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The univariate Bernstein-Bezier form

The Bernstein basis functions of degreen the interval0, 1] are

7

d o
Bd—i,i LU <) (1 — u)d_luz.

When the degree is understood, we drop the subs@ripti. A polynomial of
degreel in Bernstein (Bézier) form has the representation

d
1=0

If c(i) = f(i/d) for some continuous functiofi then the polynomial is called
Bernstein polynomial of. This special type of polynomial in Bernstein form pop-
ular in analysis will only be of marginal interest in the fmlling. We are interested
in the polynomial piece traced out where [0, 1| (otherwise seeeparametriza-
tion below).

a Symmetry:

The equivalent representation

d ..
Bz’(U,U) = —.' "ulqﬂ7 whereu 4+ = 171’ _|_j — d7
1!l

shows the symmetrig; (v) = B;(u).

b Partition of unity and positivity

1> B;(u) > 0foru e [0..1].
Hence the polynomial is in theonvex hullof the coefficients for. € [0, 1] and
the form isaffinely invariantfor all u. For A;, A, € R

d d

Ay + A1 c(i)Bi(u) = (As + Are(i)) By(u).

=0 i=0
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Prove that"? , B;(u) = 1, and1 > B;(u) > 0.
Prove thatB,_,; has its maximum ovej0, 1] at theGreville

abscissar; :=i/d.
Draw the degree 3 basis functioBsfor i = 0..3 on the interval

0, 1].

¢ Recurrence:
The recurrence
Bayi—ii(u) = (1 —w)Bg_ii(u) + uBa—it1,—1(u).

is the basis for evaluating polynomials in Bernstein formhe recurrence is consistent
with the definition of the Bernstein form:

d> d+1 d—iyi-1,,

(%Y

Ba—it1i(u) = (

iJd+1—i
_ d d+1_7’ d—i, 1 d i d+1—i, i—1
_(z’>d—|—1—iw u+(i)d+1—iv v

=vBg_i;(u) + uBgy1—ii—1(u)

Give an alternative interpretation in terms of probalgti

The corresponding nested multiplication for evaluapng= Zf—l:o c(i)B; atx
is called
De Casteljau’s algorithm

fori =0:d,p(d—1,i) := c(i)
foril=1:4d,
fori=0:d—1,
pd—1—i,0)=(1—a)p(d—1+1—14,1)
+ap(d—1—1i,i+1)
end
end

pa(z) = p(0,0).
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De Casteljau’s algorithm actually does more than genehatgdlue. The identity

By_ii(wu) = Z By—ii(7) Ba—r ()

k>i

implies that the restriction gf to the interval0, x| is given by

Poay(u) =Y a(i)Ba_i(wu)

bgg_

(i)Bk—i,z‘(fL")> By x(u)

I
E
N -/
|
Q

(i)Bk—z‘,z‘(SC)) Bapx(u)

d Differentiation

The derivative of a polynomial in Bernstein form must be abie as a polyno-
mial of one degree less in Bernstein form:

d -1

D (Z c(i)Bd_m) = > b(i)Bi-1-i;

=0 [

U

Il
o

Show that the coefficients of the derivative are

b(i) = d( c(i+ 1) — c(i)).

..6— Example: The second derivative of the quadratic polynomial

p2 =3By2+ 5By 1 +8Bayy

Differentiation =
Differencing
coefficients
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Indeed, applying the generic rules of differentiatiompipwe get

D?py =3%2+5%(—4) +8%x2=2.

Compute coefficients(;) such that

QU

d -2

D? <Z C(i)Bd—z‘,z‘> = () Ba-2-j;-

i=0 j

Il
o

e Integration

Show that

/0 Z c(i)Ba—i; = Z c(i)/(d+1).

f Multiplication

Show that
d1 do d
Z C1 (Z)Bdl —i,i * Z Co (/I:)BdQ—Z T — Z C(Z)Bd—z 7
=0 =0 =0

Integration =
Summing coefficient

Multiplication =
Collecting coefficient
with equal index sum
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Hint: Show thatfor :=1—wu,j=d —1

R...—qJ B. . B . —RB. . ..
B],z =vu, BZ17J1B127J2 - BZl+12>]1+]2

Multiplication by (1 — u) + w is calleddegree-raising Uses are data conversion
and approximate evaluation.
Write out the coefficients of a quadratic polynomial that is

degree-raised to a cubic polynomial.
Show that the coefficients of the degree-raised polynonméal a

convex combinations of pairs of coefficients of the origipalynomial.
Do degree-raising and differentiation commute?

g Hermite Interpolation

Interpolation =

Show that Matching difference
of coefficients
1 ife=0 1 ifie=d
B(0) = T B = '
0 else 0 else

Hence forp; = > (i) B;,

h  Control polygon

The points
(x, c(k)) with Greville abscissae, := p

are calledcontrol points Thecontrol polyline/ of p is a broken line connecting

the control points. Itgth segmenty,, ., ,; on the intervalzy, z;.1], is defined
by
Tpy1 — U U — T
€[1k7$k+1](u) = C(k) + C(k + 1) .
Tp41 — Tk Ti+1 — Tk

Show thatz;, has to be the Greville abscissa if the control
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polyline of a linear polynomial is to agree with its graph.

The control polyline is central to reasoning about nonliitgand curved ge-
ometry due to convex hull property, the Hermite Interpaatproperty and the
following theorem.

Theorem [NPL 98]The distance from the univariate, scalar-valued, dedree
polynomialp to its control polyline/ is bounded as

1p(t) = £(t)|oc,0,1) < N(d)[| Azc||o

where
|1 As¢|| o := oJax le(i) — 2¢(i 4+ 1) + c(i + 2)|
- 21012

I Subdivision and approximate evaluation

Representing the polynomial piegéu), u € [0, 1] as two pieces Subdivi-
pi(u),u € [0,1/2] andps(u),u € [1/2,1] has the advantage that the contrelon=Reparametrizati
polygons ofp; and p, (on the finer subdivision) approximate the graph of the
function more closely than the control polygonzof

In particular, the theorem of the previous subsection iegpli

1P10.0)(t) = Lj0.2) ()]l 0,f0.0) < Z*N(d) || Ascl] oo
andm-fold subdivision results in the bound
x*™N(d)|| Azal|o Wherex := max{x, 1 — z}.

That is, the control polyline converges to the graph of thefion like x*™.

(a) Show that the control polygon of a degree-raised polyabisiobtained from
that of the original polynomial by cutting off corners (lerenterpolation).
(b) Next show that the r-fold degree-raised representatitime polynomial) . c(:) B;

has coefficients; = 3. ¢; (;‘)K(r, i, 7) for someK that converges for increasing

r by Stirling’s formula tot’/ (1 — ¢)?~7 wheret = i/(d + r).

(c) Use this to show theariation diminuishing property a line intersects the
graph of a Bernstein polynomial at most as often as it inttssthe control poly-
line.
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] Conversion to power form

Check that

Y Biii=1,

Z(é)Bd—i,i(u) —u, linear precision

i

Z(é)QBd—i,i(u) = (1—1/d)u®+u/d.

5 (et (3

1=k

and that

k Weierstrass’ approximation theorem

Define the modulus of continuity gf:

w(f,8) == luby_q<s|f(b) — f(a)]
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where lub means least upper bound. Chabsel/+/d and letd — oo thenany
continuous functiorf can be approximated arbitrarily closely by polynomials

|f—2f(j/d)Bj|[0,1}
<| D (f(w) = f(j/d)B]

lu—g/d|<s
+ Y (flw) = f(i/d)B))
|lu—j/d|>8
<w(f,8)+ > _(1+|u—j/d|/8)Bjw(f,d)
<w(f.0)2+ Y (u—j/d)?/5B)]

=w(f.0)[2+ ) (W® —2u(j/d) + (j/d)*)B; /&

(f,9)]
=w(f, 02+ (u* —2u® + (1 — 1/d)u* + u/d) /5]
= w(f,0)2 +u(l — u)/(dd?)]
<w(f,0)[2+1/4 —-0 asd—

Show that polynomials are densefid. Hint: Use that the
continuous functions are denselif.



