
COT5405: ANALYSIS OF ALGORITHMSMidTerm Exam I
Date: Sep 27, 2007, Thursday
Time: 1:55pm { 3:55pm
Professor: Alper �Ung�or (OÆ
e CSE 430)This is a 
losed book exam. No 
ollaborations are allowed. Your solutions should be 
on
ise,but 
omplete, and handwritten 
learly. Use only the spa
e provided in this booklet, in
ludingthe even numbered pages. Feel free to give referen
e to the algorithms, de�nitions and 
on
eptsdis
ussed in 
lass rather than des
ribing them in detail. There are no bonus points.

GOOD LUCK!

::::::

Your
::::::::::

name:
::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::

Credit MaxProblem 1 15Problem 2 15Problem 3 20Problem 4 20Problem 5 20Total 100
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1. [15 points = 3 + 3 + 3 + 3 + 3℄ True/False Questions (no need for justifi
ation)(a) True/FalseLet T(n) = T(αn) + T((1 − α)n) + cn, where α is a 
onstant in the range 0 < α < 1, cis a positive 
onstant, and T(1) is O(1). Then, T(n) is O(n log n).
(b) True/FalseGiven an open-addressed hash table with load fa
tor α, the number of probes in anuns
u

essful sear
h is at most 1/(1 − α).
(
) True/False

f(n) is O(g(n)) if and only if g(n) is Ω(f(n)).
(d) True/FalseGiven a set of n numbers, one 
an output in sorted order the k elements following themedian in sorted order in O(n + k log k) time.
(e) True/FalseRadix sort requires an in-pla
e auxiliary sort in order to work properly.
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2. [15 points℄ Interval (Red-Bla
k) TreesLet A = {[1, 4], [3, 14], [7, 9], [5, 12], [8, 23], [14, 16]} be a set of intervals. Re
all the augmenteddata stru
ture presented in 
lass to maintain intervals using red-bla
k trees. Constru
t aninterval (red-bla
k) tree of A, verifying its properties. Is this tree unique?
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3. [20 points = 6 + 6 + 8℄ HeapsRe
all the array-based implementation of a max-heap, where ea
h insertion involves a bottomup traversal (with potential ex
hanges) in the heap tree. Suppose we 
onstru
t a max-heapby su

essively inserting n distin
t items into an initially empty heap.(a) How many di�erent trees 
an you get for n = 3 items, e.g., f1,2,3g? Draw the trees.(b) How many di�erent trees 
an you get for n = 4 items? Draw the trees.(
) Is it true that if you pi
k a random sequen
e of n items then ea
h of the possible treesis equally likely? Justify your answer.
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4. [20 points = 5 + 5 + 10℄ Dynami
 ProgrammingWe are given the pri
es of a sto
k for n 
onse
utive days. Let pi represent the pri
e of asto
k on day i. Let ∆i,j = pj − pi denote the amount of money an investor makes (or loses)by buying this sto
k on day i and selling it on a later day j.(a) Des
ribe a linear time algorithm to 
ompute the maximum possible pro�t an investor
ould make by a single buy-and-sell transa
tion, i.e., max1≤i<j≤n{∆i,j}.(b) Let F(t) = max1≤i<j≤t{∆i,j} denote the maximum pro�t an investor 
ould make in the�rst t days by a single buy-and-sell transa
tion. Similarly, let L(t) = maxt≤i<j≤n{∆i,j}denote the maximum pro�t an investor 
ould make in the last t days by a single buy-and-sell transa
tion. Adapt your algorithm in part (a) for 
omputing F(t) and L(t) forall t = 1, . . . , n in linear time.(
) Des
ribe a linear time algorithm to 
ompute the maximum possible pro�t an investor
ould make by two buy-and-sell transa
tions. Spe
i�
ally, your algorithm should �nd
i, j, k, l that maximizes ∆i,j + ∆k,l su
h that i < j < k < l.
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5. [20 points = 3 + 3 + 2 + 6 + 6℄ Lower/Upper BoundsConsider the problem of �nding the three largest numbers (in de
reasing order) from a
olle
tion of 8 distin
t numbers using 
omparisons.Let u be an upper bound on the number of 
omparisons used by an algorithm (say Alg A)that solves this problem. Let l be a lower bound on the number of 
omparisons requiredto solve this problem by any algorithm. (Think of u and l simply as numbers, like \10" or\20", sin
e there is no input size parameter su
h as n in the problem).(a) Is it possible that u < l? What would you 
on
lude about Alg A and its optimality?(b) Is it possible that u > l? What would you 
on
lude about Alg A and its optimality?(
) Is it possible that u = l? What would you 
on
lude about Alg A and its optimality?(d) Des
ibe an algorithm with a good upper bound u.(e) Find a good lower bound l on the number of 
omparisons. (Hint: Consider the # ofleaves in a de
ision tree.)[For parts (d) and (e), your bounds are 
ertainly good if u − l ≤ 3. Otherwise, partial
redit will be given.℄
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