Discrete Mathematics and its Applications
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A word about organization: Since different courses héffereint lengths of
lecture periods, and different instructors go at diffepartes, rather than
dividing the material up into fixed-length lectures, we willide it up into
“modules” which correspond to major topic areas and wilkgelly take 1-3
lectures to cover. Within modules, we have smaller &&pi Within topics are
individual slides. The instructor can bring several mogltdeeach lecture with
him, to make sure he has enough material to fill theeitecor in case he wants

to preview or review slides from upcoming or recent pasties.
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A few general slides about the
subject matter of this course.

12 slides, 2 lecture
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What is Mathematics, really?

e |t's notjust about numbers!
 Mathematics isnuchmore than that:

Mathematics is, most generally, the studyjof
any and albbsolutely certairtruths about
any and alperfectly well-definedoncepts.

* But, these concepts can be about numbers,
symbols, objects, images, sounalsythind

As you may have already concluded from the title oféxébook, this is a course about
mathematics. But, it is a type of mathematics that beaynfamiliar to you. You may have
concluded from your exposure to math so far that mathesratfrimarily about numbers. But
really, that’s not true at all. The essence of mattis is just the study of formal systems in
general. A formal system is any kind of entity tisatefined perfectly precisely, so that there
can be no misunderstanding about what is meant. Onceaaystem has been set forth, and a
set of rules for reasoning about it has been laidtieah, anything you can deduce about that
system while following those rules is an absoluteaiety, within the context of that system and
those rules. Number systems aren’t the only kindgstem that we can reason about, just one
kind that is widely useful. For example, we also reasmutageometrical figures in geometry,
surfaces and other spaces in topology, images in imadaalgad so forth.

Any time you precisely define what you are talking abseit forth a set of definite axioms and
rules for some system, then it is by definition a reatatical system, and any time you discover
some unarguable consequence of those rules, you arendathgmatics.

In this course, we'll encounter many kinds of perfectly jgedg defined (and thus, by definition,
mathematical) concepts other than just numbers. Yblearn something of the richness and
variety of mathematics. And, we will also teach tloe language and methods of logic, which
allow us to describe mathematical proofs, which aguiistic presentations that establish
conclusively the absolute truth of certain statemehenfems) about these concepts.

In a sense, it's easy to create your own new branohatfiematics, never before discovered:
just write down a set of axioms and inference rules, maketheir meanings are perfectly clear,
and then work out their consequences. Whether anyongrelsg/our new area of mathematics
particularly interesting is another matter. The anfasath that have been thoroughly explored
by large numbers of people are generally ones that hewgeanumber of applications in

helping to understand some other subject, whetherahbther area of mathematics, or physics,
or economics, biology, sociology, or whatever otfiedd.

See http://mathworld.wolfram.com/ for a survey of sather areas of mathematics, to show
you just how much there is to mathematics, besides jusbers!
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So, what'shis class about?

What are “discrete structures” anyway?

» “Discreté (* “discreet”!) - Composed of distinct
separable parts. (Oppositecatinuous)
discretecontinuous: digital:analog

e “Structures - Objects built up from simpler
objects according to a definite pattern.

» “Discrete Mathematics- The study of discrete
mathematical objects and structures.

The title of this course (at UF) is “Applications oisPrete Structures.” Actually
that title is misleading. Although discrete math hasyrapplications, which
we’ll survey in a moment, this class is not reallpatbapplications so much as it
is about basic mathematical skills and concepts. Mggisethat the only reason
we call the course “Applications of Discrete Structumegher than just

“Discrete Mathematics” so that the people over eMath department don’t get
upset that we’re teaching our own basic math course @ver rather than
leaving it to them.

Anyway, that issue aside, you may be wondering, whatdgserete structure”
anyway? Well, by “discrete” weon’t mean something that’s kept secret —
that’s “discreet” with a double-e, a homonym, a compfedéferent English
word with a completely different meaning. No, our ddiscrete” just means
something made of distinct, atomic parts, as opposed tetemg that is smooth
and continuous, like the curves you studied in calculuserlia the course we’'ll
learn how to formalize this distinction more precisgdyng the concepts of
countable versus uncountable sets. But for now, thigii@wconcept suffices.

By “structures” we just mean objects that can be lbpilfrom simpler objects
according to some definite, regular pattern, as oppasedstructured,
amorphous blobs. In this course, we’ll see how varigpesst of discrete
mathematical objects can be built up from other disoobjects in a well-
defined way.

The field of discrete mathematics can be summarizédeastudy of discrete,
mathematical (that is, well-defined, conceptual) objdmbsh primitive objects
and more complex structures.
(c)2001-2002, Michael P. Frank 4
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Discrete Structures We’'ll Study

* Propositions * Proofs
* Predicates e Summations
» Sets * Permutations
» (Discrete) Functions ||+ Combinations
* Orders of Growth » Relations
» Algorithms

* Trees

Here are just a few of the kinds of discrete strustaral related concepts that
we’ll be studying this semester.
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Relationships Between Structures

e “ 5"  “Can be defined in terms”of
Group Programs Proofs

SN
Operators Treles 6/
ers \ Pr?) sitions

ol humbers Graphs
|nt¥egers FunCtiOhS Stnngs
NNatural I Matrices
<« \__Relation
o numier Sequences
Infinite Bits ntuple
ordinal Pl€Se———Vectors

Sets

As | mentioned earlier, mathematical structures candse built up or defined
in terms of simpler structures. This diagram (whichfiisean example of the
type of discrete structure known as a “graph”) outlimeeesways in which a
variety of discrete (and continuous) structures camately be built up from a
very simple type of discrete structure known agtawhich is one of the first
structures we will learn. This is just to give you laiteof a feel for the inter-
relatedness of mathematical objects. This diagramsityvsimplified; some of
the dependencies are left out, many other kinds of stescaurd ways of
defining structures in terms of other structures are@ssible and are left out
for simplicity. For example, sets themselves caddfened in terms of
functions, or relations. No one type of structureusytftundamental, since
almost any structure can be defined in terms of almmsbther. Sets are only
one possible starting point; but they are a popular ocause their definition is
so simple. We will revisit this diagram in more dethibughout this course,
and show how the various links work.
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Some Notations We’'ll Learn
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» The basis of all digital information
processing isDiscrete manipulations of
discrete structures represented in memoyy.

* It's the basic language and conceptual
foundation of all of computer science.

» Discrete concepts are also widely used
throughout math, science, engineering,
economics, biologyetc, ...

» A generally useful tool for rational thought!
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* Advanced algorithms] |+ Database management
& data structures systems

* Programming * Cryptography
language compilers &« Error correction codep

interpreters. » Graphics & animatior
» Computer networks algorithms, game
» Operating systems engines

* Computer architectury The whole field!

[€D)
°
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Instructors: customize topic content & order fouyown course

Course Outline (as per Rosen)

1. Logic (81.1-4) 11. Proof strategy§3.1)

2. Proof methodsg§1.5) 12. Sequences$g.2)

3. Settheory§l.6-7) 13. Summations§3.2)

4. Functions §1.8) 14. Inductive proofs §3.3)
5. Countability(83.4) 15. Recursion §3.4-5)

6. Algorithms 82.1) 16. Combinatoricsc¢h. 4)

7. Orders of Growth82.2) || 17. Probability ¢h. 5)

8. Complexity §2.3) 18. Recurrencesg6.1-3)

9. Number theory§2.4-6) || 19. Relations ¢h. 7)

10. Matrices 82.7) 20. Graph Theorychs 8+9)

Here is the order of topics covered, and correspondctgpeenumbers in the
textbook (¥ edition). We are basically following the same ordemaferial as
the textbook. However, we will skip over some sedimnthe later chapters.
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Topics Not Covered

Other topics we might not get to this term:
21. Boolean circuitsch. 10)
- You could learn this in depth in a digital logicuree.
22. Models of computingch. 11)
- Most of these are obsolete for engineering purppsesanyway
23. Linear algebra (not in Rosen, see Math dept.
- Advanced matrix algebra, general linear algebrgstesns

24. Abstract algebra (not in Rosen, see Math )Jlert.

—

- Groups, rings, fields, vector spaces, algeletts,

These topics related to discrete math are also imgdd&mow for a budding
computer scientist.

Boolean algebra and logic circuits (Rosen ch. 10)eiltovered in a digital
logic course.

The models of computing covered in Rosen ch. 11 are rathiguated, and not
really that useful for engineering purposes. My course ‘iealykimits of
Computing” (which | teach occasionally, maybe next in Sp2id@4) covers
some newer models that are much more accurate, iealst useful as a basis
for future computer engineering.

Linear algebra is important for computer science asaels image processing,
and quantum computing. You can find a course on this in thie de@artment.

Abstract algebra (groups, rings, fields, etc.) is impdri@acryptography, error
correction codes, and quantum computing. You can find acourthis in the
math department.
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Course Objectives

* Upon completion of this course, the student
should be able to:
— Check validity of simple logical arguments (proofs)
— Check the correctness of simple algorithms.
— Creatively construct simple valid logical arguments
— Creatively construct simple correct algorithms.
— Describe the definitions and properties of a varidt

specific types of discrete structures.

— Correctly read, represent and analyze various tgpes
discrete structures using standard notations.

This summarizes the course objectives. The syllabusigioethis in more
detail. The most important objective (in my opiniosjhat after taking this
course (if not before), the student should be capalperédrming logical
thought and reasoning that is creative, yet precise aneoto Working with
specific kinds of discrete structures is a good way &eotpre this skill, and the
knowledge gained is useful due to the widespread use ofdtrastures.

(c)2001-2002, Michael P. Frank 12



Discrete Mathematics and its Applications 8/23/2003

A Proof Example

¢ Theorem: (Pythagorean Theorerr Pythagoras ofISamcs

of Euclidean geometnor any LS B5)
real numberg, b, andc, if aandb are the
baselength and height of a right triangle,

andc is the length of its
hypotenuse, thea? + b? = c2. ] )\ c=/a® +h?
a

* Proof: See next slide.

One of the most important (and most difficult) skytsu will (hopefully) learn in
this course is the ability to verify the correctnekbgical and mathematical
proofs and even (at least in simple cases) to come up wdt groofs on your
own. In case you've never seen a formal proof befoges is one easy example,
to give you some of the flavor of what we’ll be doing.

What is a proof? Itis a logically valid argument thatisputably
establishes the perfect, undeniable and absolute trutthebeetm (within the
context of its premises).

You may remember the Pythagorean Theorem from your
geometry, analytic geometry, trigonometry, or calcalasses. Actually this
theorem is not really original with Pythagoras; itskaown to the ancient
Egyptian civilization, where it was used to constructgm right angles for
building the pyramids. (It may have been known by etee civilizations.)
However, back then they just observed that the thewrasrtrue for specific
cases, and did not really offer what in modern timeghink of as a general
proof of the statement. Anyway, the theorem sayslgithat for any right
triangle (in any Euclidean — that is, flat — geometrgzdce), ik andb are the
perpendicular side lengths, and the length of the hypotenuse, theénb?=c2.
You have probably known this theorem for years. Boityau know how to
prove it?
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The Proof (Graphically)

e Proof: Notea? + b?= (at+h)> 2ab=c’ =

C

Areas in
boldface
font weight;
lengths in
normal font
weight

a+b
a+b

at+b at+b

Here is one simple proof of the Pythagorean theoréiohw learned recently
from Edward’s Teller’'s boobark Secrets of Physicgirst, notice thaa®+b? =
(a+b)?-2ab, since a+b)? = a® + 2ab +b?. We can illustrate this situation
graphically by drawing a square of side length, and embedding in two of its
opposite corners squares of side lergmdb respectively (left diagram). Note
that the remaining areaB can be filled by four copies of our original triangle
(areaab/2 each). Well, we can also rearrange these teanglthe big square by
putting one in each corner in such a way that the pgquist touch (right
diagram). This leaves an empty quadrilateral regionemtudle of the big
square that has side length This region is a perfect square! (There are two
ways to prove this. First, because of the perfect yiratational symmetry of
the diagram, we know that each of the interior anglélse same, yet they add
up to 360 degrees, so they must each be 90 degrees. The sagasdov
observe that each angle is 180 minus the sum of the atkeor angles of the
right triangle opposite sidesandb, thus equal to the right angle opposite side
c.) OK, well anyway a square region of side lengttas area?. Since the total
area of the big square is the same in each casehaidda accounted for by the
4 right triangles is the same in each case, theiremga(light green) area must
be the same in each case. Tladsh? =c2. Note that the specific lengths and
angles illustrated in the diagram are arbitrary; theesaomstruction can be done
for anyvalues ofa, b, c. Thus the theorem is true fall values ofa, b, cin

which a right triangle is formed. Q.E.D. (Quod erat dastrandum, thus it is
proved.)

Everyfact you have learned in your mathematics classes (eacept
athological cases) is similar to the Pythagotbaarem in that it is not just
(¢)2001-2002.  RALE, Bk
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