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Rotation Minimizing 
Frame (RMF)

Frenet
Components

𝐭 =
ሶ𝐱

|| ሶ𝐱||
, 𝐛 =

ሶ𝐱 ∧ ሷ𝐱

| ሶ𝐱 ∧ ሷ𝐱 |
, 𝐦 = 𝐛 × 𝐭

𝜿 =
| ሷ𝐱∧ ሶ𝐱 |

| ሶ𝐱 |𝟑
,   𝝉 =

𝐝𝐞 𝐭[ ሶ𝐱, ሷ𝐱,ഺ𝐱 ]

| | ሶ𝐱∧ ሷ𝐱| |𝟐

The Problem 
with Frenet
Frames

 Sudden flip about t (aka roll) of the normal plane [m,  b]
 Flips occur at the inflection points , where κ = 0

 Also described as indeterminate behavior of the second difference
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Definition

 For a curve to have a rotation minimizing frame....
 There is no instantaneous rotation about the tangent of the spine 

curve

 Given a vector 𝐫(𝑢) is part of RMF = (𝐭 , 𝐫, 𝐭 × 𝐫) if:

 𝐫∙ 𝐭 =𝟎 (orthogonal)

 𝐫′(𝑢)= 𝜙 𝑢 𝐭(𝑢)(the change in direction is parallel to the tangent 
vector)

Why do we 
care?

 Minimal twist

 Stable at inflection points

 Unique up to an angle constant along the curve (ϕ)

New basis in 
normal plane

For C^1    ൠ
𝐫 𝑢 − 0

𝑢 𝜙 𝑣 𝐭 𝑣 d𝑣= 0

𝐫 𝑢 ∙𝐭 𝑢 =0
solve for r(u) and 𝜙(𝑣)

Due to vector triple product: 𝑎 × 𝑏 × 𝑐 = 𝑏 𝑎 ∙ 𝑐 − 𝑐 𝑎 ∙ 𝑏

ቅ
𝐫′ 𝑢 −𝜙 𝑢 𝐭 𝑢 = 0

𝐫 𝑢 ∙ 𝐭 𝑢 = 0
=> 𝐫′ 𝑢 = 𝐭 𝑢 × 𝐭′ 𝑢 × 𝐫(𝑢)

𝐫′ ∙ 𝐭 = ϕ𝐭 ∙ 𝐭 = ϕ
0 = 𝐫 ∙ 𝐭 ′ = 𝐫′ ∙ 𝐭 + 𝐭′ ∙ 𝐫

Or simply, 𝐫′ 𝑠 : = 𝜅 𝑠 𝐛 𝑠 × 𝐫(𝑠)

So instead we define our system as:

𝐭 𝑢 :=
𝐱′ (𝑢)

| 𝐱′ 𝑢 |
, 𝐫 𝑢 := 𝐬 𝑢 ×𝐭 𝑢 , 𝐭 𝑢 ×𝐫 𝑢 ≔ 𝐬 𝑢

Since 𝜙𝒕= 𝐫′ ∙ 𝐭 𝐭 =− 𝐫 ∙𝐭′ 𝐭= 𝐭 𝑢 ×𝐭′ 𝑢 ×𝐫(𝑢)
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But what is 
rotation of a 

frame along a 
curve?

Frenet Serret
Formula

RMF

To be an RMF – ω satisfies ω • t := 0

𝜔𝑅𝑀𝐹 𝑠 := 𝜅 s 𝐛(s)= 𝜅(𝑠)𝐫(s)𝑣𝐛(s)

d𝐭

d𝑠
:= 𝐝 ×𝐭 ,

d𝐦

d𝑠
: =𝐝 ×𝐦,

d𝐛

d𝑠
:= 𝐝×𝐛

d𝐭

d𝑠
:= 𝝎 ×𝐭 ,

d𝐫

d𝑠
:= 𝝎× 𝐫,

d𝐬

d𝑠
: =𝝎 ×𝐬

𝐝:=𝜅 𝑠 𝒃 𝑠 +𝜏 𝑠 𝒕(𝑠)=: 𝜔𝐹𝑟𝑒𝑛𝑒𝑡 𝑠 , aka Darboux vector
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Result

 Credit where do:

 Rotation-minimizing frames on space curves — theory, 
algorithms, applications by Rida T. Farouki, ucsd

 https://faculty.engineering.ucdavis.edu/farouki/wp-
content/uploads/sites/41/2013/02/Rational-rotation-minimizing-
frames.pdf

 Wang et al. “Computation of Rotation Minimizing Frames”
 https://www.researchgate.net/publication/220183621_Computation

_of_rotation_minimizing_frames

https://faculty.engineering.ucdavis.edu/farouki/wp-content/uploads/sites/41/2013/02/Rational-rotation-minimizing-frames.pdf
https://www.researchgate.net/publication/220183621_Computation_of_rotation_minimizing_frames

