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Figurel: Whichrenderingvould you prefer?(fromleftto right) (a) Inputtriangulation (b) Gouraudshadednputtriangulation (c) geometric
componenbf thePN triangles(shadediccordingo surfacenormalvariation)(d) cuned PN triangles(shadedvith independentlgonstructed

quadraticallyaryingnormals).

Abstract

To improve the visual quality of existing triangle-baseartin real-

time entertainmentsuchascomputergameswe proposereplacing
flattriangleswith curvedpatchesndhigherordernormalvariation.
At the hardvare level, basedonly on the threeverticesandthree
vertex normalsof a given flat triangle, we substitutethe geometry
of athree-sidedubic Bézierpatchfor thetriangles flat geometry
and a quadraticallyvarying normal for Gouraudshading. These
curved point-normaltriangles,or PN triangles,requireminimal or

no changeto existing authoringtools and hardware designswhile

providing a smootherthoughnot necessarilyeverywheretangent
continuoussilhouetteandmoreorganicshapes.
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1 Introduction

In interactive 3D entertainmentsoftware designcycles are long
and hardware productreleasecycles are short. As a result, nex
techniqguesddedio hardwaremusthave a simplemigrationpathif
contentalreadyin developmentis to usethetechniquecorversely
thelesschangea new hardwarefeatureimposesontheart pipeline
andAPI, themorelikely it is to beused.

A majority of computeigamesusetrianglesastheirfundamental
modelingprimitive, andall usetrianglesfor hardware-accelerated
rendering.This s theresultof existing tool supporthardwaresup-
port and the artist's familiarity with triangles. It is increasingly
commonfor applicationsto passnormalsto the hardware to take
adwantageof transform-capablgideocards.

In this paper we introducecurved point-normal triangles or
short PN triangles as an inexpensve meansof improving visual
quality by smoothingout silhouetteedgesandproviding moresam-
ple pointsfor vertex shadingoperationsEachPN trianglereplaces
oneoriginalflat triangleby acurvedshapehatis retriangulatednto
aprogrammableumberof small(flat) subtrianglesWe selectthis
representatiofor aresource-limitedhardwareervironment:the PN
triangleis to be generate@n-chipwithoutary softwareassistance.
Specifically PN triangle generatiorand subtriangulatiorareto be
insertedbetweenthe vertex-and-primitve-assemblystageand the
vertex-shadingstageof the graphicspipeline(Figure2).

The geometryof a PN triangleis definedas one cubic Bézier
patch. The patch matchesthe point and normal information at
the verticesof the flat triangle. Its normal is a sepaate linear or
quadratidBézierinterpolantof the data.No additionaldatabeyond
thepositionandnormaldataareused.Otherdataattachedo theflat
input triangleareforwardedto the subtrianglesmostly by linearly



Figure2: Curved PN triangletessellationin the graphicipeline

interpolatingthe valuesat the verticesof theflat inputtriangle.
The PN triangle emeged in comparisonwith more sophisti-
cated surfacing methodsto addressrequirementsspecificto the
resource-limitedhardware ervironment, e.g. that no information
aboutneighboringrianglescanbe accumulated:

1. Improvedvisualappeal.

2. Compatibilitywith existing API datastructuresvertex arrays
plus triangle index streamswheretrianglesarrive in unpre-
dictableorder Minimal or no modificationof existing APIs.

3. Backward compatibility of the modelswith hardware that
doesnot supportPN triangles;minimal or no effort to adapt
existing models.

4. No setupstepof the application, API, or hardware driver;
in particular hardware shouldnot have to provide intermedi-
atestoragdor randomaccessconsequentlknowledg about
neighboringfacetsis restrictedto theshaedverticesandver
tex normalson thecommoredge.

5. Applicability to shape®f arbitrarytopology

6. Fastexecutionandsimpleimplementatiorin hardware.

In particular it is not the purposeof PN trianglesto convert trian-
gulationsinto designeiquality, everywheresmoothsurfaces but to
softentrianglecreasesndimprove thevisualappeaby generating
smoothessilhouettesand bettershading

Thefollowing sectionswill definethe API-level usageandplace-
mentof thecurved PN trianglesin thegraphicipeline(Section?),
give aprecisederivation of the PN triangleandits propertiegSec-
tion 3), andthendiscusgerformanceandvisualimpactto corvince
the readerthat the requirementsare well addressedby curved PN
triangles.

Figure 3: The coeficients or control points of a triangularBézier
patcharrangedo form a controlnet.

2 Basic form, API-level usage and place-
ment in the graphics pipeline

Wewantto leveragetheexisting (flat) triangle-basedatastructures
suchasvertex arrays astreamof pointandnormalcoordinatedol-
lowedby setsof indicesthatallow picking the verticesof atriangle
fromthestream.Thatis, for eachtriangle,only the coordinates
of the positionandnormalof the threeverticesof the trianglesare
availableandthereis a uniquenormalfor eachvertex.

An interestingaspecbf thecurved PN trianglethatmaysurprise
thenongraphics-immersetkaderis thatthe normalcomponenof
thecurvedPN triangle is independentlgpecifiedrom the geomet-
ric componenbf a curved PN triangle. The geometryof a curved
PN triangledefinedby a cubicpatch (c.f. Figure3)

for

We groupthe togetheras

vertex coeficients:
tangentcoeficients:
centercoeficient:

Coeficientsarealsooften called contml pointsandareconnected
to form a control net or control polyhedron(seeFigure 3). The
normalcomponenbf acurvedPNtriangleis eitheralinearaverage
of the vertex normalsor a quadraticfunction of the positionaland



Figure 4: Subtriangulationl od 0 through5) inducedby a uni-
form grid (top) andthe visualeffect of two light sourceon an
octahedror{botton).

normaldata.The quadratidunction is definedas(c.f. Figure7)

for

We call , and mid-edgecoeficients. The valuesof
arenormalizedbeforethey are passedn to the vertex shading
stageof thepipeline.

Section3 describesn detailhow to choosethe coeficients
respectiely sothatthe patchesnatchthe positionandnormal
at eachof the threecornersof the original flat triangle. The PN
triangleis aspeciathree-sidedor “triangularBézier”patch.Three-
sidedpatchesvereinventedby de Casteljay3]. Farin[6] givesa
thoroughtreatmenbof de Casteljaus patchandits applications.

Giventhesimple,closedform of thepatchest is straightforvard
to evaluateandtesselate and . In particular we canefficiently
subtriangulatdothpatcheoverthesameuniform , grid by pre-
scribing just one numbey the level of detail | od, definedasthe
numberof evaluationpointson oneedgeminustwo (c.f. Figure4).
If I od=0 thenthe patchis just evaluatedat the cornersandthis is
equivalentto sendingthe original flat triangle down the graphics
pipeline. An applicationdeveloperenablesPN trianglesby a call
thatspecified od andaflagthatindicatesvhether orthelinearly
varyingnormalis to beevaluated(c.f. reffig:oct).

Figure5: Inputdata:points  andnormals

2.1 Why choose cubicall y varying geometry and
guadraticall y varying normals?

In opting for cubic geometryand quadraticnormals,we balanced
the simplicity neededfor hardware realizationwith a modeling
rangethatwould allow usto improve contoursandshading.

Simplicitymeanghatwe donotgenerateandstoreneighborhood
information,aswould berequiredby generalizegubdvision algo-
rithms (e.g.[10, 8]) or surfacesplines[13]. Simplicity madeus
optfor aclosed-formpolynomialsurfacerepresentatiothatis fast
to evaluatewith little memoryuse. While it is possibleto derive
smoothlyjoining patchesvithoutbeingableto look attheneighbor
(by deriving a uniquenormalalongthe commonboundaryfor each
of the alutting patches}he correspondingurfacerepresentations
are expensve: Nielsons adaptationof the Coon’s patch[11] for
example(or [7], [1]) yields surfacepiecesof high rationaldegree
andwith (removable)singularitiesatthevertices.Theexactsurface
normalsarea challengeto compute. Polynomialtangentcontinu-
ousconstructionsequireseveral piecespertriangle,e.g.a Clough-
Tocherlike split [2], [16],[15] sincethe tangentf oneedgemust
nottake informationfrom theneighboringedgeinto account.(Both
theoriginal Pawvell-Sabin[14] andClough-Tocherconstructionslo
notapplyin the settingof free-formsurfaces.)Sincetangentconti-
nuity doesnotimply overall bettervisualimpressior(smoothinter-
polatingschemesftengeneratextraneousreasesseerigure12),
we settledfor aleastcostsurfacewith onepolynomialpiecepertri-
angle. Its geometricshapeis not necessarilynormal-continuous,
but we improve the shadingmonotonicityby prescribinga sepa-
rate,continuousormal.In [17] amorecomplex constructionwith
quadratiqoiecesis used.

The modelingrange of our surface representatiorshould, for
example,captureinflectionsimplied by the triangle positionaland
normaldata. This requiresat leastcubic geometry(quadraticsdo
nothave strictinflections)andquadraticnormals.Thechoiceof the
centercoeficient ,in particular allows usto bulgethe PN trian-
gle. Thereis no additionaldatato suggesthe useof higherdegree
patchesandso we settledon the form of and givenabove. Of
coursetherearemary possiblechoicedor thecoeficients. Thepar
ticular choicedescribedn the next sectionhasthe merit of keeping
thecurved patchprovably closeto theflat trianglewhile interpolat-
ing its cornerpositionandnormals.

3 PN triangles

This sectionspecifiesanddiscusseshe propertiesof the choiceof
PNtrianglegeometryandnormalsrespectiely. Thegeometrycom-



Figure 6: Constructionof a tangentcoeficient: project
into thetangentplaneat

ponentwill influence,in particular the object silhouetteand the
normalcomponentnfluenceshelighting calculation(vertex shad-
ing). Thealgorithmassumesninputin the form of vertex arrays,
i.e. thereis auniquenormalfor eachvertex; howvever, therearesit-
uationswhentwo triangulationsareto be connectedacrosssharp
edgesThelastsubsectiordiscusseshis case.

3.1 Geometry coefficients of the PN triangle

We are given the positions and normals
of the triangle cornersas shavn in Figure5.
Our choiceof coeficients(control points) is asfollows.

0 Spreadhe out uniformly over theflat triangle,i.e. place
in theintermediateposition .

1 Leavethevertex coeficientsin placesothey matchthecorner
positions.

2 For eachcorner projectthe two tangentcoeficients closest
to the cornerinto the tangentplanedefinedby the normalat
the corner Hereprojectionmeans:find the closestpoint on
the planeto the point. Thisis illustratedby Figure6. Recall
thatthe projectionof apoint  onto a planewith normal
attachedoapoint is where
and denotesathedot product.

3 Move the centercoeficient from its intermediateposition
to theaverageof all six tangenipointsandcontinueits motion
in the samedirectionfor thedistancealreadytraveled.

In formulasfor implementationg¢oeficientsor controlpointsof the
cunved PN trianglearedefinedasfollows:

here' ' is thescalamproduct

Figure 7: Coeficients of the normal componentof a curved PN
triangle.

3.2 Properties of the PN triangle geometry

While smoothingout contours,the curved PN triangle shouldnot

deviate too muchfrom the original triangle to presere the shape
andavoid interferencewith othercurved triangles. Evidently, the

final geometryinterpolategheverticesof theoriginalflat triangles.
Let bethelengthof the longesttriangle edge. The lemmabe-

low shaws that eachcubic boundarycurve stayscloseto its edge,
becausets Bézier coeficients stay within a radiusof of the

edge. Therefore is within a distance from the flat triangle
and,since lies onthetriangle, 's distanceto the triangleis

atmost . An improvedestimatesincethe coeficientsareonly

approximateyields thefor the centerand for thebound-
ary.

Lemma3.1 Thecoeficient lies on a circle of radius
about -

Proof [Thalesof Milet, 500B.C.] Thelocusof all right triangle
cornersabove aline of length is a semicircleof radius

Symmetrysuggests formulaof thetype
for the centralcoeficient. The specificchoice
resultsin
reproducesjuadraticpolynomialsexactly asshavn by Farin[5]. In
otherwords, if the othernine coeficientswere alreadychosento
represena quadraticpolynomialpatch,then malesthe
PN triangle equalto the quadraticpolynomial. Alternatively,
is the averageof the threechoicesthat eachmale onetrans\ersal
tangentunctionlinear

If we assumehatthetrianglesstemfrom atriangulationthathas
onenormalassociateavith eachvertex, thenthe boundarycurves
of akutting PN trianglesare generatedy the samealgorithm,and

which



Figure8: Linearinterpolationof the normalsat the endpointqtop)
ignoresinflectionsin thecurve while thequadratimormalconstruc-
tion of curved PN triangles(bottom) picksup suchshapevariations.

the surfaceis continuous,.e without cracks. PN trianglesdo not

usuallyjoin with tangentontinuityexceptatthecorners.f they al-

waysdid, we would have solvedanopenproblemof approximation
theory: whetherthe verticesof a triangulationcanbe interpolated
bya functionwith onecubicpiecepertriangle.

3.3 Normal coefficients of the PN triangle

Thenormalto thegeometrycomponenbf the PN trianglesdoesnot
generallyvary continuouslyfrom triangleto triangle(c.f. Figurel
(c)). Thereforewe defineanindependenitinearor quadraticnormal
variation. The value of the normalat a parametepoint under
linear normal variation is the normalizedaverageof the valuesat
thevertices:

Sincethe shadingstageof the pipeline receves subtriangleswvith
normals,say for somestep-
length , linearvariationof the normalapproximates*hongshad-
ing.

Linearly varying normalsignore inflectionsin the geometryas
illustratedin Figure 8 (top). We thereforeprovide the option of
quadiatic normal variation. To captureinflectionsasin Figure8
(bottom) a mid-edgecoeficient for the quadraticmap is con-
structedfollowing e.g.[12]: the averageof the end-normalsds re-
flectedacrossthe planeperpendiculato the edgeasillustratedin
Figure9. Recallthatthereflection of avector acrossaplane
with (unnormalizednormaldirection is where

and denotesathedotproduct.Figurel (d)
illustratesthis choiceof normal.

In formulasfor implementationgoeficientsor control pointsof
the normal componenbf a curved PN triangle are definedasfol-

Figure9: Constructiorof the mid-edgenormalcoeficient for
quadraticallyvarying normals: the averageof the end-normalds
reflectedacrosshe planeperpendiculato theedge.

lows for (c.f. Figure7):

Thevaluesof arenormalizedbeforethey are passecdn to the
vertex shadingstageof the pipeline.

3.4 Curved Sharp Edges

So far we assumedhat the data originatedfrom a triangulation
with onenormalassociatedvith eachvertex. Thisimpliesthatwe
smoothout all edges.To modelsharpor creaseedgessaya hemi-
spherecappedby a disc, we would like to connecttwo triangula-
tions by identifying verticeson their global boundaryto form the
crease Evidently the verticeson the creasenow have two distinct
normalsand this mustleadto cracksin the surfaceif only infor-
mationbasedon one of the two flat trianglesis available. Spline
andgeneralizedsubdvision surfacessolve the problemby tagging
theverticesrespectiely searchingheneighborhoodndrecogniz-
ing global boundarystatus. The amgumentbelonv shavs that with
entirelylocalinformation,crackscannot be avoided.

Observation 3.1 (curved sharp creases) If two patches shae a

vertex but not the correspondingnormal, there is no strategy based
only onthevertex andnormalinformation(andrespectinghever

texandnormalinformation)local to onepatc at atimeto geneate
the samecurvetangentfor either patc independentf the normal
informationof the other

Proof Thetangentof the curwe is definedasthe intersectionof
two planesgeachdefinedby the vertex andoneof thetwo normals.
Sinceonly oneplaneis knowvn whenconstructingeachpatcha con-
sistentchoiceis only possibleby chance.



Figure10: Sharpeninga blunt axe (left two) by addinga seamof
smalltriangles(right). Smalltrianglesatthe bottomalsoisolatethe
shaftfrom its endto keepit morecylindrical.

The obserationimpliesthatcurved sharpcreasesvith different
normalsassociateavith eachsideof the(logical) edgebetweertwo
triangleswill in generaresultin gapsin thesurface.

An exceptionis the PN constructionwhen the normalsat two
endpointsconsistentlyimply a straightline segmentas common
boundary e.g. when both normalsare perpendiculato the edge.
We are consideringseveral optionsto also supportcurved sharp
creasese.g.increasingthe numberof indicesin the input stream
from threeto (at most)ninefor triangleswith up to six creasehalf-
edges.The additionalindicespoint to the point-normalpair of the
aklutting trianglein the neighboringtriangulation. This setupsup-
portsdarts,i.e. edgesthat are sharpat one end and smoothat the
other aswell asgenericcreaseedges.

The algorithmfor determiningthe PN triangle geometryis un-
changedxceptthatwe now projectontoatangentine to obtainthe
tangentcoeficient of anedge:let and  bethetwo normals
associateavith thecreasgpoint  alongtheedge . Then
hasto lie ontheline where isthecrossproduct
and is the projectionof ontothatline:

Currently asillustratedin Figure 10, a software preprocessing
stepaddsarim of smalltrianglesalongedgesntendedto be sharp.

4 Hardware Performance

As Figure 2 illustrates, curved PN triangles are generatedand
tesselatedn the pipeline stageinsertedbetweenthe vertex-and-
primitive-assemblgtageandthe vertex-shadingstage The vertex-
and-primitve-assemblystagecombinesmultiple streamsof data
suchas 3-spaceposition, 3-spacenormal, 3-spaceangentvectors,
texture coordinatesandcolors. Of these the PN triangleconstruc-
tion only usesposition and normal data. The otherdataare for-
wardedto the subtrianglegypically by linearly interpolatingthe
valuesat the verticesof the flat input triangle. Vectorvaluedat-
tributescanalsousequadratidnterpolation.Becauseheinputand
outputtrianglesof the curved PN triangle stageare of the same
format,theimpacton the designon adjacenpipelinestagess min-
imal.

To getaninitial estimateof theimpactof insertingthe triangle-
spavning PN triangle stage ,we determinedhe numberof vector
operationsfor eachoutput subtrianglevertex. The vector opera-
tions are dot products,additionsof two vectors,scalingand per
componentmultiply of two vectors. The currentimplementation
usesbetween6.8 and 11.6 vectoroperationgper generated/ertex
dependingon the numberof evaluations.l od 2 and3 (seeFigure
4) have the highestratio of vectoroperationgervertex.

Figurell1: Maskof PN triangleswith linearly varyingnormal(left)
andquadraticallyvaryingnormal(right).

To geta moredetailedestimateof the impact,we needto con-
siderfill rateandvertex shading.Fill rateis not a bottlenecksince
the screenareain pixels is unchanged.Vertex shading(transfor
mationandlighting) andtrianglesetup, on the otherhand,have to
copewith alargernumberof vertices.Theoverallrenderingoerfor
mancejn mary applicationsijs, however, limited by the bandwidth
neededto feed verticesto the graphicsprocessoratherthan the
graphicsprocessorcycles available for the geometry Therefore,
if the processois sufiiciently fastandthe busis busy curved PN
trianglesrenderat the samespeedasflat triangles.

Allowing a higherorder surface primitive, suchas curved PN
triangles,to be passedlirectly to hardwareis a form of geometry
compessionthatreducesbustraffic into the graphicschip. PN tri-
angles,like other curved surface primitives, can act as a level of
detail mechanism.Sincethe input to the PN triangle stageis the
lowestlevel of detail,aflat triangle,its storagecostsandbandwidth
usageare minimal; and we can obtain higher levels of detail on
thefly. If, instead,a developerwereto storemodelsfor | od 0-4
(Figure4) shewould needapproximately70 timesthe amountof
memory

Key-frameinterpolationis anotherinstancewherePN triangles
substantiallyenhanceperformance.Given two modelswith iden-
tical topology eitherthe CPU or the graphicsprocessomustgen-
erateinterpolatedvaluesbetweenthe vertex positionsof the two
models.An applicationcanreducethe numberof verticesit hasto
storeby applyingthe PN triangle algorithmafter key-frameinter-
polation.

In summary PN trianglescanbe viewed asa methodfor com-
pressinggeometry Both bus bandwidthandmemoryusagecanbe
substantiallyreducedy emplgying coarseinputandPN triangles.

5 Visual Results

Figure 11 highlights the differencein visual appearancéetween
curved PN triangleswith linear and with quadraticnormal. At
times,the PN surfacerenderingis even preferableto the exactren-
dering of higher quality surfaces. Figure 12 placesnext to each
othera 20-triangleconerefinedwith Butterfly interpolatingsubdi-
vision [4] (which convergesto an almosteverywhere  surface)
andthe geometricallynon-smoothsurfaceof curved PN triangles.
Surfacesgeneratedvith modified Butterfly [18] andinterpolatory
subdvision ([9], Figure 10) exhibit the sameextraneousoscil-
lationsasButterfly interpolatingsubdvision. Ourexperimentswvith



Figure 12: Input ‘diamond model’ (top), Butterfly interpolatory
subdvision [4], (left), andthe curved PN triangle surface (right).
(Comparealsowith modifiedButterflyandinterpolatory  subdi-
vision shawn in Figure 10 of [9]).

characterfrom existinggameslemonstratanappreciabléncrease
in visualquality alreadyfor | od 1 or 2; themodelsrenderednthe
rightin Figure13usel od=6.

6 Conclusions and Future Work

Curved PN trianglesaim at providing a smoothersilhouetteand
moreorganicshapéfor triangle-basednodelsat a minimal costfor
modelpreparationapplicationprogrammodification,andrender
ing performance Curved PN trianglescanbe viewed asa triangle
multiplier in thateachPN triangletakeson inputa flat triangleand
outputsmary subtrianglesn the sameformat. Sendinga coarser
triangulationto be rendereccanthereforebe viewed as a form of
geometrycompressiothatreducedandwidthrequirementandal-
lows more geometryto be deliveredto graphicsmemory because
the subtrianglesultimately renderedexist only on the chip. The
underlyingarchitecturds a first steptowardssupportingmuchne-
glectedtriangle-basedurfacesatthe hardwarelevel.
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Figure13: A family of gamecharactergleft) andtheir PN trianglecounterpartgright). The modelswereprovidedby id Software. Noneof
thesecharactersvereauthoredwith PN trianglesin mind.



