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Abstract—The paper studies the complexity of the wireless
scheduling problem under interference constraints. We first relate
the definition of the capacity region to the weighted fractional
coloring problem. Then, the scheduling-for-stability problem
under deterministic arrivals is studied in light of this relationship.
We emphasize the requirement that the scheduling algorithm
uses a tractable amount of processing and storage resources.
Two classes of algorithms are defined and a complexity result is
derived for the intersection of the two classes. We also exhibit an
algorithm that can achieve the storage requirement by relaxing
the processing requirement. The results are used to examine
interesting sections of the capacity region. Finally, we relate the
new interpretation and theory about the capacity region to the
notion of set o-local pooling.

I. INTRODUCTION

Recent development in wireless communication coupled
with advancing memory capacity and processing speed has
opened a new era of research that strives to enhance data trans-
fer in multiple dimensions. Although the last decade witnessed
fast improvement in the capability and cost effectiveness
of radio transceivers, efficiency of wireless communication
systems still heavily depends on the methodology to improve
the utilization of the shared wireless medium.

Wireless interference limits simultaneous access to the
medium by multiple devices. Various interference models
have been developed to capture that limitation. One of the
most popular models is known as the protocol model [1].
In this model, interference between links is captured by a
symmetric 0-1 matrix. For a link set F, the (i,5)" entry
of the |E| x |E| interference matrix is 1 if links ¢ and
7 cannot transmit simultaneously and both succeed, and 0
otherwise. Equivalently, the interference relationship can also
be represented by an interference graph (or conflict graph), in
which a node represents a physical link and an edge represents
the existence of interference between two physical links. This
paper primarily focuses on the protocol model. However, it
is likely to also have relevance to other popular interference
models, such as the physical model [2].

Given an interference model, an important area of research,
to which this paper contributes, investigates how to schedule
the transmissions of the links so that some chosen objective
can be achieved. For simplicity, the paper considers a time-
slotted system where time is divided into fixed-sized slots, the
packets are all identical in size, and each link has the capacity
of transmitting one packet in a time slot if access is granted.
Under the protocol model, a feasible schedule is a subset of

the links such that no two links in the set interfere with each
other. Such a set of links can be activated for simultaneous
transmission on the same time slot. Note that a schedule is
feasible if and only if it corresponds to an independent set of
the interference graph.

A canonical scheduling problem is as follows. Suppose the
arrival rates of traffic to the links fall into the capacity region
[3], which, loosely speaking, is the set of arrival rates that are
“schedulable” by some algorithm. Find a scheduling policy,
which can produce a feasible schedule in each time slot, so
that the network queues remain stable. Various definitions
of stability have been (or may be) developed, such as the
queues being bounded or the Markovian queue processes being
positive recurrent.

The motivation of this study is to understand the inherent
complexity of the scheduling-for-stability problem. Many au-
thors have studied various versions of this scheduling problem.
The problem appears to be very difficult in general. Tassiulas
and Ephremides showed that if a schedule corresponding to
a maximum weight independent set (MWIS) is used in each
time slot, then the network of queues can be stabilized for any
arrival rate vector inside the capacity region (in which case,
we say the capacity region is achieved), for a class of Markov
processes [4]. Finding an MWIS is a very difficult problem
in itself (e.g., strongly NP-hard and cannot be approximated
by a constant ratio). This has led to the belief that the overall
scheduling problem is difficult. However, we have found very
few studies that address the inherent difficulty of the overall
scheduling problem (as opposed to the one-step sub-problem
on each time slot). Later, Tassiulas showed that the capacity
region can be achieved by a simpler probabilistic algorithm
running in each time slot [5]. However, he did comment
informally that the probabilistic algorithm tries to solve the
MWIS sub-problem but over multiple time slots. The comment
was later formalized and generalized in [6]. At this point,
one might hypothesize that the independent set sub-problem is
unavoidable and any scheduling policy that employs a simple
one-step (per-time-slot) algorithm must pay for the inherent
cost of scheduling in other ways. Most likely, the cost is
merely amortized over time, and this may lead to poor transient
performance of the policy, such as large queues or slowness
in reaching system steady state.

Recent development has made it even more relevant to study
the inherent complexity of scheduling. Much of the latest work
concentrates on devising even simpler and decentralized one-



step algorithms that achieve the full capacity region [7] [8]
[9] [10] [11] [12] [13]. However, if the complexity of the
scheduling problem is irreducible, then one may wonder where
the hidden cost is in these algorithms. A related stream of
wireless scheduling research concentrates on devising simple
one-step algorithms that are guaranteed to achieve some sub-
sets of the capacity region, for an arbitrary network [14] [15]
[16] [17] [18] [19]. Again, a complexity question exists here:
Is the scheduling problem inherently easy on each of these
subsets? In [20] [21] [22], the authors showed that, if the
interference graph satisfies a condition called local pooling,
then the Longest Queue First (LQF) policy (which is simple)
achieves the full capacity region. But, it is unknown whether
the scheduling problem for this special class of networks is
easy or not. In [18], the authors defined the o-local pooling
factor for an arbitrary network, where 0 < ¢ < 1, and showed
that LQF achieves oA, where A is the capacity region.

Several studies have implicitly addressed similar concerns
of this paper. In particular, the authors of [6] examined the
tradeoffs among the complexity of the one-step algorithm,
the achievable rate region and the delay. There, the one-
step algorithm was assumed to be the MWIS schedule or
its approximations. The delay and complexity relationship
was also briefly surveyed. Other papers that examined the
delay issue of scheduling include [23], [24], [25]. They in
fact examined the queue sizes instead of the actual delays.
The upper bound of the queue sizes determines the delay
property. Some linear trade-offs were observed between delay
and complexity.

The following is a summary of our main results and
contributions. We start with formulating the capacity region
using the fractional coloring problem. Although in [26] a
similar study is conducted, we concentrate on a harder setting
where a (maximal) feasible schedule at each step is a maximal
independent set of the interference graph. We next consider the
scheduling-for-stability problem under deterministic arrivals
and study its complexity. We incorporate the queue size bound
into the complexity results. We show that, in general, it is
impossible to have small queue sizes using simple one-step
algorithms unless ZPP = NP. To the best of our knowledge,
this is one of the few formal connections to the theory of
computational complexity for the stability problems. We also
use the approach in [4] to demonstrate that an algorithm that
uses an MWIS solver as a one-step subroutine is storage-wise
efficient. We then examine the geometry of the capacity region.
Finally, we relate the fractional coloring problem and the new
interpretation of the capacity region to the notion of set o-local
pooling. We believe that the results of this paper are useful for
continued investigation on the inherent complexity of wireless
scheduling.

This paper is structured as follows. In Section II, we
provide the notation and definitions of related problems. In
Section III, we define the capacity region in terms of the
fractional coloring problem, and hence, connect scheduling
to coloring. In Section IV, we analyze the complexity of
efficiently stabilizing a network under deterministic arrivals.

We show that the MWIS-based algorithm is storage-wise
efficient in Section V. In Section VI, we investigate different
interesting sections of the capacity region. In Section VII, we
relate fractional coloring and o-local pooling. We conclude our
work and discuss future research directions in Section VIII.

II. PRELIMINARIES

We consider a wireless network with one-hop traffic. That
is, any data is transmitted only once, and after that, it leaves
the network. We model the wireless link set L’s interference
relations with an interference graph, G = (V| E), where each
link [ € L in the original network corresponds to a node
v € V . Two nodes vy,vo € V are connected in G, if and
only if the corresponding links in the original network interfere
with each other. We assume a symmetric interference relation
thus G is undirected. A feasible schedule is defined to be a
set of non-interfering nodes in G. A maximal schedule is a
feasible schedule that cannot include any more nodes without
violating the feasibility constraint. A feasible schedule in a
network corresponds to an independent set in GG. The set of
all feasible schedules is denoted by I ; this set can also be
interpreted as all independent sets of the graph G. We denote
the set of all maximal schedules by My, and use m € My, to
denote a single maximal schedule. Throughout the paper, we
use the word schedule to refer to a feasible maximal schedule.
When applicable, M7, is regarded as a |V'| x | M| 0-1 matrix.
Each column of the matrix is a 0-1 vector representation of
a maximal independent set of G, with 1 indicating that the
corresponding node (in G) is selected (and the link is active
in the schedule) and O otherwise. A column vector that has
I’s in all entries is denoted by €.

We adopt the conventional definition of the capacity region:

A={X|0< X< pfor some € Co(Mp)}.
The interior of the capacity region is defined as:
A° ={X |0 < X < p for some p € Co(Mp)}.

Note that we can state: For any rational arrival rate vector
A = (A1, A2, .., Ajy))’ in the capacity region, there exists a
coefficient vector o € QM such that Mo > A, where ae > 0
and le]:wf‘ a; < 1.1

A. Wireless Link Scheduling

The wireless scheduling problem is typically about sta-
bilizing the queues of the links under some arrival traffic
pattern. Depending on the precise definition, stability may
mean the network queues being bounded or the Markovian
queue processes being positive recurrent [6]. Various defini-
tions of stability are often related to each other under technical
conditions. In this paper, we step back a little and define a
more basic version of the scheduling problem. It is our belief
that this basic version contains essential elements about the
complexity of various stability problems.

I'We use the convention that, for a vector z, z; denotes its i-th component.



We now define a static version of the scheduling problem.
Given an arrival rate vector, the scheduling problem is to
find a convex combination of the schedules such that the
resulting service rate dominates the arrival rate. Formally,
given a (rational) arrival rate vector A\, find a non-negative
timeshare vector « such that Mpa > A\ and Zlﬁffl a; <1
(faster than unit time).

Our conjecture is that the complexity of various scheduling-
for-stability problems is determined by the shape of the convex
polytope of the above static feasibility problem. For instance,
if A\ is strictly inside the capacity region and if we can find
a (service rate) vector that strictly dominates A and satisfies
the above feasibility problem, then the arrival traffic can be
stabilized for nearly all definitions of stability encountered in
the literature. Hence, the focus of the paper is about this static
problem and its variants.

We use o to denote a solution to the above scheduling
problem. The problem and solutions both depend on the graph
G. Here, we suppress the dependence on G in the notation.

B. Fractional Coloring Problem

The chromatic number of a graph G, x(G), is the minimum
number of colors to paint the vertices so that the connected
nodes do not share the same color. Due to its relation to
the vertex covering problems, the chromatic number problem
has been extensively studied in the graph theory field. The
chromatic number problem is NP-complete. It can be repre-
sented with an integer programming (IP) formulation. A linear
programming (LP) relaxation of this IP, which is known as the
fractional coloring problem, is also central to the fractional
packing and covering problems in graphs. Here, we provide a
formulation for the weighted fractional coloring problem. Let
w € QIVI be a (component-wise) non-negative weight vector.

X (G, w) = minimize Z o,
meMrp,
subject to Mo > w

a > 0.

The optimal value x¢(G,w) is called the weighted frac-
tional chromatic number. We let 3% € Q!V| denote a solution
to the fractional coloring problem.

The weighted fractional chromatic number of a given in-
terference graph in the wireless scheduling context can be
interpreted as the fastest way of serving queued data (without
additional arrivals) in the amount given by w if we can hop
between schedules in infinitesimal time slots. In [26], a similar
problem is studied for the 1-hop interference model, where the
schedules are maximal matchings. The authors showed that,
under that setting, the scheduling problem admits polynomial
algorithms. In [26], three interpretations of the optimization
problem are discussed. Although this work concentrates on
the independent set polytope, the first interpretation in [26]
and our perspective are closely related.

C. Minimum Span Packet Scheduling

Given an interference graph G and initial queue sizes
at all the links, denoted by the vector w, we define the
minimum span packet scheduling (MSPS) problem to be the
smallest number of time slots to drain the packets from the
queues under the interference constraints and unit transmission
capacity at each link. The following is an IP formulation of
this problem:

I'(G,w) = minimize Z Cm
meMrp,
subject to Mpc > w

em € 7T,

where Z* denotes non-negative integers.

Now, consider refining the time slots while keeping the
initial amount of queued data fixed. When reducing the size of
the time slots, we also make the unit packet length smaller. If
we choose the time slot to be R times smaller, then the initial
queue sizes will become R times larger in terms of packet
count. The optimization problem can be written as follows.

I'(G,w, R) = minimize Y ¢y,
meMrp,
subject to Mpc > Rw

em €Z7.

The following lemma indicates if we make the time slot
size infinitesimally small and scale the optimal value down by
the same scaling factor, the solution of the above problem will
converge to the solution of the fractional coloring problem.

I'(G,w,R)
R

Lemma 1. limp_ = x¢(G,w).

Proof: Let 3" be a solution corresponding to x s (G, w).
Since w € QY] and is non-negative, we can conclude 3% €
QIM=l and is non-negative. We denote the reduced form of
each rational number 3’ by ‘g— for some a;,b; € ZT,b; # 0,
where a; and b; are relatively prime. Let the least common
multiple of the b;’s be B. Similarly, denote the reduced form
of each w; by fi—l for some c¢;,d; € Z*,d; # 0, where ¢; and
d; are relatively prime. Denote the least common multiple of
the d;’s by D. For any j € Z* and j > 1, the optimization
problem for deriving x;(G,jBDw) has an integer optimal
solution, and hence, x (G, jBDw) = I'(G,w, jBD). Now
suppose kBD < R < (k + 1)BD for some k € ZT. Note
that

I'G,w,kBD) <T'(G,w,R) <I'(G,w, (k+1)BD).
Hence,

Xf(G,kBDw) <T(G,w, R) < x¢(G, (k + 1)BDw).
Dividing each term above by R and using the linearity of
Xf(G,w) in w, we have

kBDw. _ T(G,w,R)

(k+1)BDw
R )T R

Xf(G7 R )

<xy(G,



Using the continuity of x;(G,w) in w, as R — oo, both
xr(G, kB}?w) and x5 (G, (kﬂ)%) approach x;(G,w).

A similar result for the non-weighted case was derived in
[27] where the authors studied how to minimize the spectrum

usage in FDMA networks.

III. RELEVANCE OF FRACTIONAL COLORING TO
SCHEDULING

Under the protocol model, the scheduling problem assumes
a strong combinatorial structure. In this section, we will bridge
scheduling with the fractional coloring problem to highlight
the combinatorial nature. The results will be useful for the
following sections. The next theorem states that the capacity
region can be defined in terms of the weighted fractional
chromatic number, where the weight vector \ is the arrival
rates on the links.

Theorem 1.
A ={A0 < xf(G,N) = 1}

Proof: Take any arrival vector A € A. By definition, there
exists u € Co(My) such that A < p. Since p € Co(Mp),
there exists J such that M8 = pu, where 3 > 0 and
ZWLl B; = 1. Hence, [ is a feasible solution to the opti-
mization problem for x ;(G, A) and its components sum to 1.
Therefore, x f(G,)\) < 1. For the reverse direction, take an
arrival vector A such that 0 < x;(G,A) < 1. Assume (3 is a
solutlon corresponding to xf(G, \). That is, M8 > X and

= yIMel g, <Lt B =0, then A = 0, which is in A. If
B # 0, then MLB > )\ and MLB € Co(M7p). This indicates
A e A ]

By the proof for Theorem 1, we conclude that a solution
to the fractional coloring problem can be thought as a time-
sharing vector of schedules for the scheduling problem.
Similarly, we can define the boundary of the capacity region
in terms of the weighted fractional chromatic number. But, we
need a technical fact first.
Fact 1 For any J C L, there exists u € Co(My,) such that
py >0 forall j € J.
The proof is simple and is omitted. Next,

Theorem 2. X € (A — A°) <= xs(G,\) =1

Proof: We first show if A € (A—A°), then x;(G,\) = 1.
Since by Theorem 1, x;(G,\) < 1 for all A € A, we only
need to show when 0 < x7(G,\) <1, A € A°.

If x¢(G,\) =0, then A\ = 0 and hence A € A°. Consider
the case 0 < xs(G,\) < 1. Let the corresponding optimal
solution be § and B = x (G, \) = Z“VILl B;. Denote p =
MLB and v = M 3. Note that u € Co(Mp) and p > v > A
Let J C L be largest set such that v; = 0 for all j € J. Then,
pj=v; =X =0forjeJ;pu; >v; >\ forj¢.J. Now,
take any i € Co(Mp) with the property fi; > 0 for j ¢ J.
This is possible by Fact 1. Construct a new vector in Co(M,):
i = (1 =€)+ efi, where 0 < € < 1. When e is sufficiently
small, we can have i > 0 and & > \. Hence, \ € A°.

Next, suppose xs(G,A) = 1. By Theorem 1, A € A.
Suppose A is in A°. Then, there exists u € C'o(M7},) such that
> A. This in turn implies that there exists e > 0 such that
w> (L+ €A or 1+ > X Suppose « satisﬁes Mra = p,
where o > 0 and Z'MLl a; = 1. Then, + a is a feasible
solution to the optimization problem for finding x (G, \),
but its components sum to less than one. This contradicts the
assumption x ¢(G, \) = 1. Therefore A ¢ A°. [ |

Corollary 1. A° = {\|0 < xf(G,\) < 1}

An interpretation of the theorems and corollary above is as
follows. The capacity region consists of vectors that can be
serviced in unit time or less by some mixing of schedules.
The interior contains vectors that are schedulable in strictly
less than unit time.

The boundary of the capacity region, A — A°, consists of
vectors that leave the capacity polytope when multiplied by a
scalar of the form 1+e¢ for any € > 0. The following formalizes
this interpretation of the boundary.

Lemma 2. A€ (A—A°) <= AecAand \(1+¢) ¢ A for
all € > 0.

Proof: By Theorem 2, A € (A — A°) implies x (G, \) =
1. Suppose A(1 + €¢) € A for some ¢ > 0. By the linearity
of x;(G,w) in w, x;(G,A1 4+ €) = (1 + e)xs(G,A).
By Theorem 1, 0 < (1 4 €)xf(G,\) < 1, which implies
Xr(G,\) < 1i , contradicting the assumption. Conversely,
suppose A € A and there is no € > 0 such that A(1 + ¢€) € A.
Suppose A € A°. Then, there exists u € Co(Mp) such that
i > A. Hence, there exists € > 0 such that p > (1 + €)A.
Then, (1 + ¢)A € A, which is a contradiction. [ |
A vector inside the capacity region becomes increasingly
difficult to service as it approaches the boundary. Typical
suboptimal scheduling algorithms in the literature achieve a
part of the capacity region derived by scaling the capacity
region uniformly by some less-than-1 constant (e.g., [14], [17],
[18]). Motivated by this fact, we associate a number with every
arrival rate vector.

Definition 1. For any non-negative rate vector )\, let

Y3 = sup{Y[ypA € A} (1)

Note that )5 = 1 if and only if A is on the boundary of
the capacity region. If A € A, a larger value of v indicates A
is deeper inside the capacity region. We next demonstrate the
relationship between this number and the weighted fractional
chromatic number.

Lemma 3. For a non-negative vector A\, x¢(G,\) = w .

Proof: By linearity, we have x ¢(G, ¥3\) = ¥ix (G, A).

By Lemma 2, ¥} \ is on the boundary of the capacity region.
By Theorem 2, x¢(G,¥;A) = 1. Hence, ¥5xs(G,A)=1. &
This result associates the fractional coloring problem with
the difficulty of servicing an arrival rate vector. Note that a
solution to the fractional coloring problem is also a solution
to the scheduling problem (which is a feasibility problem)



but not vice versa. Accordingly, we turn to the question of
how scheduling (and hopefully, achieving stability) and the
weighted fractional coloring problem are related when an
arrival rate vector is close the boundary. The following lemma
indicates that a solution to the scheduling problem approaches
a solution to the fractional coloring problem as the rate vector
gets sufficiently close to the boundary.

Lemma 4. For an arrival vector \ € A, any o (see the def-
inition of this notation in Section II-A) is a 1y approximation
to the optimization problem for x (G, \).

Proof: By Lemma 3, x¢(G,\) = wl;. Now take any
solution of the scheduling problem, a*, by definition o is
a feasible solution to the problem for finding x (G, \) and
nyf' a} <1=x7(G,\)}. This concludes the proof. ®

One implication is that an algorithm that stabilizes an arrival
rate vector yields an approximation of the weighted fractional
coloring problem?. Furthermore, the approximation ratio tends
to 1 as the arrival rate vector gets closer to the boundary.
The result establishes a partial equivalence between the two
problems. They are the same for the vectors near or on the
boundary, but are potentially very different for vectors further
from the boundary.

The (unweighted) fractional coloring number of a graph G,
denoted by x;(G), is the solution to the weighted version
when the weight vector consists of all ones, i.e., x f(G) =
X (G, €). Consider the problem of achieving the maximum
identical rate on all links. We denote this rate by ((G). The
following is the LP formulation for finding ((G).

¢(G) = maximize z
subject to Mpa > z€
z,a > 0.
Lemma 5. ((G) = ﬁ
Proof: By Lemma 2 and the optimality, ((G)¢ is on the
boundary of A. By Theorem 2, we conclude x (G, ((G)€) =
1. Observe x¢(G,((G)€) = ((G)x¢(G,€) = 1. |

IV. COMPLEXITY OF SCHEDULING PROBLEM

In Section III, we established a connection between the
fractional coloring and the scheduling problems. Next, we will
use the derived results to reveal complexity characteristics of
the scheduling problem and stable algorithms. We will focus
on a deterministic system, where the arrivals per time slot are
constant for every link. The arrival rates are assumed to be in
Q!”! and all links have unit transmission capacity.

A stable algorithm in this setting is defined to be any
algorithm that, given initially empty queues, keeps the queue
sizes bounded throughout the execution for all arrival rates in
the interior of the capacity region. For a stable algorithm, the
upper bound on the queue sizes might be a function of the
arrival rate and the encoding length of the problem. Later, we

2Strictly speaking, we only showed the solution to the static scheduling
problem gives such an approximation.

will relate the upper bound to the distance to the boundary for
each arrival rate.

The existence of a stable algorithm implies the existence of
a vector that solves the wireless scheduling problem. However,
given a solution o to the scheduling problem, applying it as
an algorithm at each time slot might not be straightforward. In
addition to the frequencies of the schedules, when to activate
each schedule also plays a key role. Additionally, although the
two are related, the notion of stability requires the condition
that the system runs forever. To deal with these issues and
to continue our investigation of computational complexity, we
will investigate stable algorithms that not only bound the queue
sizes but also ensure that the bound is polynomial in the input’s
encoding length.

Before we start, we define a quantity e* for each arrival rate
vector A\, which is a measure of distance to the boundary. It
will be used to characterize the queue size upper bound of a
stable algorithm.

e 2 sup{e|]\ +e€ € A} )

Definition 2. An algorithm stabilizes an arrival rate vector
A computationally efficiently if the algorithm is stable and
at each iteration, the operation of the algorithm takes a
polynomial number of steps in |L|.

Definition 3. An algorithm stabilizes an arrival rate vector \
P-storage-wise efficiently if the algorithm is stable and the
queue sizes are upper bounded by P(|L|,(e))™1), where &
is a polynomial function.

Theorem 3. There is no algorithm that stabilizes all arrival
rate vectors in A° computationally and P-storage-wise effi-
ciently for any polynomial &, unless ZPP = NP.

Proof: Assume there exists an algorithm that stabilizes
any deterministic arrival rate vector A € A° computation-
ally and Z-storage-wise efficiently. Then, all queues are
upper-bounded by Z(|L|,(e*)~!) during the operation of
the network. Let us denote this number with & for short.
Also, each time slot takes at most P(|L|) computation steps,
for some polynomial function P. Given an approximation
factor €, we can use the algorithm as an oracle to create a
fully polynomial time approximation scheme (FPTAS) for the
fractional coloring problem x¢(G). (A similar technique is
used for the concurrent flow problem in [28].) Assume we run
the algorithm for R time slots. Then, the total traffic inserted
into queue i is RA; for every ¢. If all the queues are upper-
bounded by #7*, the amount of the traffic served at queue 4 in
the R time slots is no less than R\; — . The average service
rate at queue ¢ is at least RMT?@A. Letting R = 2 7!, we
ensure queue ¢ is served at an average rate \; — ée. Therefore,
we can run the stable algorithm for #?*¢~! time slots and
either achieve a timeshare vector o such that Mra > \ — ée
or conclude that A is not in the capacity region thus creating
an oracle.

By Lemma 5, the arrival rate vector mé' is on the
boundary of the capacity region. By setting the precision to



e(6|L])~, we can conduct binary search and find a number

z such that z < Xf( y Sz €(2|L])~! using the oracle for
O(log(e716|L|)) times. Since 1 < x¢(G) < |L|, x4(G) <
1/z < (1 + €)xs(G). Thus, the total running time of the
algorithm is P(|L|)O(log(e~*6|L|))Z(|L|, e 16|L|)e=16|L],
which is polynomial in input G. However, in [29], it is proven
that x ;(G) cannot be approximated within Q(|L|'~¢) for any
€ > 0, unless ZPP = NP. Therefore, devising a FPTAS here
would equalize NP and ZPP as well. |

The fractional coloring problem is known to be NP-
complete. Grotschel et al. [30] [31] established an equivalence
between the fractional coloring and the maximum weight
independent set (MWIS) problems. Formally, one can solve
fractional coloring by using a solver for the MWIS problem
a polynomial number of times. Additionally, an approximate
solver for the MWIS problem can be used to derive an
approximation algorithm for the fractional coloring problem.
The approximation ratio of the MWIS solver is directly carried
to the latter problem’s solution [32] [33]. This result, however,
should be mentioned together with the fact that the MWIS
problem is NP-complete and does not admit a polynomial time
approximation algorithm with an approximation ratio |V|° for
some ¢ > 0 [34].

V. QUEUE DYNAMICS UNDER DETERMINISTIC ARRIVAL

In this section, we will demonstrate a storage-wise efficient
scheduling algorithm: The MWIS-based algorithm is -
storage-wise efficient for 22 = 2|L|(e*)~ + /|L].

We denote the queue size of link ¢ € L at time t by
qi(t). The arrival and departure rates at link ¢ and time ¢
are A;(t) and D;(t), respectively. Note that A;(¢t) = \; and
D;(t) = min(1, ¢; (t)+A4;(¢))u;(t), where u;(t) is an indicator
function, equal to 1 if link ¢ is scheduled for transmission at
time ¢ and O otherwise.

The system potential is defined to be the sum of all queue
size squares, ®(q) = Z‘lLl q?. We will show when the queue
sizes grow beyond a threshold, the system potential drops in
the next time slot. This in turn proves that the system potential
is bounded and consequently the queue sizes are bounded as
well.

The queue evolution is given by:

qi(t +1) = q;(t) + Ai(t) — Di(2).

The potential difference between times ¢ and ¢ + 1 is denoted

by A(t) = ®(q(t +1)) — ®(q(t)). Then,
A(t)
ZZC]?@+ 1) - Zng(t)
€L i€L
= Z[qi(t +1) +¢:;(0)][gi(t + 1) — ¢ (t)]
ieL
= Z[Q%(f) + Ai(t) — Di()][Ai(t) — Di(2)]
ieL
= 2[2%‘@)(14 t) — D;(1)] + Z[Ai(t) — Di(1))*.

The second term above is bounded: >°, ., [A;(t)—D;(t)]* <

|L|. We next investigate the first term.

Z[Q%(t)(Ai(t) — D;(1))]

i€l
=23 [ai(t) A ()] — 2 [a:(H) D (1))
i€l i€l

The departure vector D(t) = (D1(t), Da(t),..., Djr))" is
determined by the chosen schedule at time ¢, m*(t) =
argmax,,c s, ¢(t)'m. Note that the departure is dominated
by the binary representation of the chosen schedule, D(t) <
m*(t).

Lemma 6. 0 < q(t)'m*(t) — q(t)'D(t) < |L|.

Proof: Since q(t),m*(t), D(t) > 0 and D(t) < m*(t),
q(t)’'D(t) < q(t)’m*(t). As usual, we denote the i-th com-
ponent of m*(¢t) by m}(t). Recall D;(t) = min(1,¢;(t) +
A;(t))u(t) = min(1, ¢;(t) + Ai(t))m](t). Hence,

(t i () — i(t)

mt () — qi(t) min(1, gs(t) + As(£))m ().

When ql(t) 0o ) > 1 or mi(t) = 0, we have

)D
)
or gi(t
qi(t)m;(t)—q:(t)D;(t) O The only interesting case is when
0<q(t) < 1 and m}(t) = 1, where we have

qi(t)m; (t) — Qi(t)Di(t)
= ¢;(H)[1 —min(1,q(t) + 4;(?))] < 1.
As a result,

q(t)'m”(t) —q(t)' D(t)
1zl 1z

—Zqz Zqz

§|LI-

)m it
i(t) qi(t

g
)

)min(1, g;(t) + A;(t))m] (t)

|

Since we assume the arrival rate vector is in the interior

of the capacity region, A(t) € A°, there exist ¢ > 0 and p €

Co(My,) such that A(t)+e€ < p. Since g(t) > 0, q(¢)’ A(t)+

q(t)'e€ < q(t)' u. Moreover, q(t)'m*(t) > q(t)'n for all u €
Co(Myp). Therefore, q(t) A(t) + q(t) e < q(t) m™*(t).

2[2% (t)(Ai(t) — Di(1))]

icL
=2 [g:i(t)A(t)] — 2> [qi(t) Ds(t
i€L i€l
< 2[q(t)'m* () — q(t)'e€ — (q(t)'m"(t) — |L])]
< —2eq(t)'@+ 2|L].
Hence, the potential difference can be bounded as
A(t) < —2eq(t) €+ 3|LJ.

For time ¢, we denote the total queue sum as Q(t) =
ﬁL g;(t). When Q(t) > 2EL A () < 0. Also, if ®(q(t)) >
3‘L 2 then Qt) > % For any time ¢, the maximum
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Fig. 1. Interference graph for a six-cycle network and its schedule vectors.

potential increase is bounded by 2Q(¢) + |L| (which is when
each queue is increased by 1). If the potential is more than
(%)2 at the beginning of time ¢, it will drop after one time
slot. The maximum potential that the system can ever reach is
bounded by (%)2—1—2%—1— IL| < (%4—\/@)2 A bounded
potential translates into bounded queue sizes. The maximum
queue size during the operation of the system is bounded by
% + \/m . In conclusion, by using a solver for the MWIS

problem, we can achieve a storage-wise efficient algorithm.

VI. A CLOSER LOOK TO THE CAPACITY REGION UNDER
PrROTOCOL MODEL

In this section, we will characterize the different sections
of the capacity region and provide sample arrival rate vectors
that are representative of each section.

In general, the capacity region consists of arrival rate vectors
that can be served by some algorithm. The boundary can
be considered as the set of arrival rate vectors that are the
most challenging to serve. In earlier sections, we provide two
characterizations of the boundary. The first one relates to the
fractional chromatic number and the second one states that
the vectors on the boundary cannot be extended further and
yet remain in the capacity region. By the second definition, if
a vector is on the boundary, no other vector in the capacity
region can dominate it in its direction. However, it is possible
that, for two vectors on the boundary, one dominates the other.

Therefore, it is worth to single out the part of the boundary
where a vector is not dominated by any other vector in the
capacity region. This part contains the most challenging arrival
rate vectors to serve. We call this region the upper-boundary of
the capacity region A, and denote it by % (A). The definition
of the upper-boundary excludes those vectors on the traditional
boundary that are dominated by some vectors in the capacity
region. Formally,

U(A)={Ae AN #Aforall \' € A and \ # A}

The notation ;7_4 means ‘“not >,

To illustrate the significance of different regions, we will
use a small network and examine a few interesting arrival
rate vectors. Consider the 6-cycle network whose interference
graph is given in Figure 1. The schedules of this network are
listed on its left.

Consider an arrival rate vector on the upper-boundary,

111111

, .
(5, 513r30 2 5) . This vector can be represented as a convex

combination of the schedules, %Ml + %Mg It is impossible

to dominate this vector by any other convex combination of
the schedules.

Next, consider the rate vector (3,3, 3,3, 3,0)". It is on the
boundary. However, the previous vector dominates this one.
Therefore, this vector sits on the boundary but not on the
upper-boundary.

Now move inside the capacity region and consider the rate
vector (%7 %7 %7 %, %, %)’ . We can provide two different repre-
sentations of this vector: %M’l + %]\7[2 or %Mg + %Z\L + %]V[g.
Note that the former representation is more “efficient” than the
latter since the coefficients have a smaller sum. This vector is
in the convex hull of the (maximal) schedules but not on the

boundary.

upper-boundary

M Co(My)

A4

v

Fig. 2. Capacity region and arrival rate vectors in different sections.

In Figure 2, we provide a simplified illustration of a capacity
region to demonstrate the concepts. The solid thicker line
indicates the upper-boundary and the dashed line is for the rest
of the boundary. \; is on the boundary but also dominated by
some vector in the capacity region. Therefore, A; is not on the
upper-boundary. A3 cannot be dominated by any other vector
in the capacity region and it is on the upper-boundary. \s is a
convex combination of the schedules, but it can still be scaled
up without leaving the capacity region; hence, it is both in
Co(Mp) and in the interior of the capacity region. A4 is also
in the interior of the capacity region but it is not in Co(Mp,).
A4 has relatively low arrival rates; it may be easy to schedule
such an arrival rate vector.

VII. CAPACITY REGION AND LOCAL POOLING

The shape of the capacity region can affect the difficulty
of the scheduling problem. Since all the other vectors in
the capacity region are dominated by the upper-boundary, an
investigation of the upper-boundary can be crucial.

For any arrival rate vector A, we can define a norm-like
function with respect to the capacity region, which we will
loosely call schedule norm.

Definition 4. Given a link set L, the schedule norm of an
arrival rate vector ), denoted ||\||s, is given by

[|A|s =inf{k|Fp € Co(Mp), kp > A}.

Here, 1 is interpreted as a service rate vector. If the links are
endowed with queued data proportional to A and there are no



further arrivals, then ||\||s is the shortest time to drain all data
among all possible schedules. We next show that the schedule
norm is equal to the weighted fractional chromatic number.

[Alls = x7 (G, A).

Proof: The case of A = 0 is trivial. We only consider the
case where A # 0. Since Co(My) is a closed set, it can be
shown easily the set in Definition 4, {k|3u € Co(My), kyu >
A}, is closed, and the infimum is achieved. Hence, for any
arrival rate vector A, there is a u € Co(Mp) such that
[|Al|lsi¢ > A. Since pp € Co(Mp), p = Mpa for some
o > 0 and nyflai = 1. Let 3; = ||\||s; for each i;
B is feasible for the optimization problem to find x (G, ).
Hence, [|A||s > ><,\f(G7>\). To show the other inequality, we
let p = ML%, where ﬂ)‘ is an optimal solution to
the problem of finding x;(G,A). Then p € Co(Mj) and
Xf(G, A\ > A Therefore, ||A||s < xf(G, ). |

Lemma 7. For any arrival rate vector A,

Corollary 2. The capacity region is the set containing all the
vectors whose schedule norms are less than or equal to 1.
The interior of the capacity region is the set containing all
the vectors whose schedule norms are less than 1.

In [15], the length of a vector respect to a convex region ©
is defined as:
1
sup{klk > 0,kz € O}
Lemma 8. The definition of the schedule norm is identical to
the definition in (3), if we let © = A, i.e:

3)

lzlle =

2[5 = [[z]]a-

Proof: Note that ||z||y = 1/¢% by Definition 1. By
applying Lemma 3 and Lemma 7, we obtain the desired
equality. |

Set o-local pooling is studied in [35]. It has many interesting
properties and is related to o-local pooling defined in [18].
We will show the relationship between the set o-local pooling
factor and the schedule norm. Let L be any non-empty link
set. For convenience, let

O ={o | our, # vy, for all up, vy € Co(Mp) }.
The compliment of O, is
¢ ={o | our > v, for some pp, vy € Co(Mp) }.
Definition 5. Given a non-empty set of links L, we say L has
a set o-local pooling factor o, if the following holds.
op:=sup{oc | oc €O}
=inf{o | 0 € OF }.

It has been shown that the set o-local pooling factor is equal
to the optimal solution of the following problem.

min o
O,UL,VL

subject to our > vy,
UrL,Vr € CO(ML).

Let K C L. For any |K|-dimensional vector A\, we can
define an extended |L|-dimensional vector A; by setting all
the extended components to be 0. Conversely, for any |L|-
dimensional vector y, we can create a | K|-dimensional vector
by restriction, and we denote it by [u]x.

Lemma 9. The set o-local pooling factor satisfies: ox =
min{||AL||s|]A € Co(Mk)}.

Proof: For any A € Co(Mk), 0 < [|AL]|s < 1. Letting
k = 1/||AL||s» we have k > 1 and ||kAp||s = 1. Thus there
is a vector u € Co(My) such that > kAy. Furthermore,
there is a vector v € Co(Mk) satisfing v > [u]x. Then
v > kA. Thus 1/k > 0. Therefore, ox < min{||Ap|[s|\ €
CO(MK)}.

In the problem of set o-local pooling, there is a u,v €
Co(Mp) such that v < ogpu. Let A = v, we obtain that
[|ALlls < oK. Therefore, min{||A.||s|]A € Co(Mk)} < ok.

|

The lemma shows that the set o-local pooling factor is equal
to the minimum schedule norm of all vectors in Co(Mg ). The
set o-local pooling factor for set K contains information about
the shape of C'o(Mf ), as illustrated by the next corollary.

1, any A € Co(MLp) satisfies

Corollary 3. When o, =
[IAlls = 1.

Lemma 10. For a given set L and any two vector \1,\a €
Co(Myp,), we have or,(||A1]ls + || A2]]s) < [|A1 + Az2lls-

Proof: Suppose there exist two vectors A1, A2 € Co(M7,)
and O'L(H/\le + H)\2||5) > [|A + /\QHS. Then, 207, > ||A1 +
)\2”5 or oy > ||1/2)\1 + 1/2)\2”(; Since 1/2)\1 + 1/2)\2 €
Co(Mp), this contradicts Lemma 9. |

Lemma 11. The upper-boundary satisfies % C Co(M).

Proof: By the definition of %, any A\ € % satisfies A €
A. Then, A < pu for some p € Co(My). Thus, A = p, which
implies that A € Co(Mp) and the lemma holds. [ |

Lemma 12. The upper-boundary satisfies % = Co(My) if
and only if o, = 1.

Proof: First, we will prove that if % = Co(My)
then o, = 1. Suppose o; < 1. There exist two vectors
wu,v € Co(Mp) such that opp > v. Then, v ¢ %, which
is a contradiction.

Next, we will show that if o, = 1, then % = Co(Mp).
From Lemma 11, we already know that % C Co(Mp). We
only need to show Co(Mp) C % . Suppose Co(Mr) € %,
then there exists a v € Co(Mp) and v ¢ % . Since v € A,
there must be a y € Co(Mp) such that 4 > v and pu # v.
Then, there is a partition of set L into, say P and (), such
that PNQ =0, PUQ = L and [p]g = [V]o, [1p > [V]p.
If Q@ = (), then there must be a ¢ < 1 such that ou > v.
This contradicts o, = 1. Suppose @ # (). If for all i € Q,
w; = v; = 0, then again, there must be a ¢ < 1 such that
o> v.

We next consider the remaining case. Pick an ¢ € ) such
that p; = 1v; > 0. For this ¢, there must be a schedule s in



which link ¢ is not activated. We choose a small enough ¢
and let v/ = (1 — €)v + es. Since v, s € Co(My,), we have
V' € Co(Mp). Next, set P — PU{i} and Q «— Q — {i}.
This operation can be repeated until either @ = ) or [u]g =
[']g = 0. Then, there must be a o < 1 such that op > v/,
which contradicts o7, = 1. |

This lemma implies that whenever o; = 1, the upper-
boundary is convex and equal to Co(M},). Then, any ray from
the origin can only intersect Co(M) at one point.

VIII. CONCLUSION AND FUTURE WORK

In this paper, we investigated the capacity region of a
wireless network in a meticulous manner. In particular, we
defined the capacity region using the weighted fractional
coloring problem and used the derived relations to address the
complexity of scheduling deterministic arrivals. The choice
of deterministic arrivals was due to its immediate connection
to the randomized counterpart and the ease of applying the
complexity theory. Under the deterministic setting, we showed
that the MWIS-based algorithm stabilizes the queues with
efficient bounds on the queue sizes. We also investigated
interesting sections of the capacity region and defined the
upper-boundary. We related the o-local pooling factor to the
weighted fractional coloring problem. We characterized the
upper-boundary under the set local pooling condition.

There are many remaining questions. First, the connection
between the MWIS problem and fractional coloring in the
scheduling context has not been established in a rigorous
manner. Second, the applicability of the results to the state
of art control algorithms requires connecting deterministic
arrivals with probabilistic ones. Third, we believe that set
local pooling (and local pooling in general) is related to the
complexity of the MWIS problem in graphs. Our immediate
concern will be addressing these issues.
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