Chapter

Differential Equations

..1- Example: Below are three differential equations (of increasing claxipy)

followed by a fourth equation that is not a differential egol. Heret € R,
t := [t;,12] € R? and; € R anddy = ¢’ in one variable and otherwis®, =

(O1y, .., Ony).
Py(t) | dy(t)

Y2 92 +71 ot +%y(t) =0 (1)
2
(a%_it)) —ty(t)48%—§f) +siny(t) =0 (.:2)
2
U — (1) 20 20 (3)
dy = y(y(1)). (-4)

Solving a differential equation means to find a functipthat satisfies the equa-
tion.

| Ordinary differential equations

An ODE is an equation of the form
F(ty(t),0y(t),...,0y(t) =0, teR

to be solved foy : R — R™.
What is an explicit, what an implicit ODE?

1



CHAPTER . DIFFERENTIAL EQUATIONS 2

The Cauchy Problenor IVP (Initial value problem)

oy = F(t, ', ..., 0" y)
(8’y)(a) = Y0, 1=0.n— 1,

is equivalent to the first order system

oy = fi(t,y), 1=1.m
y((l) =Yo, te [CL, b]a

wherey := (y1,...,Ym)

A.1.3— Example: Consider the system (frodfu = —u + t)

ov=—u-+t (1.2)

With y := [ ], we have

Dy = F(t,y) — [_“u} + m .

The IVP is to determine a function (on a manifold) given tihasiope (a direction
field) and an starting point are known.

Draw the direction field of

in a neighborhood of = 1.
Cauchy, (Picard, Lindélf) existence and uniqueness theorem
If f;,7 = 1..m are bounded and uniformly Lipshitz continuous on

G:={t,y: |[t—to| <a,lyi — yio| <b},

ie
|fi(t,y) = fi(t,y)| < K[|y — ¥l
then the Cauchy problem hasiaique solutiorfor |t — ¢o| < min{a, b/max f;|}.
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The proof is viaPicard iteration
t
Yn = Yo +/ (T yna(T))dT, yo(t) = yo.

lterate three times to approximately sofg = t> + 42,

in a neighborhood of =1 ?
There are a number of classical methods to solve classes BE@kplicitly.
But we skip them for now in favor of numerical techniques.

Il Euler'sMethod

yields generally inaccurate approximations to the fumctiod should be avoided
in practice — but it nicely motivates the strategy. Consither following Taylor
expansion and note the substitution= f:

y(t + h) = y(t) + hoy(t) + O(h?)
= y(t) + hf(t,y(t) + O(h?).

The substitution is smart becaugés known for all values of andy. Accepting
an error ofO(h?), Euler decided to start withy = y(a) = « and compute the
approximationt” to y by thealgorithm

Yigr =Yi+hf(a+ih,Y;),
i=0,1,...,N:=(b—a)/h,

for a fixed step sizé.

B.1l.7— Example: The IVP

dy=—y+t+1, telo,1] y(0)=1. (I1.1)
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has the exact solutiop= ¢ + e~*. Chooseh = 1—10 andY, = 1. Then

1 1
Vi=14+—=(-14+04+0—=)+1)=1

10 10
1 1
Yo= 14 1o(-14(0+155) +1) = 101

Note that the algorithm makes sense wheandy are vectors. Thewf is a
matrix.

a Error analysisof Euler’s method

Thelocal discretization erras defined as

Subtracting Euler’s ruley,, = Y, + hf(t,,Y,), from the Taylor expansion of
Y(tnt1) = y(tn) + hdy(tn) + &= D?y(7) yields

s = en -+ B (s y(t2)) — Fltw Yol + o D2y()

2
f(tmy(tn))_f(tmyn) h? 2
=e,+h n+—D
en + Yt — Y, €n + 5 y(&)
h2M
<e,+ hLe, + 5

for 0, f < L andD?y < M on the interval of interest.

b Upper bound on thelocal discretization error

Check that the difference equation

h2M

=0, &= 0+nhL)+ 5
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has the solutiog,, := ¢(1 + hL)", ¢ := ’;—Jf Then¢,, > e, is an upper bound on
the local discretization erroiStart the induction witl§y, = eq = 0 and check that
&ni1 = (1+RL),, + cLh > (1 + hL)e, + cLh > e,.1.

To get aglobal discretization errarsel + = < e¥, to estimate

£, < (e _ 1) = ¢(eltn=m0)L _ 1),
local error

== local truncation error
== local discretization error
~ accuracy(when only the differential operator and not the right haitk ss
considered).
Adding all the NV local errors yields théotal discretization error
== accumulated error
== global discretization error

B.I.9— Example: The local discretization error of Euler's method(gh?) =
O(N72).
The total discretization error of Euler's methodV€)(N—2) = O(N~1). This
is consistent with the errdriZ (e~ — 1) computed earlier.

Il Taylor-expansion methods.

Euler's method is also called a first degree (second ordgipiTenethod (why?).
A second degree Taylor method is based on the expansion

y(t+h) =y(t) + Oy(t)h + aQy(lﬁ)%2 + O(h?)
Sincedy(t) = f(t,y(t)) = f(g(t)) whereg : R — R?, ¢ — g(t) := (t,y(t)),
oy = o(1(a) = @Na)oa = 01 0u1) 3] = [ons 1] [
_0uf f+ S (111.1)

Verify the expansion by applying the chain rule of differ-
entiation.

C.II1.11- Example: If f = y? + 3t, thend, f = 2y andd, f = 3.
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a Systemsof ODEs

Recall that systems of ODEs arise for example from writinggaér order ODE
as a system of first order equations.

0%y = f(t,y(t))

becomes

8mzhﬂw]

C.1Il.12— Example: We continue (I.1)Ju = v, dv = —u + t, and apply a second

degree Taylor method to these two ODEs. 8gt= F(t,y) and, according to
(111.1), to get the approximation

Ui+1_Ui+ Vi h+( 0 1 \% +0)h_2
Vi) Vi —U; +t; —1 0| |-U;+t; 172"
We can derivédnigher order Taylor methodsom the expansion

hi
—'Djy -+ O hk+1)

M»

<.

7=0
and substituting.
oy =f

Oy =0Oof x Oy + O f =Oof x f+Ouf
Py=05f*0y*f+00uf*f+...

|V Runge-Kutta Methods

Replacing derivatives by difference approximations andckesvaluations leads
to the Runge-Kutta (RK) methods. Asistage explicit Runge Kutta method is
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defined by

kl = f(tnayn>
k;2 - f(tn + C2h> Yn + ha2lk71)

s—1

ks = f(t, + csh,yn + h Z ajsk;)

Jj=1

Yn+1 = Yn + hz bik;

j=1

where usually; = 317 a;;.

For a RK method of ordey the local discretization error is
ly(to +h) =yl < KA.

D.IV.13- Example: Check the matlab file rk43.m.

The basic idea is illustrated by a 1-stage Runge-Kutta naetiiof is inde-
pendent ofy then

dy=f(), ylto) =wo
has the solution(t) = yo + fti f(r)dr. The integralftii+1 f(7)dr can be approx-

imated (with an error bounded liy/?) by the composite midpoint rulkf (¢; +
h/2). In analogy, we approximate

y(ti+h) =~y +hft:+h/2,y(ti+Nh/2))
using an Euler step (whose error is scaled:pyo get

k1= f(ti, vi).
y(t; + h/2) = y; + k1h/2,

The resulting rule is

kl = f(tlu}/l)
Vi = Y4 kb2,
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In general the approach is to choose constangmdd; such that

dy — f(t,y(t) —yrk = O(R")
or

y(tn) — Yo = O(hr-‘rl)

a Error analysisof a Runge Kutta method

Thelocal discretization erras defined as

en = 1y(tn,) — Ya.

A more general 1-stage method allows us to chagse,, a, andd, such that

h, h?
Ay(t,y) + 55 y(t,y) + 58 y(t,y)

—(arf(t,y) + aof(t + a2,y + 62f(t,y)))
= 0(h?)

The choicer; = ay = 1/2, ay = 6 = hyields

S160) + S (4 by hf) = 2 f(69) + 5ty hf) + 0Lty + hf) + OU)

1

= S0() + 506 0) + AF (L 5)8 (1) + 01 (1, 9) + O

= F{t) 2 (F0uf + O1) + O
=0y + 0’y + O(Rh?).

Hence the local discretization erroris= 2.
In general the RK methods are analyzed by looking at the Tag{pansion

e(h) =yt +h) = Yon
=1

< ChPH!
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V  Multistep methods

can improve on the earlier methods by using previous vales ., Y;_; to com-
puteY;.,, the approximation tg(¢;.;) (I just switched notationy; := Y (j)).
The general form of & + 1-step method is

k k
Vi = Z aY; +h Z biFj_
1=0

I=-1

The starting valued, . .., Y, have to be generated by a different method (e.g.
Runge-Kutta, Taylor, etc.). For more details see for exanigtlB], Chapter 8.
Multistep methods can be viewed as Taylor methods with d8vies replaced by
differences. For example, tfedams-Bashforth method is based on the approx-
imation

y@wﬁzy%%+[ﬂlﬂwﬂﬁﬂf

wmm+/mwmmﬂ

wheret = [t;,...,t;_;] andt, := [h, his the step size. Choosing the interpolating
polynomialp;, in Newton form, we get

k
Vi =Y+ 0y uV'E,
=0

whereV' is a backward difference and
k—1 5
1
=1- _ .
e ; k+1—1

This method has order of accuracy 1. Another example is th&dams-M oulton
method which also has a term;; = f(Y;+1) on the right hand side so that an
equation has to be solved. Instead of directly solving oemaies, combining the
two methods in th@redictor-corrector algorithm

1. predict with A-B:Y; .1 = Y; + h 35 v V'E.
2. correct with A-M: until|Y*” — Yl4] = O(R**?) do

Yin=Y;+h Zf:_l YV F .
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a Error analysisof a multistep methods

Thelocal discretization erroiis defined as
en = y(ty) — Ya.

The quality of a multistep method is judged agcuracyandstability. Given an
ODEp(0)y = f, wherep is a polynomial, we say a multistep meth&dy, h) =
R(f, h) is accurate of order if for any sufficiently smooth functiong

R(p(d)y, h) — P(y,h) = O(K"*1).

E.V.14— Example: Consider the multistep method

k
h2
Yisn= Z aYji+ ?f(Yg)

=0

for approximating the second order equation
Py = f(y).

Under what conditions on the parameterss the method second order accurate?
For this we compute the so that

k
h? ‘
Oy = f(y) = Wipn = Yy + 5 f(V)] = O(R?)
=0
HereP(y,h) = Y1~ 1o @Y, andR(f, h) = ™ f(V;), henceR(p(d)y, h)) =
R(0%y, h) = %282y. First expand

y(t+h) =y(t) +hx*y(t) + %282y(t) + O(h%) (V.1)

The termd?y(t) can be replaced by(Y;), y(¢t + h) by ;1 etc. To replacé@y(t)
use

Wt = B) = 4(t) — b 0y(t) + 5Py (1) + ()

y(t —2h) = y(t) — 2h * Ay (t) + A

—0Py(t) + O()
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Multiplying the first by—4 and adding (the multiresolution trick) yields

y(t — 2h) — 4y(t — h) + 3y(t) = 2hdy(t) + O(h?),

or hdy(t) = W2t | 0 (p3). Therefore

Y o —4Y; 1 +3Y; h?
PR (YY) + O

Yo=Y+
andCLO = g, a; = —2,a9 = %
VI Alternativetechniques
(1) Integration by expansion; = f(t,y)
- i I
y(t) = ;ai(t —to)', a;= ﬁy( (to)

y/ — t2 _|_ y2
(2) Symbolic substitution methods



