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E Convex Hulls

E.1 De nitions

We are given a set P of n points in the plane. We want to compute something called the convex
hull of P. Intuitiv ely, the corvex hull is what you get by driving a nail into the plane at ead point
and then wrapping a pieceof string around the nails. More formally, the corvex hull is the smallest
corvex polygon containing the points:

polygon: A region of the plane bounded by a cycle of line segmets, called edges joined
end-to-endin a cycle. Points where two successie edgesmeet are called vertices

convex: For any two points p;g inside the polygon, the line segmem pg is completely inside
the polygon.

smallest: Any cornvex proper subsetof the corvex hull excludesat leastonepoint in P. This
implies that every vertex of the corvex hull is a point in P.

We can alsode ne the corvex hull asthe largest corvex polygon whosevertices are all points in P,
or the unigue corvex polygon that contains P and whosevertices are all points in P. Notice that
P might have interior points that are not vertices of the corvex hull.

A set of points and its convexhull.
Convexhull verticesare black; interior points are white.

Just to make things concrete,we will represen the points in P by their Cartesian coordinates,
in two arrays X[1::n] and Y[1::n]. We will represen the convex hull as a circular linked list of
verticesin counterclockwise order. if the ith point is a vertex of the corvex hull, next[i] is index of
the next vertex counterclockwise and predi] is the index of the next vertex clockwise; otherwise,
next[i] = predi] = 0. It doesn't matter which vertex we choose as the “head' of the list. The
decisionto list vertices counterclockwise instead of clockwise is arbitrary .

To simplify the presenation of the corvex hull algorithms, | will assumethat the points arein
geneal position, meaning (in this cortext) that no three points lie on a common line. This is just
like assumingthat no two elemerts are equal when we talk about sorting algorithms. If we wanted
to really implement thesealgorithms, we would have to handle colinear triples correctly, or at least
consistertly. This is fairly easy but de nitely not trivial.

E.2 Simple Cases

Computing the convex hull of a single point is trivial; we just return that point. Computing the
convex hull of two points is alsotrivial.

For three points, we have two di erent possibilities | either the points are listed in the array
in clockwise order or counterclockwise order. Supposeour three points are (a;hb), (c;d), and (e;f),
given in that order, and for the momert, let's also supposethat the rst point is furthest to the
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left, so a'< canda< f. Then the three points are ir'1 counterclockwise order if and only if the line
(a;b)(c;d) is lessthan the slope of the line (a;b)(e;f):

courterclockwise () d b < P b
c a e a

Sinceboth denominators are positive, we can rewrite this inequality as follows:

‘courterclockwise() f b(c a)>(d boe a)\

This nal inequality is correct even if (a;b) is not the leftmost point. If the inequality is reversed,
then the points are in clockwise order. If the three points are colinear (remenber, we're assuming
that never happens), then the two expressionsare equal.

(e.f)

~D

(c.d)

Three points in counterclockwise order.

@&b)

Another way of thinking about this cournterclockwise test is that we're computing the cross-
product of the two vectors(c;d) (a;b) and (e;f) (a;b), which isdened asa2 2 determinant:

. c ad b
courterclockwise () e af b >0
We can alsowrite it asa3 3 determinant:
1 ab
counterclockwise () 1 ¢ d >0
1 e f

All three boxed expressionsare algebraically identical.

This counterclockwise test plays exactly the samerole in convex hull algorithms as comparisons
play in sorting algorithms. Computing the corvex hull of of three points is analogousto sorting
two numbers: either they're in the correct order or in the opposite order.

E.3 Jarvis's Algorithm (W rapping)

Perhapsthe simplestalgorithm for computing convex hulls simply simulatesthe processof wrapping
a piece of string around the points. This algorithm is usually called Jarvis's march, but it is also
referred to asthe gift-wrapping algorithm.

Jarvis's march starts by computing the leftmost point 7, i.e., the point whosex-coordinate is
smallest, since we know that the left most point must be a corvex hull vertex. Finding = clearly
takeslinear time.



CS 373 Non-Lecture E: Convex Hulls Fall 2002

The executionof Jarvis's March.

Then the algorithm does a seriesof pivoting stepsto nd ead successie convex hull vertex,
starting with ~ and cortinuing until we reach ~ again. The vertex immediately following a point p
is the point that appearsto be furthest to the right to someonestanding at p and looking at the
other points. In other words, if g is the vertex following p, and r is any other input point, then
the triple p;q;r is in counter-clockwise order. We can nd ead successie vertex in linear time by
performing a seriesof O(n) courter-clockwise tests.

Jar visMar ch(X[1:n];Y[1::n]):
R
for i 2ton
if X[i]< X[]
i
0
repeat
q pt+t1l iViake surep 6 qii
for i 2ton
if CCW (p;i; g)
q i
next[p] o prevd p
p q
until p="~

Sincethe algorithm spendsO(n) time for ead corvex hull vertex, the worst-caserunning time
is O(n?). However, this nasve analysis hides the fact that if the corvex hull has very few vertices,
Jarvis's march is extremely fast. A better way to write the running time is O(nh), where h is the
number of convex hull vertices. In the worst case,h = n, and we get our old O(n2) time bound,
but in the bestcaseh = 3, and the algorithm only needsO(n) time. Computational geometerscall
this an output-sensitive algorithm; the smaller the output, the faster the algorithm.

E.4 Divide and Conquer (Splitting)

The behavior of Jarvis's marsh is very much like selectionsort: repeatedly nd the item that goes
in the next slot. In fact, most corvex hull algorithms resenble somesorting algorithm.

For example, the following convex hull algorithm resenbles quicksort. We start by choosing a
pivot point p. Partitions the input points into two setsL and R, cortaining the points to the left
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of p, including p itself, and the points to the right of p, by comparing x-coordinates. Recursively
compute the corvex hulls of L and R. Finally, mergethe two convex hulls into the nal output.
The merge step requiresa little explanation. We start by connecting the two hulls with a line
segmemn between the rightmost point of the hull of L with the leftmost point of the hull of R.
Call these points p and g, respectively. (Yes,it's the samep.) Actually, let's add two copies of
the segmem pg and call them bridges Since p and g can “see'ead other, this createsa sort of
dumbbell-shaped polygon, which is convex except possibly at the endpoints o the bridges.

rd <>

q q q

Merging the left and right subhulls.

We now expand this dumbbell into the correct corvex hull as follows. As long as there is a
clockwise turn at either endpoint of either bridge, we remove that point from the circular sequence
of vertices and connectits two neighbors. As soon asthe turns at both endpoints of both bridges
are cournter-clockwise, we can stop. At that point, the bridgeslie on the upper and lower common
tangent lines of the two subhulls. Theseare the two lines that touch both subhulls, suc that both
subhulls lie below the upper commontangen line and above the lower commontangen line.

Merging the two subhulls takes O(n) time in the worst case. Thus, the running time is given
by the recurrenceT(n) = O(n)+ T(k)+ T(n k), just like quicksort, wherek the number of points
in R. Just like quicksort, if we use a nasve deterministic algorithm to choosethe pivot point p,
the worst-caserunning time of this algorithm is O(n?). If we choosethe pivot point randomly, the
expected running time is O(nlogn).

There are inputs wherethis algorithm is clearly wasteful (at least, clearly to us). If we're really
unlucky, we'll spend a long time putting together the subhulls, only to throw almost everything
away during the mergestep. Thus, this divide-and-conqueralgorithm is not output sensitive.

A set of points that shouldn't be divided and conquered.

E.5 Graham's Algorithm (Scanning)

Our third convex hull algorithm, called Graham's s@an, rst explicitly sorts the points in O(nlogn)
and then applies a linear-time scanningalgorithm to nish building the hull.

4
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We start Graham's scanby nding the leftmost point °, just asin Jarvis's march. Then we
sort the points in counterclockwise order around °. We can do this in O(nlogn) time with any
comparison-basedsorting algorithm (quicksort, mergesort, heapsort, etc.). To comparetwo points
p and g, we chedk whether the triple °; p;q is oriented clockwise or counterclockwise. Once the
points are sorted, we connectedthem in counterclockwise order, starting and ending at *. The
result is a simple polygon with n vertices.

A simple polygon formed in the sating phaseof Graham'sscan.

To change this polygon into the corvex hull, we apply the following “three-penry algorithm'.
We have three pennies,which will sit on three consecutiwe vertices p;q;r of the polygon; initially ,
theseare ™ and the two vertices after . We now apply the following two rules over and over until
a penry is moved forward onto :

If p;q;r arein courterclockwise order, move the badk penry forward to the successowf r.

If p;qg;r arein clockwise order, remove g from the polygon, add the edgepr, and move the
middle penny badkward to the predecessonf p.

¢
oS

Whenewer a penny moves forward, it moves onto a vertex that hasn't seena penrny before
(except the last time), sothe rst rule is appliedn 2 times. Whenewer a penrny movesbadkwards,
a vertex is removed from the polygon, sothe secondrule is applied exactly n  h times, whereh is
as usual the number of convex hull vertices. Sinceead counterclockwise test takes constart time,
the scanningphasetakes O(n) time altogether.

=
&

The “three-penny' scanningphaseof Graham'sscan.

E.6 Chan's Algorithm (Shattering)

The last algorithm I'll describe is an output-sensitive algorithm that is never slower than either
Jarvis's march or Graham's scan. The running time of this algorithm, which was discovered by
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Timothy Chanin 1993,is O(n logh). Chan's algorithm is a combination of divide-and-conquerand
gift-wrapping.

First supposea ’little birdie' tells us the value of h; we'll worry about how to implement the
little birdie in amomert. Chan's algorithm starts by shattering the input points into n=h arbitrary *
subsets,ead of sizeh, and computing the corvex hull of eat subsetusing (say) Graham's scan.
This much of the algorithm requiresO((n=h) hlogh) = O(nlogh) time.

AN 4
. -

Shattering the points and computing subhullsin O(n log h) time.

Once we have the n=h subhulls, we follow the general outline of Jarvis's march, “wrapping a
string around' the n=h subhulls. Starting with p = °, where * is the leftmost input point, we
successiely nd the corvex hull vertex the follows p and counterclockwise order until we return
bad to * again.

The vertex that follows pis the point that appearsto be furthest to the right to someonestanding
at p. This meansthat the successorf p must lie on a right tangent line betweenp and one of
the subhullsja line from p through a vertex of the subhull, such that the subhull lies completely
on the right side of the line from p's point of view. We can nd the right tangent line betweenp
and any subhull in O(log h) time using a variant of binary seart. (This is a practice problem in
the homework!) Sincethere are n=h subhulls, nding the successoiwf p takes O((n=h) logh) time
altogether.

Sincethere are h corvex hull edges,and we nd ead edgein O((n=h)logh) time, the overall
running time of the algorithm is O(nlogh).

Wrapping the subhullsin O(nlogh) time.

Unfortunately, this algorithm only takes O(nlogh) time if a little birdie hastold us the value
of h in advance. So how do we implemert the little birdie' ? Chan's trick is to guessthe correct
value of h; let's denote the guessby h . Then we shatter the points into n=h subsetsof sizeh ,
compute their subhulls, and then nd the rst h edgesof the global hull. If h < h , this algorithm
computesthe complete corvex hull in O(nlogh ) time. Otherwise, the hull doesn't wrap all the
way badk around to *, sowe know our guessh is too small.

Chan's algorithm starts with the optimistic guessh = 3. If we nish an iteration of the
algorithm and nd that h istoo small, we squae h andtry again. In the nal iteration, h < h?,
sothe last iteration takesO(nlogh ) = O(nlogh?) = O(nlogh) time. The total running time of
Chan's algorithm is given by the sum

O(nlog3+ nlog32+ nlog3*+  + nlog3%);

YIn the gures, in order to keepthings asclear as possible, I've chosenthese subsetsso that their convex hulls are
disjoint. This is not true in general!
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for someinteger k. We can rewrite this as a geometric series:
O(nlog3+ 2nlog3+ 4nlog3+ + 2“nlog3):

Sinceany geometric seriesadds up to a constart times its largestterm, the total running time is a
constart times the time taken by the last iteration, which is O(nlogh). So Chan's algorithm runs
in O(nlogh) time overall, even without the little birdie.



