NOTESON THE MECHANICAL EVALUATION OF APPLICATIVE EXPRESSSIONS

The substitution mechanism fovaluating applicatre expressions is camnient for humans, ut
incorvenient for machines, since the argument®lined may be arbitrarily compte Herewe introduce a
mechanical means fowvauating applicatie exressions: the CSE Machine. It is an abstract machine
(implemented via software in the PAL compiler-interpreter) with the following components:

C -Control -contains a sequence of operations

S -Stack -contains operands

E -Environment -Initially, PE. Updated asvaluation proceeds
M - Machine

The primitve environment (PE) is assumed to be a collection of objects and operations the¢ eha
accordance with a common-sense set of ridegually, another mechanism is used to specify thasai-
mon-sensé’rules; it is called the grammatical axiomatization ofARB Universe of Discourse. In gn
evant, one "looks up" names in the PE (e.g. "+"); in return one obtains the "real" object, be igan ante
truthvalue, or an operation.

We kegn by taking a gien RPAL programs drandardized syntax tree, and flattening it to a "control
structure” (rather than to an applieatiexpression) by a simple pre-order tree walk.

Example: Evaluate -2 ** (a-b), in an environment in which a=6 and b=1.

280

- a

Flattened structureznegy y **2 y y-ah
This control structure is placed on the Control of the CSE Machine, which operates (vaguely) as follows:
1) Remae the right-most item from the control.

2) Ifit's a rame (variable, constant, primnviéi goeration) then lookup the name in the currert-en
ronment, and push the result on the stack.

3) Ifitis y, then pop the stack (obtaining the rator), pop it again (obtaining the rand), apply the
rator to the rand, and push the result.

4)  Stopif the control is empty: the value on the stack is the result.

In our case, recall that a=6 and b3/e will deal later with hav these names get associated with thede v
ues.
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CONTROL STACK  ENV
ynegyy*™2yy-ab E
ynegyy*=2yy-a 1
ynegyy**2yy- 61
ynegyy*2yy Minus 6 1
ynegyy*>2y Minus6 1
y negy y ** 2 5
y negy y ** 25
y negy y Exp25
y negy Exp2 5
y ney R
y Neg 32

-32

Here, Minus is a function that subtracts its second argument from its first one. Minus6 is a function that
subtracts its argument from sixp is (in a similar fashion) the exponentiation function, and Exp2 is the
function that raises twto the power of its gument. Thalifference between an operator on the control
and the operator on the stack is a subtle one: on the control veertig the name of the operator (e.g.

"neg", "**"). When this name surfaces on the right-most end of the control, we look it up in thev@imiti
ervironment, and obtain the corresponding function. In the case gf,"the function obtained is (arbitrar

ily) called Neg, and it is staekl. Ingeneral, then, the control contains oplg and names, whereas the
stack contains "real" objects (integers, truthvalues, functions, etc.).

Evaluating A expressions.

So far, we haveseen that\ery intermediate value in an applioatiexpression is actually computed,
and held (at least temporarily) on the statik.a A-expression such asAk.A1y.x+y) 2 3", the question is:
"What is the intermediate value foay.x+y" ? The answer is that the valuedsntextually dependent
upon the larger expression thatyx+y" is embedded in.In this particular case, that value can be
described, in English, as follows: "the value is a function thpe@s an argument gnd will add y to x.
The function will operate in an environment in which x=2".

In general, seeral ervironments may be created during the coursewvafuating an applicate
expression. Imother words, different environments apply in different parts of xpeession. Thesenvi-
ronments will be numbered conseedly as theg are created.

We will use a single symbol to represenfi-@xpression, both on the control, and on the staldhke
symbol is' A}, where iis the emironment, kis the control structure of the functisrbody, and xis the func-
tion’s bound \ariable. Noticethat bothk and x are static, i.e. theare known before theveluation of the
expression bgins. iis determined during theva@luation. TheA-expression becomes.aclosure when its
environment is determined.

Control structures (indicated Ildy/s) are generated from the standardized tree as follows:
1)  Bagin with Jy: perform a pre-order walk of the standardized tiéer. each node:
a) ifitis a name, add it to the current control structure.
b) ifitis ay, add it to the current control structure.

c) Ifitis a4, add A to the current control structure, wherés a rew index, andx is the
nodes left kid. Generate control structudg by traversing theA nodes right kid.

PLP Notes The CSE Machine



Examples:

Applicative expression

Controbtructures

(Axx-1)4 * 2

(AXAWX+w) 5 6

So=yy*yAa2

o=yy-x1
S=yyA56
a =47

O =yy+XwW

(AX1+QW-W)X)[(AZ2.2*2)7]  So=y ALy A5 7

SG=yy+lyagx
o=yy*2z
J=yneggw

We will now need environment magks on both the control and the stack, and we will need to keep track of
the information wailable in the various environments that are created.

Here are the rules for operating the CSE Machine:

CONTROL STACK ENV
Initial Configuration g & | eg=PE
CSE Rule 1 (stacking a name) .... Name whereOb=Lookup(Name &
Ob.... | whereg; = current environment
CSE Rule 2 (stacking &) o AR .
°A% ... | whereg, = current environment
CSE Rule 3 (Applying a rator) e Rator Rand ....
Result... | whereResult=Apply[Rator,Rand]
CSE Rule 4 (Applying @-closure) ey ‘AXRand ....| g=[Rand/x]e
CSE Rule 5 (exit from etronment) | ...e, vaue g, ....
value ....
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Example 1:
Applicative expression  Controbtructures
(AX.x-1)4 * 2 So=yy*yA42
a=yy-x1
RULE CONTROL STACK ENV
1 @yy*yira2 & | @=PE
1 Qyy*yra 2¢g
2 &yy*y A 42¢
4 Qyy*y 00 42e
1 &yy*eyy-x1 a2e | &=[4Xe
1 &yy*eryy-x le2eq
1 &yy*eyy- 412q
3 &yy*eyy -4le2e
3 &yy*ey (4)1le2q
5 &yy*re 32
1 &yy* 32q
3 &Yy *32¢q
3 &Yy (*3)2e&
S) & e
6

Relationships among environments.

Environments that are created during thealgation of an applicate expression exhibit a tree struc-

ture, since wery environment that is opened is lgtkto a previously opened (but not necessarily currently

active) environment. Inthis particular case:
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Example 2:

Environment Structure:

PLP Notes

Applicative expression  Controbtructures
(AXAWXx+W) 5 6 d=yyA56
o= A7

O =yy+tXw

RULE  CONTROL STACK ENV
1 &yyA56 e | &=PE
1 QyyAr5 6e
2 &y y A 56
4 ey ¥y °){ 566
2 ey & Ay e 6e | a=[5/xe
5 Qv e Webe
4 Y% 125 6
1 @&y Yy +XW &6 | &=[6/w]e
1 &eyy+tX 6e; e
1 &eyy+ 56
3 e Yy +566 ¢
3 @&y (+5)6e &
5 & e llge
5 & 11l g
11
RS
Y
a 5/x
Y
& 6/w
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Example 3:

Applicative expression

Controbtructures

(AX1+Aw-wW)X)[(Az2.2*2)7]

do=y M yAsT
SG=yy+lyayx

H=yy*2z
3=y negw
RULE CONTROL STACK ENV
1 QyALyazT & | &=PE
2 &y Ay As 7e
4 &y Ay o057 &
111 | gyieyy*2z a & | e=[7/ze
3.3 eyiieyy *27e &
5 &yAe l4qe
2 &y At 14 g
4 % O)f14 g
1 &eyy+lysx & & | &=[14/X]&
2 @&yy+1lyay l4ee
4 eeyy+ly 225 140
11,3 &y y+leynegw 866 | 6=[l4wle
5 aeyy+le -ldee g
1133 geyy+1 14 g6
5 & & 136
5 & -13 ¢
-13
Environment Structure:
% PE
a 7z 14/x
/
14/w
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Optimizationsfor the CSE Machine.

The abwoe five wiles for operating the CSE Machine are sufficient for carrying outviheation of
ary applicative expression, but theare rather clumsy for unary and binary operators, for conditionals, for
tuples, and for n-ary functions. Here are additional rules for operating the CSE Machine more efficiently.
CSE Rules6 and 7: Unary and Binary Operators.

In the control structures, abbreviate:

yy+ to +
yy- 1o -

... (other binary operators)
yneg to neg
ynot to not

(other unary operators)

CONTROL STACK ENV
CSE Rule 6 (binop)| .... binop Rand Rand |...
Result... | whereResult=Apply[binop,Rand,Rand]

CSE Rule 7 (unop) ... unop Rand ...
Result... | whereResult=Apply[unop,Rand]

CSE Rule 8: Conditional.

For an epression of the form "B- E; | E,", generate the following control structures:

5then 5else ﬂ B
Jthen= control structure for

Jdeise= control structure for £

Here, "B" will be ealuated first, leaving (we hope) a trustive on the top of the stackhen, 3 is an oper
ator that pops the truthvalue from the stack, and based on it, keeps one'sfahe discards the other
Note: Here, 8 and d have rothing to do with the so-named reductions for applieaépressions. Also
note that with these control structures, it is no longer necessary to standardize' thedé in the AST
Primitive gperator "Cond" is no longer necessary.

CONTROL STACK  ENV
CSE Rule 8 (Conditional .Othen Oelse B true ....

-+ Othen

-+ Othen Oelse B false ....

v Oolse

Example Applicative expression  Controbtructures
(An.n<0- -n|n)(-3) Jy=y A7 neg3
01=0,88<n0
5, =negn
d=n
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RULE CONTROL STACK ENV
1 & y A1 neg 3 & | &=PE
7 & ¥ A1 ney 3e
2 &y AL 38
4 QY 027 -3
1,1 86 0,0 8<n0 & | e=[-3/nlg
6 &6 5 d B< 306 &
8 &e dhd B true g g
1,7 @ e negn Q &
5,5 Y- 3ag
3

CSE Rules9and 10: Tuples.

For a tuple of the form Ky, E,, ..., E,), generate the control structurg E; ... E,". Herer, pops then top-
most values from the stack, neska tuple with them, and pushes the tuple on the stack. Note that tuple ele-
ments areeluatedright-to-left this way.

CONTROL STACK ENV
CSE Rule 9 (tuple formation .Tn Vi V.
(2T /S
CSE Rule 10 (tuple selection) .. (V1,0 V) | ...
V...

CSE Rule 11: n-ary functions.

For an pression of the formi(x,y).E, simply allev each environment to bind more than one variable to a
value. Itwill no longer be necessary to standardize subtrees in which there is a "," node to the left of a
node.

CONTROL STACK ENV
CSE Rule 11 (n-ary function M C/I,\(/l“"’V” Rand ....| g=[Rand 1/\{]...[Rand n/\{]e.

Example:

Applicative expression  Contrabtructures
(A(x,y).x+y) (5,6) do=y M 1,56
o =+Xxy
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RULE CONTROL STACK ENV
1,1 ey Y 1,56 § | &=PE
9 ey A1 566
2 g (5.6) &
11 Qy °27 (5.6) @
11 ®6 +Xy a e | e=[5/x][6lyle
6 e + 56¢ g
55 ®e llge
11
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