
COT3100: Dis
rete Stru
tures { Spring 2007Final Exam (Sample)This is a 
losed book exam. No 
ollaborations are allowed. Your solutions should be
on
ise, 
omplete, and legible. Use only the spa
e provided below ea
h question. Good

luck!

:::::::

Your
:::::::::

name:
:::::::::::::::::::::::::::::::::::::::::::::::::

Credit MaxProblem 1 10Problem 2 10Problem 3 15Problem 4 10Problem 5 15Problem 6 10Problem 7 10Problem 8 20Total 100
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1. [10 pts℄ A simple graph is 
alled k-regular if every vertex of this graph has degree k.Show that if a bipartite graph G = (V, E) is k-regular for some positive integer k and (V1, V2)is a bipartition of V , then |V1| = |V2|. That is, show that the two sets in a bipartition of thevertex set of an k-regular graph must 
ontain the same number of verti
es.
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2. [10 pts℄ S
hedule the pra
ti
e hours (one hour per week for ea
h team) for the GainesvilleHigh S
hool's Basketball, Football, So

er, Baseball, and Volleyball teams using the fewestnumber of time slots per week, if there are no student athletes playing both Basketballand Baseball, both Football and So

er, both Volleyball and Basketball, both Baseball andVolleyball, but there are athletes playing in every other 
ombination of sports.(Go Purple Hurri
anes!).
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3. [15 pts℄ In an old puzzle, a farmer needs to 
arry a wolf, a goat, and a 
abbage a
ross a river.The farmer only has a small boat, whi
h 
an 
arry the farmer and only one obje
t (an animalor a vegetable). He 
an 
ross the river repeatedly. However, if the farmer is on the othershore, the wolf will eat the goat and the goat will eat the 
abbage. We 
an des
ribe ea
hstate by listing what is on ea
h shore. For example, we 
an use the pair (FG,WC) for thestate where the farmer and goat are on the �rst shore and the wolf and the 
abbage are onthe other shore. [The symbol ∅ is used when nothing is on a shore, so that (FWGC, ∅) is theinitial state.℄(a) Find all allowable states of the puzzle, where neither the wolf and the goat nor the goatand the 
abbage are left on the same shore without the farmer. Constru
t a graph su
hthat ea
h vertex of this graph represents an allowable state and the verti
es representingtwo allowable states are 
onne
ted if it is possible to move from one state to the otherusing one trip of the boat.
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(b) Note that �nding a path from the vertex representing (FWGC, ∅) to the vertex repre-senting (∅, FWGC) solves the puzzle. Find two di�erent solutions of the puzzle, ea
husing seven 
rossings.

(
) Suppose that the farmer must pay a toll of one dollar whenever he 
rosses the river withan animal. Whi
h solution of the puzzle should the farmer use to pay the least totalbill?
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4. [10 pts℄ Prove that (x + 1)! is not O(x!) using only the de�nition of Big-Oh notation.(Hint: log(a · b) = log a + log b)
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5. [15 pts℄ Use indu
tion to prove that (a − b) divides an − bn for all real numbers a and b andinteger n ≥ 1.
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6. [10 pts℄ Given a set A with n elements. Find the number of symmetri
 binary relations onthe set A.
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7. [10 pts℄ You have 40 di�erent books (20 math books, 15 history books, 5 geography books).You pi
k two books at random, one at a time. What is the probability that the two booksare from di�erent dis
iplines?
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8. [20 pts℄ In the questions (a) to (d) �ll in the blanks(No need to explain your answer.)
(a) Km,n has

::::::::::::::::

edges and
::::::::::::::::

verti
es.
(b) The length of the longest simple 
ir
uit (
y
le) in K5 is

::::::::::::::::

.
(
) Give a re
urren
e relation for the number of edges, en of the n-
ube graph, Qn.

en =
:::::::::::::::::::::::::::::::::::::::::::::::

(d) There are
::::::::::::::::

1s and
::::::::::::::::

0s in the adja
en
y matrix of Cn.(e) Determine if ea
h of the following statements is True or False. (No need to explainyour answer.)� (q ∧ (p → ¬q)) → ¬p is a tautology.� Let f : N → N be fun
tion de�ned as f(n) = 3n2 − 1. f is a one-to-one fun
tion.
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