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Abstract

We present globally convergent incremental EM algorithms for reconstruction in emission tomography, COSEM-
ML for maximum likelihood and COSEM-MAP for maximum a posteriori reconstruction. The COSEM (Complete
data Ordered Subsets Expectation Maximization) algorithms use ordered subsets (OS) for fast convergence, but
unlike other globally convergent OS-based ML and MAP algorithms such as RAMLA (Browne and De Pierro, 1996),
BSREM (De Pierro and Yamagishi, 2001) and modified BSREM and relaxed OS-SPS (Ahn and Fessler, 2003),
COSEM does not require a user-specified object-dependent relaxation schedule. For the ML case, the COSEM-ML
algorithm was independently derived previously (Gunawardana, 2001), but our theoretical approach differs. We present
convergence proofs for COSEM-ML and COSEM-MAP and we also demonstrate COSEM in SPECT simulations.
The monotonicity of COSEM remains an open question. At early iterations, COSEM-ML is typically slower than
RAMLA and COSEM-MAP is typically slower than optimized BSREM. For COSEM, the usual speed increase with
subset number is slower than that typically observed for OS-type algorithms. We discuss how COSEM may be

modified to overcome these limitations.

Index Terms

Image reconstruction, maximum likelihood reconstruction, maximum a posteriori reconstruction, ordered subsets,

emission tomography.
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I. INTRODUCTION

Statistical reconstruction is useful in emission computed tomography (ECT) due to its ability to accurately
model noise, the imaging physics, and incorporate prior knowledge about the object. Statistical reconstruction
approaches typically use iterative algorithms that optimize objective functions based on maximum likelihood (ML)
or maximum a posteriori (MAP, a.k.a. penalized likelihood) principles. A main drawback of statistical reconstruction
algorithms is that they are slow when used in clinical studies, especially in comparison to the commonly used filtered-
backprojection (FBP) algorithm. One way to address this drawback is to devise convergent ML and MAP algorithms
that require few iterations to approach the fixed-point solution.

The slow convergence of statistical reconstruction algorithms has received much attention. In [1], an ordered
subsets OSEM algorithm achieved considerable speedup by using only a subset of the projection data per sub-
iteration. However, OSEM was heuristically motivated and was not convergent. An alternative algorithm [2], termed
row-action maximum likelihood algorithm (RAMLA), used a relaxation parameter at each iteration (relaxation
schedule) within a modified version of OSEM to attain convergence. The relaxation schedule had to satisfy certain
properties as a prerequisite for convergence to the true ML solution. In practice, this relaxation schedule must
be determined by trial and error to ensure good speed. More recently in [3], RAMLA was extended to the
MAP case. The new algorithm, termed BSREM (Block Sequential Regularized EM), continued to use a user-
determined relaxation schedule. In [4], a modified BSREM algorithm was presented that converged under more
general conditions than BSREM. Another convergent MAP algorithm, relaxed OS-SPS (OS-Separable Paraboloidal
Surrogates), was also presented in [4]. Both algorithms in [4] again used a user-determined relaxation schedule.
The COSEM algorithms presented here avoid the use of relaxation schedules while maintaining convergence, but
are not quite as “fast” as their relaxation-based counterparts. This issue is discussed in Sec. I1X.

COSEM is a form of incremental EM algorithm [5]. We independently introduced our COSEM-ML and COSEM-
MAP versions for emission tomography in [6], [7], but learned shortly after [8] that a COSEM-ML algorithm for
emission tomography had been independently derived, using an approach quite different than our own, in [9]. No
experimental results were presented in [9]. A further discussion of the distinctions of the work in [9] and our work
appears in Sec IX.

In Section Il, we state the ECT problem, and in Section Il introduce the notion of a complete data energy
function whose minimization also minimizes the (minus) log likelihood via COSEM-ML, an algorithm discussed
in Section 1V. In Section V, we add a prior to the complete data energy and formulate a COSEM-MAP algorithm.
Global convergence proofs for COSEM-MAP and COSEM-ML are presented in Sections VI and VII. In Section

VIII, we show simulation results, and conclude with a discussion in Section IX.

Il. STATEMENT OF THE PROBLEM

We consider the object to be an IN-dim lexicographically ordered vector f with elements f;,j =1,...,N. We

model image formation by a simple Poisson model g ~ Poisson(Hf), where H is the system matrix whose
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element H;; is proportional to the probability of receiving a count in detector bin ¢ that emanates from pixel j,
and g is the integer-valued random data vector (sinogram) whose elements are g;, i = 1,..., M.

The ML problem is written as the minimization of an objective function

~

f=arg Iglzl(r)l Einc—ML(f) (1)
where the ML objective correponding to the Poisson likelihood is given by
Einc—ML(f) = — log Pr(g|f)
= Y Hifi—> gilog)_ Hifj. )
ij i j
We have used the subscript “inc” to anticipate the use of the observed or “incomplete” data, as opposed to the

“complete” data that we utilize later.

The MAP problem may be similarly stated as the minimization

~

f=arg min Eine—map(f) ©))
where the MAP objective is given by
Eine—map (f) = EinchL(f) + Eprior(f) (4)

where E,.0.(f) denotes the objective function corresponding to the prior distribution on the object. We consider
quadratic priors (regularizers) of the form
Eprior(f) = —log p(f) = BY " Y wjj(fj — f3)? )
I JENE)
Here, 3 > 0 controls the amount of regularization and w;; are neighborhood weights. The term A/(j) is a local
neighborhood about j. The weights w;; are positive.

Our aim is to derive fast algorithms for the minimizations in (1) and (3) and to prove their convergence to the
ML or MAP solutions. We note that (1) and (3) express the natural constraint £ > 0. However, we shall use a
slightly modified constraint £ > 0. The reason for this is that the COSEM-MAP and COSEM-ML algorithms will
allow an initially positive estimate of f; to approach vanishingly close to zero as iterations proceed, but never to

equal zero. The well known EM-ML algorithm for ECT has this same behavior.

I1l. COMPLETE DATA OBJECTIVE FOR THE ML PROBLEM

As a step towards deriving COSEM-ML, we consider an unconventional approach towards solving the minimiza-

tion of Ei,._wm1. This approach involves minimizing a “complete data objective” defined as:

Bemp-wi(C,£,v) == Cijlog Hijf; + Y Hijfj +

(%] (¥
D Cijlog Cij + > _wi(Y_ Cij — 95) (6)
i i 7
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where the subscript “cmp” means “complete”. Here, C;; (to be discussed in more detail shortly) is the complete
data, roughly analogous to the complete data as used in statistical derivations [10], [11] of ML-EM for ECT.
It turns out that C;; is real and positive, and that it obeys the constraint Z]. Cij = gi. In (6), this constraint is
imposed via Lagrange parameters v;. It will be quite convenient to freely intermix notations E¢mp—wmr(C, £, ) with
Ecmp-mL(C, ). The latter notation means that the constraint implicitly holds and does not appear in the objective
in a Lagrange form. In the remainder of this section, our goal is to show that joint (on C and f) minimization of
(6) yields a solution for f that is also the solution to the ML problem (1). We derive (6) from (2) using convexity
arguments and change of variables transformations.

We begin with (2) and selectively replace terms involving log Zj H;; f;. Since —log(-) is convex, we have from
Jensen’s inequality [12] —log(3_; ajz;) < — 3, ajlogz; where a; > 0, Vj, -, o5 =1 and z; > 0, Vj. Then
we may write

~log 3 Hyfy < = 3 log L1 ™
J J

it Tt

where ;; > 0, Vij and >, v;; = 1, Vj and with equality occurring at ;; = % With (7) in place, we
'

may define a new objective function, containing ~ as an independent variable, as
E(y,f) =) Hif; _Zgi%'jl()g% ®)
— s 17
(%] 17

with the constraints Ej vij = 1, Viandy;; > 0, Vij. We now show that the new objective (8) when minimized
solely w.r.t. v while satisfying its constraints attains its minimum at v;; = % If the objective function
PR F AR

E(,f) attained its minimum at a point % # ~%, then E(¥,f) < E(y*,f). But this violates the inequality in (7).

*
ij
(The equality E(%,f) = E(y*,f) is allowed since v* would still be a point at which E (v, f) attained its minimum).
At the minimum, we have

E(v*,f) = Einc—mr(f)- ©)
If we define C;; def 9ivi; and rewrite (8), we get a further transformation of (2):
giHi; [
E(C.f) = ZJ Hif; — ZJ Cijlog # (10)

with the former constraints modified to Zj Cij = gi, Vi and C;; > 0, Vij. Using the new constraints, the objective
in (10) is modified to
EC,f) = Z Hifi — Z Cijlog Hyj f; + ZC,] log C;;

i i ij
—> gilog g; (11)
where we have used the constraint Zj Ci; = g; to modify the term Zz.j Cijlogg; to Y. gilog g;. Dropping terms
in (11) which are independent of both f and C and using a Lagrange parameter v to express the constraints
Zj Cij = gi, Vi, we get (6).
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If we define C37'(f) = gi7jj, then it follows that

sol _ 1.7fJ - -
Cz’j ) = gzz Hinln Vi, Vj. (12)

Then when (11) is minimized w.r.t. C while satisfying its constraints, it attains its minimum at C*°!(f) and at the

minimum, we have the “touching condition”
Eemp-m1(C**(£),£) = Eine—wr(f) (13)

which follows from (9). Therefore, joint minimization of E¢mp—wmr(C, £) will yield a fixed point (C*,f*), where
£* = f is the solution sought in (1), i.e. the fixed point of (1) is preserved.

This approach of using Jensen’s inequality to derive a new complete data objective is similar to the pioneering
work of De Pierro [13]. The complete data objective function is also very similar to new objective functions first
derived in Appendix B of [14] and identical to the new complete data objective functions derived in [15] and in
[16].

The material in this section simply motivates the use of a complete data energy for the ML case. In later sections,
an algorithm, COSEM-ML, for minimizing (6) and convergence proof are given. We shall also offer a MAP version

of the complete data objective, and show an appropriate algorithm, COSEM-MAP, and convergence proof for it.

IV. COSEM-ML ALGORITHM

To incorporate subsets, we rewrite (6) using subset notation. Assume that we have L non-overlapping subsets
with the data in each subset S; denoted as {g;, Vi € S;} with € {1,..., L}. We also have a corresponding division
of C denoted by {C;;, Vi € S, Vj}. Then (6) can be re-written using this subset notation as

Eemp -y (C, f,v) Z "> Cijlog Hijf; + ZH,Jf]

I=114€S; j
+Zzzculogcm ZZZC”—*—ZW Zcm_gz (14)
I=1ieS; j I=14€S5 j=1

An extra term, Elel 2 ies, Ej:l Ci;, has been added in (14). It does not change the minima since this term equals
an additive constant Elel 2 ics, 9 provided the constraints are satisfied.

We now embark upon an ordered subsets minimization strategy. As with standard OS-EM-like approaches, the
iterations are divided into subiterations using an outer/inner loop structure. In the outer k& loop, we assume that
all subsets have been updated. In each inner loop (k,!) subiteration, we update {C;;,Vi € S, Vj} and {f;, Vj}.
The update equations can be obtained by directly differentiating (14) w.r.t. C;; and f; and setting the result to zero
while satisfying the constraints on C. Adding iteration superscripts to the resulting relations result in a grouped
coordinate descent algorithm.

We first differentiate w.rt C;;, j =1,---,N; i € S; to get

8Ecmp7ML (C; f)

= — log(Hijfj) + lnCij + v; (15)
ac;;
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Setting (15) to zero, we get C;; = exp(—v;)Hi; f;. By enforcing the constraint >, C;; = g;, we may solve for the
term exp(—v;) and using this solution, we obtain the update:
_Hiify

Cij = 16
I IS Hinks (19)
We differentiate w.rt. f;, j =1,---, N to get:
algcmp ML C f
9fcmp-_MLC, 1) Cij+ + (17)
=y ey

Here, we have replaced the subset index [ in (14) by m since we will be using [ as a sub-iteration index later.

Equating (17) to zero, we get the update:

Sy Yies, C

fi= 7 (18)
! > Hij
The set of update equations with the appropriate iteration indices are summarized below
i f(k J-1)
(k1) i . .
it = g —E T Vi € Sp, Vj (19)
e = ¢V vi¢ S, ) (20)
L (k,L)
(k,l) _ Em:l ZiESm C’LJ . 21
5= S W (21)

We clarify the notation used. The symbols C (k)

and f;k’” denote the updates of C;; and f; at outer iteration
k and subset iteration . The subtlety here is that at iteration (k,1), we only update C;; over all ¢ € S; and all
j € {1,...,N} as shown in (19). However, the update of the f](k’” in (21) requires the summation over all the
complete data Cz(]'.“’”,\ﬁ € Sm,Vm e {1,...,L},Vj € {1,...,N}. Due to this, we define the the “copy” operation
CED = ¢ Wi ¢ S,V as shown in (20).

We can streamline (19) - (21) by the introduction of a “bookkeeping” scheme. We note that the summation

Zm 12i€S,, C(k ) can be divided into two disjoint subsets

L
S S e =Sl + 3 el (22)

m=14€Sm i€S) ¢S
:Z(Cgﬂ’” z(Jkl 1) +Zc(kll)+zckl 1)
1€S) 1€S) ¢S

since CW) = C(’.“’l_l) Vi ¢ S;,Vj. We define BJ(.'“’” - Do CZ.(]’.“’” =k, > ies., C(k ). Combining the last two

kl 1 k-1
terms 3 s, z(] ) and 2i¢s: fj ), we get

Bj(k,l) — Z(Cz(Jk,l) _ Ci(;:,lfl)) + B]('k,lfl) (23)
1€S;

We define C(’“Jr1 0) def C('C ) and B(’“Jr1 0) def B(k ) similarly, we define f(k+1.0) 9" £(k.L) Define D; <" 3. H;;

as the sensitivity at voxel j.

With these notations and definitions, (19)-(21) becomes our COSEM-ML algorithm which is summarized below.
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« The COSEM-ML Algorithm
« Initialize {f{"% = fin, ¥j € {1,...,N}} where fi"i* € (0,c0), Vj
« Initialize {C{;"”, ¥i € Sy, Vm € {1,...,L} and ¥j € {1,...,N}} by C{*”

) L ) )

° BJ('O Y= 2 m=1 2icSn Ci(J(') O)’ Vi

« Begin k-loop [k € {0,1,...}]
e = ¢ Vijand k > 0.
B*Y = B* 1) vjandk > 0.

£ = 00 yjandk > 0.

Begin I-loop [I € {1,...,L}]

kI Hij f{*' ™Y , -
* C,(j ) =giW= Vi€ S, V.

« CfY =Y, Vi ¢ 5, ¥
kD) k1l k-1 k-1 .
*# B =Yg € =) + BT g

ij
ki) _ B
x ff >=J,T,,v]e{1,...,N}_

0,0
P I
! >, Hin 71120

End I-loop
« End k-loop

Note that the f;k’” updates preserve positivity. Also, the COSEM-ML updates are parallel in the voxel space. The
implementation of BJ(.'“’” reduces, relative to (19)-(21), the overall computation per (k,l) subiteration to that of
OSEM. If one knows a priori that some f; are zero, then these can be fixed to zero and eliminated from the
problem. We note that for g; = 0, f; = 0 and H;; = 0, the corresponding C;; will remain zero throughout their

update. Therefore, we eliminate these C;;’s from the problem.

V. COSEM-MAP ALGORITHM

We extend (14) to MAP by adding the prior (5):

Ecmp—MAP(CJf7 V) = ZHZJfJ +
ij

L N Ci L N
D) IDNNTTEEED 35 9D AR

=1 i€S; j=1 =1 i€S; j=1
BY wip (fi = 1) + Y vi(D_ Cij — 93) (24)
i i

We now derive a constrained grouped coordinate descent algorithm for (24).

Equations (24) and (14) are the same objectives w.r.t. C alone. Therefore, the C-update for MAP is the same as (19)-
(20) for the ML case. The prior (5) introduces a coupling between source voxels. Since we seek, as in COSEM-ML, a
positivity-preserving parallel-update of all voxels, this coupling presents a problem. To solve this problem, we use the
method of separable surrogates [17]. Separable surrogate priors are separable in f and depend on the current estimate

£(-1=1) Therefore, they have the general form Es_puior(f; £%/~1)) where “s” stands for surrogate. To maintain
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convergence, we need [17]-[18] to satisfy the following conditions: (A) Eprior(f) < 3, Es—prior(f3; £0+1-1)) and
(B) Eprior(f(k,lil)) = Zj Esfprior(f;k’l_l) ) f(k’lil)).
We construct the surrogate to have the properties (A) and (B). At step (k, ), assuming that we have f(*4—1) we

observe that [17], [19]

I:(Zf] _ f;k,l—l) _ f;lkal—l))2_+_

2y = fH0 = Y] (25)

DO | =

(fi—fi) <

Then the update for f at step (k,!) may be obtained by the minimization of the following objective:

L N
Eemp map- (£ #0170, C0YE 5™ S S0 1og f; +

m=1ieSy, j=1
8 h e
dHifi+ 5D wiy [(2fj — D = D)2y
i i
(2fy = fH70 = 0y 26)

The subscript “cmp-MAP-fs” and the arguments of Ecmp—map—ts indicate that it is obtained from (24) by restricting
the argument to f (C = C(®" is constant) and that the prior is now a surrogate at £(*/=1) Noting that (26) is

separable w.r.t. f;, the objective w.r.t. each f; can be written as:

Eemp—map—ss(f5; €500, cE0) = =N "¢ log f;+ 3 Hisf;
1 1
2 g 26y — fH - gDy (27)
jl

where v;j: def (wj; +wj ;). Setting the derivative of (27) to zero and solving for the positive root of the resulting

quadratic equation, we obtain:

(k.0) 1 (kl-1) | p(kl—1)
= 2 Vi ([ + fa - D;+
\/ 28" vy (£ + £547Y) - D2 +168BY Y W) . (28)
I I

We now collect our results and summarize the COSEM-MAP algorithm below:
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« The COSEM-MAP Algorithm
« Initialize {f{"% = fin, ¥j € {1,...,N}} where fi"i* € (0,c0), Vj
« Initialize {C{"”, Vi € S, ¥l € {1,...,L} and Vj € {1,...,N}} by C{;"*

b L ’ ]
° BJ(O 0) = Em:l ZiESm Cl(JO 0)’ VJ
« Begin k-loop [k € {0,1,...}]
k0 — C@_I’L),‘v’ij and k > 0.

ij )
B*Y = B* 1) vjandk > 0.

£ = 00 yjandk > 0.

Begin I-loop [I € {1,...,L}]

b __HafY

« CfY =Y, Vi ¢ 5, ¥
kD) k1l k-1 k-1 .
* B =Yg, € =) + BT, vy

2]

k,l kd—1 kd—1
0= WY, 2855 w3y (570 + £ 7) = Dy

Eyl— Eyl— &l
\/[25 S v (7D 4+ £9D) — D2 + 168B Y g
,Vie{l,...,N}

0,0
g ™
! > Hip £

End I-loop

« End k-loop

Note that the f}k’”

The overall computation per (k,) subiteration is close to that of OSEM. As in the COSEM-ML case, certain f;
k,l)

update preserves positivity and that the COSEM-MAP updates are parallel in the voxel space.
and C;; can be eliminated from the problem. We note that the closed form update for f]( can be replaced by a

1-D optimization if the prior is non-quadratic but convex.

V1. CONVERGENCE PROOF FOR COSEM-MAP

We now prove that the minimization of E¢mp—mar(C, f,v) by the COSEM-MAP algorithm yields a solution
(C*,£*), and that £* = f is the unique solution of (3).

A. Strict convexity of the Fi,._map Objective

According to ([20], Lemma 1) and ([21], Theorem 1), our objective E;,.—map(f) is strictly convex over the set
D under the condition that g” H1 # 0, where 1 is a vector of 1's. The definition of the set D is the set of f > 0
such that [Hf]; > 0 or g; = 0 V4. Since f > 0 in our case and H;; > 0, we are in a subset of D. The strict
convexity of Ei,._map Will always apply in practice. This is because [4] the condition g7 H1 # 0 is equivalent
to HTg # 0, i.e. the backprojection of the data is a non-zero image. One could invent an H such that H7g = 0

for non-zero g, but this H would be highly unrealistic. The strict convexity guarantees that f in (3) is unique.
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B. “Touching” property of Ecmp—map and Einc—map

In Sec. IlI, we showed (13) that the incomplete and the complete versions of the ML objective “touch” at
C = C®°\(f), where C®°! is as given in (12). If we add a prior to Eemp—wmr and to Einc_wmr, then it is easy to show

that this “touching” property holds for the MAP versions:
Eemp-map(CHf), £) = Fine_map(f) (29)

C. Convexity of the Ecmp—wmapr(C,f) objective

We will show that Ecmp—map(C, ) is convex in both C and f. Since the prior is convex w.r.t. £, we need only
show that the remaining expression is convex w.r.t. (C,f). The remaining expression, which is in fact E¢mp—wmr.,
involves the summation of the terms C;; log H f — C;j + H;; f;. Each such term is of the form of a Kullback-
Leibler (KL) divergence ¢(z,y) def zlog 2 —z +y, where we identify « with C;; and y with H;; f;. Since the
KL divergence is convex [22], each of the terms is convex w.r.t. C;; and Hj; f;. Since H;; > 0 is a constant (we
needn’t consider H;; = 0 since the corresponding C;;’s were eliminated), and since the sum of convex functions is

convex, Ecmp—wmr is convex w.r.t. C and f. Thus, E¢mp—map is convex w.r.t. C and f.

D. The change in Ecmp—map at each COSEM-MAP iteration
We define

def _ 3
AE&’Z&MAP < Eemp— MAP(C(k,l 1)7f(k,l 1))

_ cmp_MAP(C(k’”, f(kJ)) (30)

(k1)

In the Appendix, we show that the COSEM-MAP updates are descent steps in (24), i.e. AE. '/ \ap > 0, with
equality occurring if and only if Cg“’l) = Cg.“’l*l), Vi€ Sy, Vj and f;k’” = fJ(’“’l’l), vj.

The change in the complete data objective function between steps (k¥ — 1, L) and (k, L) is

Ecmp MAP(C(kyL) f(k’L)), k>0
= ZAE&Q MAP 2 (31)

AEéfnp Mmap becomes equal to zero if and only if C;; (k1) — C(’” b ,Vie S,Vvle{l,...,L},Vj and f;k’l) =
£, v, Vi € {1,..., L}. Define k* as the iteration at which AE('c ) ap =0.ThenC™ D = ¢k 2) = ... =
Ck*L) € o \We similarly get £51) = £(+,2) = ... = £(k".L) €€ £+ \We automatically have £(k"+1:0) = f(k*,L)
and C(*"+1,0) = ¢(k".L) which means that nothing can change once we have reached k*.

From the COSEM-MAP C update (19)-(20), we get:

k*,l-1
cy=C = Hyl)"
ij

ij WVLVJ,VlE{l,,L}
Hi; f}

O Hinfi 2
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Therefore, from (12), we get
C* — CSOl(f*) (33)

E. Convergence to the fixed point of Ei,c—maP

Define T as the set (possibly singleton) of global minima of E¢mp—map(C, f). We may argue that (C*,f*) € T
as follows: AEéxkr;Q—MAP = 0 is equivalent to the fact that Cl.(]’.“’l) and f;k’l) are no longer changing. We note that
an algorithm can lead to a repeating (Cg.“’l),f;k’l)) that is not an element of I". But this cannot happen because
the COSEM-MAP algorithm is a grouped coordinate descent algorithm, and because Ecmp_map iS convex. The
COSEM-MAP algorithm would continue to descend along coordinate directions whenever possible. Hence, if one
approaches a condition where (Cg“’”,f](k’l)) are repeating, then these are in I'. Hence, (C*,f*) € T.

We now show that £* is a global minimum of Ei,._map(f). We prove this by contradiction. Assume an f such
that Fine_map(f*) > Eine_map(f). Since by (33), C* = C*°!(f*), we have by the touching property (29) in Sec.
VI-B:

Eemp—map(C*'(£),£%) = Einc—map(f*)
> Eine-map(f) = Eempmar (€' (), ), (34)

but this is a contradiction because (C*°!(f*),f*) € T is a global minimum of E¢mp—map. In fact, £* is the unique

global minimum f of Eine_map(f), because Ey,e map(f) is strictly convex, as we established in Sec. VI-A.

This completes the proof, in that we have established that f*, obtained from the COSEM-MAP algorithm, is

indeed equal to f in (3), which is the result we have sought.

VI1lI. CONVERGENCE PROOF FOR COSEM-ML

This proof differs from that in Sec. VI because we do not know whether the ML problem has a unique solution.
In this section, we prove that the minimization of E¢mp—wmr.(C, £, v) by the COSEM-ML algorithm yields a solution
(C*,£*), and that £* = f is a solution to the ML problem in (1).

The convexity of of E¢mp—wmr, follows from the results in Sec. VI-C.

We define AESD 4 B an (CHA=1, £RI=0) _ B (6D, £8D). We first show that the COSEM-
ML updates are descent steps in (14), AEéiQ vt > 0, and that AEéan vt = 0 if and only if C,(f”) =
cH'™Y vie 8y, vjand £ = fD .

We may write (43) and (45) - (48) of the Appendix in a form appropriate for the ML problem by simply dropping

any terms related to the prior. In particular (48) becomes
(k,I—1)

N
oA
k,l k-1 i
AEémD)—MLZZZClgj Jlog Cj(k,l) +

1€S; j=1 ij

k,l
< T ol f( : (ki=1) _ (kD)
> (i log s AT =1 (35)

m=14{€S,, j=1 7
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From the Appendix , the first term on the right of (35) can be expressed as a KL divergence which equals 0 only
if Cg“’l) = CS“”‘”, Vi € S;, Vj. We observe that the update (21) for £ in COSEM-ML is chosen such that the
following objective is minimized:

L N
Eemp-mr—t(£CE0) = =3 5" SV 0g £+ Y Hyy fy. (36)

m=1:€eS,, j=1 i

Apart from the terms forming the KL divergence, the remaining terms on the right of (35) can be seen to be

Eemp-mp—f(f5' ;%) — Bepy ar, o (£50;¢5)

L al k,l f(kl) k,l—1 k,l
Z 33 e 10g 5 +Hy (A =5 >0 (37)

m=14ieSy, j=1 j

with equality occurring if and only if £(k) = f(kI-1) This is due to the fact that the update equation in (21) is
guaranteed to minimize Eemp—mr—¢(f; f; (k). Consequently, Eéfng mr > 0 with equality occurring if and only
if CZ(]’“ D = CZ-(]’-” 1), Vi € Sy, V5 and f;k b = f;k’l_l), Vj which was our desired result.

The change in the complete data objective function between steps (k¥ — 1, L) and (k, L) is

AEéxkgp ML déf EcmP—ML(C(k_LL)7f(k_le))_

Ecmp ML(c(k,L) f(kJJ))’ E>0
= ZAEc(ﬁl; ML 2 (38)

AEégp_ML becomes equal to zero if and only if Cl.(f’” = Cg-“’l*l), Vie S, Vvlie{l,...,L},Vjand f](lc,l) _
f;k’l_l), V4, Vi € {1,---, L}. As in Sec. VI-D, define k* as the iteration at which AEc(/E;szL = 0. ThenC*"D =
Ck"2) = ... = c(".L) € ox e similarly get £°1) = £5°2) = ... = £(".L) € px \We automatically have
£(k7+1,0) — £(k*.L) and ¢(*"+1,0) = ¢(k™.L) which means that nothing can change once we have reached k*. From

the COSEM-ML C update (19)-(20), we once again get (32). Therefore, from (12), we get
c* =C¥'(f) (39)
Define T" as the set of global minima of Ecmp—wmr(C, £). We may argue that (C*,f*) € I'. The argument follows
that at the start of Section VI-E if we simply replace E¢mp—map by Eemp—wmr and COSEM-MAP by COSEM-ML.
We now show that £* is a global minimum of Ei,. . (f). We prove this by contradiction. Assume an f such that
Eine_wr(f*) > Eine_w(F). Since by (39), C* = ¢°!(f*), we have by the touching property in (13) that:
Eemp—wr (C°(£*),£*) = Eipe_mr(f*)
> Einc—ML (f.) = Ecmp—ML (CSO](f)y f‘); (40)
but this is a contradiction because (C*°!(f*),f*) € T is a global minimum of Ecmp—wmr, (though it may not be the

unique global minimum).
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This completes the proof, in that we have established that £*, obtained from the COSEM-ML algorithm, is indeed

equal to f in (1), which is the result we have sought.

VIIl. SIMULATION RESULTS

In this section, we anecdotally explore 2D SPECT COSEM-MAP and COSEM-ML. We illustrate the relative
speeds by displaying the normalized objective difference, NOD, versus iteration number &k defined as:

Einc—map(f*) — Einc—map(f*)
Einc—map(f0) — Einc—mar(f*)

where f¥ = £(%9) The quantity f° is the initial estimate and we define £* to be the true MAP or ML solution at

k = oo, estimated here from 5000 iterations of EM-MAP or EM-ML. The NOD(k) curve for any of the algorithms

NOD(k) =

(41)

descends from unity at ¥ = 0 towards zero as k — oc.

A noisy sinogram with 300K counts was simulated using a 2D 64x64 phantom with a pixel size of 5.6 mm, shown
in Fig. 1(a). The phantom consists of a disk background, two hot lesions, and two cold lesions with contrast ratio
of 1:4:8 (cold:background:hot). The sinogram had dimensions of 64 equispaced angles by 96 detector bins, with a
parallel-ray collimation geometry. Uniform attenuation (H2 O at 140 KeV) and depth-dependent blur characteristic of
a SPECT collimator were modeled, but no other physical or background events were simulated. Subsets were defined
by projection angle, so that e.g. L=16 corresponded to angles 1,17,33,49 for the first subset, angles 2,18,34,50 for
the second subset, and so on. We did not optimize the ordering of the subsets.

For MAP, reconstructions were performed using EM-MAP, BSREM [3] and COSEM-MAP. (Note that EM-MAP
is simply COSEM-MAP at L = 1 subset). For f°, we used an apodized FBP reconstruction with a Hamming filter
and a cutoff at 0.7 of the Nyquist frequency. We chose L = 8 subsets for BSREM and COSEM-MAP, and for
all three reconstructions, the smoothing parameter was set to 8 = 0.06. The relaxation schedule for BSREM was
chosen as:

(87
o = maz 1y ZiOESl Hij+k 2
with ag = 3.2. This schedule obeys the constraints in [3]. The schedule and «y were chosen to attain fairly rapid

convergence at early iterations. Anecdotal reconstructions for each algorithm are shown in Fig. 1 at iteration 30, at
which point, they are visually quite similar.

We plot NOD vs. k for each reconstruction in Fig. 2. We note that concept of “speed comparison” is hard to
define. For BSREM, a particular choice of relaxation schedule and subset number L can lead to fast convergence
at the first few iterations and very slow convergence thereafter. A different choice yields slower convergence at
early iterations, but a lower value of NOD at higher iterations. For Fig. 2, we chose L = 8 for both BSREM and
COSEM-MAP and (42) with ap = 3.2 for BSREM to demonstrate a reasonably representative speed difference.
At early iterations, the speed of COSEM-MAP lies between that of BSREM and EM-MAP, and by iteration 25,
the NOD’s of COSEM-MAP and BSREM cross each other. We also plot in Fig. 3 NOD(k) for COSEM-MAP
under the same physical effects, 3 and £, but with varying numbers of subsets (L= 4, 8, 16, 32, 64). After an
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initial speedup at L = 4, further speedup with increasing L is modest and is not as good as that observed with
conventional OS-type algorithms.

For ML, we compared the performance of EM-ML, RAMLA and COSEM-ML. The object, imaging conditions
and initial estimate £ were the same as in the MAP case. For RAMLA, we used the relaxation schedule (42), which
is consistent with [2]. For a representative speed comparison, we chose L = 8 for both RAMLA and COSEM-ML,
and ag = 3.9 for RAMLA. Fig. 4 shows that the speed of COSEM-ML lies between that of RAMLA and EM-ML.
We also plotted NOD(%) for COSEM-ML for various subset numbers (L = 4, 8,16, 32, 64) in Fig. 5. COSEM-ML

also showed a slow speed increase with L.

IX. DISCUSSSION

We have derived new convergent complete data ordered subsets algorithms for ML reconstruction (COSEM-ML)
and MAP reconstruction (COSEM-MAP) in emission tomography. It is straightforward to include randoms or scatter
via an affine term s, corresponding to g ~ Poisson(Hf + s), in the COSEM-ML and COSEM-MAP algorithms.
We can show that we only need to modify the complete data update equations so that s is added to the forward
projection in the denominator.

So far, it is unknown whether COSEM converges monotonically. (By monotonic, we mean that the objective
decreases at each outer loop iteration k.) For the case of ML estimation of the parameters of a mixture model
using an incremental EM algorithm, a mild non-monotonic behavior was experimentally observed [9]. However, the
mixture problem is non-convex, whereas for our simpler convex ECT problem, one might hope for monotonicity. In
our many simulations using COSEM-MAP and COSEM-ML with clinically realistic imaging parameters, we have
not yet observed non-monotonicity. Even under various extreme conditions (including low counts and high subset
number) that we thought might induce non-monotonic behavior, we have always observed the reconstructions to
be monotonic. Further work is needed regarding this issue.

The COSEM-ML algorithm for emission tomography was independently derived by Gunawardana [9], though
no experimental results were shown. The work in [9] was in turn related to the work in [5]. We discuss a few
differences between the work here and that in [9]. In [9], the complete data variable is Pr(C = ¢), with C an integer
valued random variable as used in statistical derivations [10], [11], and the complete data energy function is of the
form E(Pr(C = ¢),f). Hence, the complete data is a probability measure over all possible (allowed) configurations
of the complete data random variable C. The complete data energy function in [9] consists of a Kullback-Leibler
divergence between a known distribution and the unknown Pr(C = ¢). We have shown in this paper that it is
unnecessary to consider a complete data variable which is a probability measure over all possible configurations
of C. It turns out that for ECT, a continuous-valued complete data variable C is sufficient for our purposes and
results in a valid incremental EM algorithm. For the ECT problem, our representation of complete data results in
more accessible and transparent derivations. We also provide an extension of the COSEM-ML convergence proof
to the MAP case using a separable surrogates approach.

The results in Sec. VIII show that while COSEM does not require a user-specified relaxation schedule, it is
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generally slower than its relaxation-based counterparts in early iterations. Though the simulations in Sec. VIII are
not very extensive, it has been our experience that the results are quite typical, and that the speed gap relative to
relaxation-based methods cannot be closed by simply choosing a better L or initial condition. It would, of course,
be desirable to be able to speed up COSEM while maintaining its convergence property and lack of dependence
on a relaxation schedule. In separate publications [23], [24], we have, in fact, demonstrated that this is possible
(albeit so far for the ML case only) with an “enhanced” COSEM-ML (ECOSEM-ML) algorithm. The convergence
proof in [24] relied upon the convergence proof of COSEM itself. This COSEM convergence proof (which had
previously appeared only in our technical report [25]) has been a main goal of the present paper. In ECOSEM-ML,
the basic strategy is to apply an automatically computed parameter that controls a trade-off between a COSEM-ML
update and a faster OSEM update at each sub-iteration, while maintaining convergence. ECOSEM-ML is designed
to monotonically decrease Ecmp—wr. Simulations results for ECOSEM-ML, available in [24], show the speed of
ECOSEM-ML to approach that of optimized RAMLA at early iterations. It turns out that the ECOSEM idea is
extendable to the MAP case.

In sum, we have presented COSEM-ML and COSEM-MAP convergence proofs for ECT based on our notion
of a complete data energy. The COSEM algorithms need no user-specified relaxation schedule as do RAMLA, the
various versions of BSREM and relaxed OS-SPS. The question of COSEM monotonicity remains open. Simulations
show that the early-iteration speed of COSEM is slower than that of other provably convergent, relaxation-based
MAP and ML algorithms. However, faster enhanced versions of COSEM, competitive in speed with RAMLA and
BSREM, appear possible.

APPENDIX

Using (24), we obtain

L N (kl 1)
AEED = 3 Y [l og

m=14€Sm j=1

C(k 1)
¢k log —2
ij Hufj(k 1)

f(kl 0

+ZH’J (kl 1) f(k,l))

+8Y " wyy [(FY —f;,’°”‘1) — (50— £ (43)
i’

Note that in the first term of (43), we have replaced the subset index I by m, as we did in (17). From (25), we get
that

(f (k,0) f(k l)) [(Qf(kl fj(k,l—l) _f](lk,l—l))Q n
T A AR (44)
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Note that at step (k, 1), only the values of {C('c h ,Vi € S;,V;4} are changed with all other values of C held fixed.
Using this fact and (43)-(44), we get

okl=1)
k,l k -1 iJ
Eémp) MAP 2 Z Z [ log Z(k,l) +
€S j=1 ij
(ki=1) (k) it
b= 1,
(& C )log %
H;; f
L N f(k D)
Kyl kl 1 kl
m=14€Sy, j=1 f]

B k- k- k-
+5 D gy [@FTY - gD — D)2
i3’

(Qf](k,l) _ f](k,lfl) _ fJ(,k,lq))Q]
B k-1 k-1 k-1
+§Zwu [( f( ) f]( )—f;, ))2_
33’

@fF0 = gD — gy (45)

From the update equation (19) for C(*) we get
E (Cz(f’lil) Cz'(f’l)) log Uk -1)
j Hz’jfg =

(k,l-1) (k,l) 9i
7 inJn

From the fact that the constraint E]. Ci; = g; is always satlsfled, we have the identity

N
— gi
> — oy —— =y = 0. (47)
= a ] () Z Hzn ( )

Using (45), (46) and (47), we may write

(k)

C(kl 1)
(k,l) (k,1—1)
AEcrp-map 2 ch‘j log C(k T
1€S; j=1

f(k 1)

(k1= 1)
J

B kil—1 k-1 k-1
+5 D wgy [@AETY = g — )
i’

(2f](k,l) _ f;k,l—l) _ f;lk,l—l))g]
B kd—1 ki—1 k-1
5 Dy (@AY Y — )
Ji’

(f) = B - pfbDY] (48)

(k D1og

L
> + Hi (0 = 159)

m=11

iESm

7j=1

The first term on the right of (48) can be expressed as a KL divergence of the form z log % —x +y. To see this,
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note that > cikt=1) = > e = g.. Hence, we may write

J g Jj i
N (k,I—1)
C..
z C(l.c’l_l) log v =
ij &0
Jj=1 Cij
X, CETY iy L
ki1 ij k-1 k.l
Z[Cz’j log CJ(kJ) _Cz'j +Cz’j 1>0 (49)
Jj=1 ij

with equality occurring only if Ci(]'.“’l) = Cg-“’l*l), Vi € Sy, Vj.

The remaining terms on the right in (48) can be seen from (26) to be

Eemp-map—gs(fE D 11 oDy

Eemp-map—gs(EED; £E=D kb)) > (50)

with equality occurring if and only if £ = £(k!=1) Thjs is due to the fact that the update equation in (28)
is guaranteed to minimize Eepp map-ss(£;£51~D, C*:D). Consequently, from (48)-(50), we have reached our
stated conclusion: the change in the complete data MAP objective function at step (k,1) is AEéfI;Q_MAP > 0 with

equality occurring if and only if ngf’l) = Cgf’l_l), Vi e Sy, Vj and f;k’” = f;k”_l), Vj.
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(a) (b)
(©) (d)

c

Fig. 1. The 2D 64x64 phantom is shown in (a), while the anecdotal reconstructions are displayed in (b) EM-MAP, (c) COSEM-MAP, and (d)
BSREM. All reconstructions are displayed at k£ = 30 iterations.
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Fig. 2.

Normalized Objective Difference vs. iteration
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Normalized objective difference for reconstructions using EM-MAP, COSEM-MAP, and BSREM at L=8.
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Fig. 3.

Normalized Objective Difference vs. iter for COSEM-MAP
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Normalized objective difference plots of EM-MAP, and COSEM-MAP with various subsets, L=4, 8, 16, 32, and 64.
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Normalized Objective Difference vs. iteration
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Fig. 4. Normalized objective difference for reconstructions using EM-ML, COSEM-ML, and RAMLA at L=8.
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Fig. 5.

Normalized Objective Difference vs. iter for COSEM-ML
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Normalized objective difference plots of EM-ML, and COSEM-ML with various subsets, L=4, 8, 16, 32, and 64.
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