Clarkmeshego closed-form,smoothly-connectedstan-
dardNurbspatches(b) doessowith simple,explicit formulas,(c)
integratesseamlesslyvith thearray-basediew of subdvision (see
the Appendix)and(d) remaindocal sothatalmostall patchtransi-
tionsacrosgatchboundariesireparametricallyC2.
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Figure 5: Collection o and distribution e of points; (left) the
Catmull-Clarkmipmapatlevels¢ = 0, 1, 2, (right) PCCMatlevel
£=2.

6 Appendix: array-based data structures

Catmull-Clarksubdvision and PCCM can be implementedusing
only the connectiity information of the quadsand a mipmap of
controlpointarraysaswould beinputto gl uNur bsSur f ace [4].

e For eachquad,storea mipmap of arrays. The arrayat level
lisof sizek + 2 by k + 2 by 3, k = 2¢ + 1 andcontains
thex, y, z nodepositionsof subdvision £ . Entry[1][1], short
11 (andsymmetricallylk, k1 andkk), holdsthe positionof
a cornernode(cf. Figs. 2, 5/eft). If the cornernodeis an
extraordinarymeshnodethen00 is undefined.If n = 3 then
theentriesin 01 and10 agree PCCMoutputsinto anarrayof
sizek + 4 by k + 4 by 3. Entry 00 is the positionof a corner
coeficient.

e For eachextraordinarymeshnode,a connectivity list stores
for eachincidentquadthe globalindex andthe cornerof the
quadcorrespondingo the extraordinarymeshnode.

Catmull-Clarksubdvision with this datastructureconsistsof two
parallelizablesteps:

a. For eachquad,createthe mipmaplevel £ + 1 from level £ by
theregularsubdvision rules(1).

b. For eachextraordinarymeshnode,usethe connectvity list to
—collect atlevel ¢, Pyo = Poo(1) andPso (), Ps3() for all ¢
(c.f. Figures2, Sleft: if Py isentry11 thenPso(z) andPs3(4)
areentry21 and22).

— Compute new locationsfor Pso(4) and Ps3(4) atlevel £+ 1
from rules(1) and Py from rule (2) (or useSabins cunature
boundedule[7], Appendix).

— Distributethenew locationsto level £+ 1 (Entry 01 receves
Ps(i + 2) andentry10 recevesPso (i — 1))).

PCCMwith this structureconsistof two parallelizablesteps:
a. For eachquad,applyKnot Insertion.

b. For eachextraordinarymeshnode,usethe connectvity list to
—collect Qoo(1) andQuy(¢), uv € {10, 20, 40}.
—Compute Qu(¢), uv € {10, 20,11}, Q20 — Q20 andpossi-
bly Q40 — Qao.
—Distribute Q..(z), uwv € {10,01,20,02,11} and add to
{21,112} andpossibly{04, 40, 14, 41}.

All spacefor subdvision level ¢ can be allocatedat the outset,
andtheconnectvity list remainsunchangedhroughout.Thequad-
arrayscanbeinputdirectly to gl uNur bsSur f ace or displayed
asquad-meshes.



