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1. Prove that for every concave function ¢, [ ¢ (¢(x)) dx < ([ ¢(x)dz). You are allowed
to assume that both ¥ and ¢ are continuous bounded functions, and therefore you can use
the definition of Riemann integral.

Solution: Definition of a concave function ¥ (aX; +bA2) > Atp(a) + A2t (b) where Ay, Ay > 0
and A\ + Ay = 1.

Claim: (37 o(zi)Ni) > D0 Mv(é(x;)) where \; > 0 and > A =1
Proof By induction:

Base case n = 2 holds by definition. Lets assume it to be true for n = k and prove it
forn =k + 1.

Lets define p; = <24

s, Pi >0and Y8 p = 1.

Lets define Sy = Zlepiqb(xi)
By assumption for n = k we have

k k
¢(ZP¢¢(%’)) > Zpiw((b(xi)) (1)
i=1 i=1
Using the base case we have

V(Arr10(Trs1) + (1 = Aey1)Skr1) > a0 (d(r1)) + (1 — A1) (Skr1)



from equation (1) we have

k+1

1/’(2 )\i¢(xi))

Mo 1(D(Tpg1)) + (1 — >\k+1)(z piv(9(xi)))

Vv

k
= Men1¥(d(Tper)) + Z Aith((:))

k+1

= Y M(o()

To extend it for continuous case we notice that Reimann Integral is countable summation. i.e

/ 8(z) dz = Tim 3" 6w A
=1

Assuming the measure on the space is 1 i.e [ dx =1 we have

/2/1 d:c—ll_{nzw Aml<¢hmz¢xlez— /¢ ) da)

Q.E.D

2. Prove that any bounded monotonic non-decreasing sequence of real numbers has a limit.
In other words for any sequence x1, s, ..., T, Tyy1, ... such that Vi, x; € R and Vi, x;11 > x;
and dM such that Vi, x; < M lim,_,, x; exists.

Solution: Let M be the least upper bound. Then for any € > 0 3 N such that M —e < zy <
M. If not then M — e will be the least upperbound. Since the sequence is monotonically
non-decreasing Vn > N, M — e < x, < M. In other words the sequencing is converging
towards M and hence M is the limit.

Q.E.D

3. Prove that if X;, X5, ..., X,, are random variables that lim, supX, is a random vari-
able.

Solution: Let X, = lim, sup X,,. Let A, = {w : X, (w) < t} for some ¢t € R. Given
for Yn > 1, A, € F and to prove Ag € F. Let Y}, = sup,;»;, X,,. Let By, = {w : Yi(w) < t}.

It is clear that By = N,>;A,. We also notice that Xy = iﬁszl Y}, and hence Ay = Ug>1 By.
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Hence Ay = Uk>1 Ny>k Ap. F is closed under countable uniouns and intersections. Hence

Ay e F.

Q.E.D

4. Consider the function f(z) defined as f(x) = 1 if x is rational and f(z) = 0 other-
wise. Compute the Lesbegue integral fol f(x)dx.

Solution: Many students proved by two limiting arguments where they proved that the
o — algebra includes singleton sets and the measure on them is zero and then the countable
infinite sum of zero is zero to claim the fact that measure on the set of rational numbers
(which is a countably infinite union of disconnected singleton sets) is zero . Using two lim-
iting arguments to prove a theorm is not a sound proof. It is essential to bear in mind
that a limiting argument is an infinite process. One cannot stop and claim that they have
hit upon the set that contains a single rational number(which can never be reached) and
then have a countable infinite union(through another limiting argument) to produce the set
of rational numbers. A better solution is to to merge both these limiting arguments into one.

Proof:

It is clear that if the measure on a set (A) is zero, the measure on any of its subsets is
also zero. The set of rational numbers between 0 and 1 is a subset of the set of rational
numbers. So it is just enough to prove that the measure on the set of rational numbers is
zero. Lets index the rational numbers as 7,79, ..., 7, Tnt1, ... (this is possible as they are
countable). Define a set A, = (1, — 57,70 + 57] for any € > 0. The width of the set A,

on
€ €

equals 7= and hence P(A,) = z=r. Using Boole’s inequality we have
P(Up An) < P(A,) = 2
n=1

Now as € — 0 we get measure on the set of rational numbers to be zero.

Q.E.D



