
2d-Separable and d-Disjun
t Matri
es

Every nonadaptive group testing 
an be represented by a 0-1 matrix with 
ertainproperties. In this 
hapter, we introdu
e some 
on
epts about those matri
es.
2.1 d-Separable MatrixFor ea
h nonadaptive group testing, one 
an 
onstru
t a 0-1 matrix as follows: Useea
h row to represent a test and ea
h 
olumn to represent an item. The 
ell (i; j)
ontains 1-entry if and only if the ith test 
ontains the jth item. Sin
e ea
h 
olumn
orresponds to a subset of rows, one may talk about a union of several 
olumns, whi
his equivalent to Boolean sum of those 0-1 
olumn ve
tors. Clearly, if su
h a matrixis 
onstru
ted from a nonadaptive group testing whi
h 
an identify d positive items,then it must have a property that all unions of d distin
t 
olumns are distin
t. A 0-1matrix satisfying su
h a property is 
alled a d-separable matrix.The de�nition of a 1-separable matrix is redu
ed to \no two 
olumns are the same."This was also 
alled a separating system studied by R�enyi [10℄ and Katona [6℄.Kautz and Singleton [7℄ proved the following lemma.Lemma 2.1.1 If a matrix is d-separable, then it is k-separable for every 1 � k �d < n.Proof. Suppose that M is d-separable but not k-separable for some 1 � k < d < n.Namely, there exist two distin
t samples s and s0 ea
h 
onsisting of k 
olumns su
hthat P (s) = P (s0) where P (s) denotes the set of tests with positive out
omes underthe sample s. Let Cx be a 
olumn in neither s nor s0. ThenCx [ P (s) = Cx [ P (s0) :Adding a total of d� k su
h 
olumns Cx to both s and s0 yields two distin
t samplessd and s0d ea
h 
onsisting of d 
olumns su
h that P (sd) = P (s0d). Hen
e M is notd-separable. If there are only ` < d�k su
h 
olumns Cx, then sele
t d�k� ` pairs of
olumns (Cy; Cz) su
h that Cy is in s but not in s0 and Cz is in s0 but not in s. ThenCz [ P (s) = P (s) = P (s0) = Cy [ P (s0) :1



Therefore these pairs 
an substitute for the missing Cx. Sin
e M is d-separable, atotal of d � k Cx and (Cy; Cz) 
an always be found to yield two distin
t sd and s0dea
h 
onsisting of d 
olumns. 2Let S(d; n) be the sample spa
e 
onsisting of all samples with n items and dpositives. Consider an t� n d-separable matrix. For ea
h sample s 2 S(d; n), we 
anobtain t test out
omes whi
h form a t-dimensional 
olumn ve
tor, 
alled test out
omeve
tor. Given a test out
ome ve
tor, how to de
ode it to re
over the sample s, i.e.,how to identify all positives?First, we note that all items 
ontained by a negative test 
an be identi�ed to benegative immediately. The remainder is �nd d items among remaining items to hitall positive tests. This is exa
tly a hitting set problem as follows:Hitting Set Problem: Given a set X and a 
olle
tion C of subsets ofX, �nd a minimum-
ardinality subset Y of X su
h that Y \ C 6= ;.In fa
t, in 
urrent situation, X is the set of items not appearing in any negativepool, C is the 
olle
tion of all positive pools and the next lemma shows that if jXj > d,then the d positive items form the unique minimum solution.
Lemma 2.1.2 Given a t� n d-separable matrix and a test out
ome ve
tor resultingfrom a sample in S(d; n), either the number of items not appearing in any negativepool is exa
tly d, or the size of optimal solution for the hitting set problem redu
ed asabove is d and it is unique.
Proof. Let X be the set of item not appearing in any negative pool. Sin
e X 
ontainsall positive items, we have jXj � d. If jXj > d, then we �rst show that any optimalsolution for the hitting set problem has size exa
tly d. Note that all d positive itemsform a hitting set. Any optimal solution has size at least d. For 
ontradi
tion,suppose there exists a hitting set H of size h < d. Then putting d � h more otheritems 
hoosing from X to H would result in a hitting set of size d. Sin
e jXj > d,we 
an �nd, in this way, two distin
t hitting sets of size d. Note that the union of
olumns 
orresponding any hitting set is the test out
ome ve
tor. Therefore, the twounions 
orresponding two hitting sets of size d are equal, 
ontradi
ting the de�nitionof d-separability.The uniqueness of the hitting set of size d 
an also result from the above argument.2 The weight of a binary ve
tor is the number of 1s in the ve
tor.
Corollary 2.1.3 In any d-separable matrix, the union of any d 
olumns other thanzero 
olumns has weight at least d. 2



Proof. Let s 2 S(d; n). By Lemma 2.1.2, there are two 
ases.Case 1. s is the unique solution of the hitting set problem resulting from thede
oding. Then, the weight of the union U(s) of the d 
olumns in s is 
learly havingweight at least d sin
e, otherwise, a hitting set of size at most d� 1 exists.Case 2. jXj = d where X is the set of items not appearing in any negative pool.For 
ontradi
tion, suppose U(s) has weight w < d. This means that w positive pools.Thus, we 
an 
hoose a subset s0 � s with js0j = d�1 to hit these w pools. Consider s0as a sample in S(d� 1; n). Then all negative pools are still negative and all positivepools are still positive. Therefore, X is still the set of items not in any negative pool.Sin
e jXj = d > d�1, s0 is the unique hitting set of size d�1 for these positive poolsby Lemma 2.1.2. It follows that ea
h 
olumn Cj in s0 has a positive pool hitted onlyby Cj not other ones. (If C � j has not su
h a positive pool, then it 
an be removedfrom the hitting set.) It in turn follow that the 
olumn in s n s0 has to be a zero
olumn, a 
ontradi
tion. 2The hitting set problem is NP-hard. Even the size of optimal hitting set is known,no 
lever method has been found so far to 
ompute the optimal solution. Only waythat we know is exhaused sear
h, that is, 
he
king all possible d-subsets of unidenti�editems in time O(jXjd). Is there an algorithm with a polynomial time with respe
tto both jXj and d? The answer is NO if NP6=P. In fa
t, if su
h a polynomial-time algorithm exists, then we may run the algorithm jXj times on inputs withd = 1; 2; :::; jXj to solve the hitting set problem in polynomial time. This impliesNP=P [8℄.In the real world, knowing an upper bound of the number of positive items ismore pra
ti
al than knowing the exa
t number of positives. Therefore, one is alsointerested in �d-separability. A binary matrix is �d-separable if all unions of at most d
olumns are distin
t. �1-separability is the same as 1-separability. However, for d � 2,�d-separability is stronger than d-separability. For example, the matrix0B� 0 0 10 1 11 0 0
1CA

is 2-separable, but not �2-separable.Similarly, to de
ode test out
omes from a �d-separable matrix under a sample, wemay �rst identify all items 
ontained by negative pools. Next, set X to be the set ofitems not appearing in any negative pool and C to be the 
olle
tions of all positivepools. Then, all positive items form a hitting set of size at most d.Let S( �d; n) be the sample spa
e 
onsisting of all samples with n items and atmost d positives. The following lemma indi
ates that all positive items a
tually formunique hitting set of size at most d.Lemma 2.1.4 For any t�n �d-separable matrix and any test out
ome ve
tor resultingfrom a sample in S( �d; n), there exists exa
tly one hitting set of size at most d for thehitting set problem redu
ed as above. 3



Proof. Similar to the proof of Lemma 2.1.2. 2Corollary 2.1.5 Every �d-separable matrix does not 
ontain zero 
olumn.Proof. For 
ontradi
tion, suppose there exists a �d-separable t�n matrixM 
ontaininga zero 
olumn. Choose s 2 S( �d; n) su
h that jsj � d � 1 and s does not 
ontain thezero 
olumn. Then the zero 
olumn would destroy the uniqueness of hitting set ofsize at most d for positive pools. 2By Corollaries 2.1.3 and 2.1.5, we haveCorollary 2.1.6 In any �d-separable matrix, the union of any d 
olumns has weightat least d.
2.2 d-Disjun
t MatrixAs des
ribed in the last se
tion, to de
ode positives from testing out
omes, we needto solve a hitting set problem, that is, �nd a minimum-
ardinality subset of itemshitting every positive pool. For testing based on d-separable (or �d-separable) matrix,the optimal solution of the hitting set problem is often unique and has size exa
tly d(or at most d) unless its input size is exa
tly d. Indeed, its input size 
an be redu
edby negative pools, although the hitting set problem in this 
ase is still NP-hard. Thefollowing is a 
hara
terization on the input size of this hitting set problem.Theorem 2.2.1 For testing based on a d-separable matrix M . the number of itemsnot appearing in any negative pool is always no more than d+k�1 if and only if anyunion of k 
olumns 
annot be 
ontained by any union of other d 
olumns.Proof. Note that an item does not appearing in any negative pool if and only if its
orresponding 
olumn is not 
ontained by the union of d positive 
olumns. Therefore,the number of items not appearing in any negative pool is more than d + k if andonly if there are at least k non-positive items whose 
olumns are 
ontained by the dpositive 
olumns. Therefore, the theorem is true. 2To de
ode positives eÆ
iently from testing out
omes, we are interested in the 
asethat k = 1 sin
e in this 
ase, the number of items not appearing in any negative poolis exa
tly d and hen
e de
oding 
an be done in O(n) time.Consider a t� n binary matrix M where Ri and Cj denote row i and 
olumn j.M will be said to be d-disjun
t if the union of any d 
olumns does not 
ontain anyother 
olumn. Note that d-disjun
tness implies that the union of any up to d 
olumnsdoes not 
ontain any other 
olumn. Therefore, every d-disjun
t matrix is d-separable.Corollary 2.2.2 A binary matrix is d-disjun
t if and only if for any sample s 2S(d; n), the union of negative pools 
ontains all negative items.4



Clearly, a binary d-disjun
t matrix is also k-disjun
t for any 1 � k � d. Therefore,the following holds.Corollary 2.2.3 A binary matrix is d-disjun
t if and only if for any sample s 2S( �d; n), the union of all negative pools 
ontains all negative items.This 
orollary means that a d-disjun
t matrix also 
orresponds to a nonadaptive( �d; n) algorithm, but with an additional property whi
h allows the positives to beidenti�ed easily. That is, the following is true.Corollary 2.2.4 d-disjun
t implies �d-separable.Of 
ourse, trade o� always exists. Saha and Sinha [11℄ showed that d-disjun
tnessrequires at least one more test than d-separability.Lemma 2.2.5 Deleting any row Ri from a d-disjun
t matrix M yields a d-separablematrix Mi.Proof. Let s; s0 2 S( �d; n). Let P (s) denote the set of positive pools under the samples. Then P (s) and P (s0) must di�er in at least 2 rows or one would 
ontain the other.Hen
e, they are di�erent even after the deletion of a row. 2Could this result be strengthed to �d-separability? The answer is NO. In fa
t, theproof 
annot applied to the 
ase than s 
ontains s0 or s0 
ontains s in whi
h 
ase P (s)and P (s0) 
an di�er in only one row.The following lemmas established a basi
 relation between d-disjun
tness, d-separability and �d-separability.Lemma 2.2.6 A binary matrix is (d+ 1)-separable if and only if it is (d+1)-separableand d-disjun
t.Proof. Sin
e (d+ 1) must be (d + 1)-separable, we need onlt to show d-disjun
tnessfor forward dire
tion. Suppose that M is (d+ 1)-separable but not d-disjun
t, i.e.,there exists a sample s of d 
olumns su
h that P (s) 
ontains another 
olumn Cj notin s, where P (s) denotes the set of tests with positive out
omes under sample s. ThenP (s) = Cj [ P (s);a 
ontradi
tion to the assumption that M is (d+ 1)-separable.For ba
kward dire
tion, 
onsider two samples s and s0 from S(d+ 1; n). If jsj =js0j = d + 1, then P (s) 6= P (s0) by (d + 1)-separability. Else, assume jsj � js0j. Thenjsj � d and s0 must 
ontain a 
olumn Cj not in s. By d-disjun
tness, P (s) does not
ontain Cj and hen
e P (s) 6= P (s0). 2
5



From Corollary 2.2.4 and Lemma 2.2.6 any property held by a d-separable matrixalso holds for a d-disjun
t matrix, and any property held for a d-disjun
t matrix alsoholds for a d+ 1-separable matrix.The following summarizes the relations between these properties.�d� separable* +(d+ 1)� separable ) d� disjun
t )� d� separable+ +k � disjun
t (k < d) ) k � separable (k < d)where � means "delete any row".Chen and Hwang [2℄ showed the following interesting results.Theorem 2.2.7 If a d-separable matrix 
ontains a zero 
olumn, then deleting thezero 
olumn results in a (d� 1)-disjun
t matrix.Proof. For 
ontradi
tion, suppose there exist a nonzero 
olumn C and a set s of d�1other nonzero 
olumns su
h that C � U(s) where U(s) is the union of 
olumns in s.Let s0 be obtained from s by putting in the zero 
olumn. Then U(fCg [ s) = U(s0),
ontradi
ting the d-separability. 2Corollary 2.2.8 A binary matrix 
ontaining a zero 
olumn is d-separable if and onlyif all nonzero 
olumns form a �d-separable matrix.Proof. By Theorem 2.2.7 and Lemma 2.2.6, the forward dire
tion is 
orre
t. Forba
kward dire
tion, 
onsider two samples s and s0 in S(d; n). Let s� and s0� beobtained respe
tively from s and s0 by deleting zero 
olumn. Then s� 6= s0�. By�d-separability of submatrix with nonzero 
olumns, U(s) = U(s�) 6= U(s0�) = U(s0)where U(s) denote the union of 
olumns in s. 2Theorem 2.2.9 Let M be a 2d-separable matrix. Then we 
an obtain a d-disjun
tmatrix by adding at most one row to M .. Proof. If M is d-disjun
t, then we are done. Suppose M is not. Then there exists a
olumn C and a set s of d other 
olumns su
h that C is 
ontained by the union U(s) ofthe d 
olumns in s. Add a row R whi
h has 1-entry at C and 0-entries at all 
ollumnsin s to break up the 
ontainment C � U(s) in the new matrix. However, there mayexist many pairs (C; s) su
h that C � U(s). If we use the same row to break up the
ontainment, then we must show that there is no 
on
i
ting in the de�nition of R,that is, we must show that for two su
h pairs (C; s) and (C 0; s0), we would not haveC 2 s.For 
ontradi
tion, suppose C 2 s. Set S0 = s [ s0 [ fC;C 0g. Then jS0j � 2d+ 1.Set S1 = S0 n fCg and S2 = S0 n fC 0g. Then jS1j = jS2j � 2d. However, U(S1) =U(S0) = U(S2), 
ontadi
ting 2d-separability. 26
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Corollary 2.2.10 Let M be a 2d-separable matrix. Then we 
an obtain a (d+ 1)-separable matrix by adding at most one row to M .. Proof. By Theorem 2.2.9 and Lemma 2.2.6. 2
2.3 Error-Toleran
e in (d; n) Spa
eThe Hamming distan
e of two 
olumn ve
tors is the number of di�erent 
omponentsbetween them. For a d-separable matrix, the Hamming distan
e of any two unions ofd 
olumns is at least one. Suppose that the Hamming distan
e of any two unions ofd 
olumns in a d-separable matrix is at least 2k + 1. Then de
oding d positive itemsfrom testing out
omes is still possible even if there exist at most k error-tests. Indeed,we 
an 
hoose the d 
olumns whose union is within Hamming distan
e k from thetest-out
ome ve
tor. Therefore, a d-separable matrix is said to be k-error-
orre
tingif the Hamming distan
e of any two unions of d 
olumns is at least 2k + 1.For a k-error-
orre
ting d-separable matrix, if the number of error-tests is morethan k and less than 2k + 1, then we 
annot de
ode the d positive items from a test-out
ome 
olumn ve
tor, however we 
an dete
t whether error exists or not. Indeed,if the test-out
ome 
olumn ve
tor is identi
al to a union of d 
olumns, then these d
olumns 
orresponds to the d positive items. Otherwise, error exists. Therefore, wealso 
all a k-error-
orre
ting d-separable matrix as a 2k-error-dete
ting d-separablematrix. In general, a d-separable matrix is said to be k-error-dete
ting if the Hammingdistan
e of any two unions of d 
olumns is at least k + 1.The following are basi
 properties of k-error-
orre
ting matri
es.Lemma 2.3.1 Deleting any k rows from a k-error-
orre
ting d-separable matrix re-sults in a d-separable matrix.Proof. Assume these k rows always make 
ertain errors to disturb the identi�
ation.The separability has to 
ome from the remaining rows and hen
e they form a d-separable matrix. 2Corollary 2.3.2 The union of any d 
olumns in a k-error-
orre
ting d-separablematrix has weight at least d+ k � 1.Proof. Sin
e a d-separable matrix is also (d � 1)-separable, the union of any d � 1
olumns other than zero 
olumn in a d-separable matrix has weight at least d� 1. Itfollows that the union of any d 
olumns has weight at least d. By Lemma 2.3.1, this
orollary holds. 2There is a similar issue about the d-disjun
t matrix. A binary matrix is (d; k)-disjun
t if for any union of d 
olumns, every other 
olumn has at least k + 1 1-
omponents not 
ontained by the union.
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Theorem 2.3.3 For every (d; k)-disjun
t matrix, the Hamming distan
e between anytwo unions of d 
olumns is at least 2k + 2.Proof. Let C1 [ � � � [ Cd and C10 [ � � � [ Cd0 be two di�erent unions of d 
olumns.Suppose C1 is not in fC10; :::; Cd0g and C10 is not in fC1; :::; Cdg. By the de�nition of(d; k)-disjun
tness, C1 has at least k+1 1-
omponents not 
ontained by C10[� � �[Cd0and C10 has at least k + 1 1-
omponents not 
ontained by C1 [ � � � [ Cd. Therefore,the Hamiming distan
e between the two unionsH(C1 [ � � �Cd; C10 [ � � � [ Cd0) � 2(k + 1): 2Consequently, we have the following.Corollary 2.3.4 Every (d; k)-disjun
t matrix is a k-error-
orre
ting d-separable ma-trix and moreover, deleting any row, the remainder is still k-error-
orre
ting d-separable.(d; k)-disjun
tness via k-error-
orre
ting property is similar to the d-disjun
tnessvia d-separability. De
oding positives from testing based on (d; k)-disjun
t matrix ismu
h easier than from testing based on k-error-
orre
ting d-separable matrix. To seethis, let us �rst show the following lemma.Lemma 2.3.5 Suppose testing is based on a (d; k)-disjun
t matrix. If the number oferror tests is not more than k, then the number of negative pools 
ontaining a positiveitem is always smaller that the number of negative pools 
ontaining a negative item.Proof. Let i be a positive item and j a negative item. Suppose the number of nega-tive pools 
ontaining i is m. Then these m pools must re
eive error tests. Therefore,there are at most k � m error tests turning negative out
ome to positive out
ome.Moreover, we note that if no error exists, the number of negative pools 
ontaining j isat least k + 1 by the de�nition of (d; k)-disjun
tness. Hen
e, the number of negativepools 
ontaining j is at least (k + 1)� (k �m) = m+ 1 > m. 2From the above lemma, we see that to de
ode positives from testing based on(d; k)-disjun
t matrix, we only need to 
ompute the number of negative pools 
on-taining ea
h item and sele
t d smallest ones. This runs in time O(nt).Hwang [4℄ 
onsidered a spe
ial 
ase that errosr o

ur only in testing on negativepools, i.e., all negative out
omes are 
orre
t. In this 
ase, if the number of errors isat most k in testing with (d; k)-disjun
t matrix, then every negative item appears ina negative pool. Therefore, after remove all items appearing in negative pools, theremaining items all are positive. The running time for de
oding in this way is O(n).Huang and Weng [3℄ 
onsider another spe
ial 
ase that the number of errors isat most bk=2
 in testing with (d; k)-disjun
t matrix. In this 
ase, a positive items
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appears in at most bk=2
 negative pools. But, a negative items appears in at leastk + 1 � bk=2
(> bk=2
) negative pools. Therefore, an items is positive if and onlyif it appeas in at most bk=2
 negative pools. Using this 
ondition, de
oding runs intime O(kn).Now, we give a relation between (d; k)-disjun
t matrix and (d+k)-disjun
t matrixwithout isolated 
olumn. A 
olumn is isolated if there is a row 
ontaining only one 1at the interse
tion with the 
olumn. In other words, there is a pool 
ontaining onlyone item. Usually, su
h pool (row) and item (
olumn) 
an be eliminated from our
onsideration when we study 
onstru
tion of disjun
t matrix.Theorem 2.3.6 Every (d + k)-disjun
t matrix without isolated 
olumn is (d; k)-disjun
t matrix.Proof. Consider a 
olumn C0 and a union of d other 
olumns, C1 [ � � � [ Cd. If thenumber of 1-
omponents in C0 but not in C1[� � �[CD is less than k+1, then we may�nd at most k other 
olumns to 
ontain those 
omponents. (Sin
e no isolated 
ol-umn exists, every row 
ontains at least two 1s and hen
e the k other 
olumns exist.)The union of these k 
olumns together with C1; :::; Cd will 
ontain C0, 
ontradi
ting(d+ k)-disjun
tness. 2Although 
onstru
ting (d; k)-disjun
t matrix 
an be redu
ed to 
onstru
tion of(d+ k)-disjun
t matrix, we will still introdu
e some spe
ial ways to 
onstru
t (d; k)-disjun
t matrix dire
tly sin
e the number of rows 
an be signi�
antly smaller.
3 Error-Toleran
e in ( �d; n) Spa
eThe d-disjun
t matrix serves for both (d; n) and ( �d; n) spa
es in the 
ase of error-free. However, the situation in error-toleran
e is di�erent. In ( �d; n) spa
e, if wewant a �d-separable matrix M to be able to identify sample from test out
omes withup to k errors, then M must have a property that the Hamming distan
e of twounions of at most d 
olumns is at least 2k + 1. Su
h a matrix is 
alled a k-error-
orre
ting �d-separable matrix. In later 
hapter, we will see some examples whi
h showthat (d; k)-disjun
t matrix may not be k-error-
orre
ting �d-separable. Therefore, thede
oding method of Wu et al. introdu
ed in Se
tion 2.3 does not work for ( �d; n)spa
e. Indeed, Theorem 2.3.5 holds also for ( �d; n) spa
e. However, we do not knowhow many smallest ones should be determined to be positive.On the other hand, the de
oding methods of Huang and Weng [3℄ holds for ( �d; n)spa
e. A
tually, we have the following.Theorem 3.0.7 Every (d; k)-disjun
t matrix is bk=2
-error-
orre
ting d-disjun
t.Proof. For two di�erent subsets of at most d 
olumns, there must be one not 
on-tained by the other. Then, the union of the former 
ontains at least k + 1 1-entries
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not appearing the union of the latter. This means that the Hamming distan
e ofthe two unions is at least k+1. Hen
e, it is bk=2
-error-
orre
ting for �d-separability.Moreover, (d; k)-disjun
t matrix must be d-disjun
t. Thus, it is k-error-
orre
tingd-disjun
t. 2The unsu
ess of (d; k)-disjun
tness in ( �d; n) spa
e en
ourage one to look for othertype of matri
es.A d-disjun
t matrix is said to be k-error-
orre
ting if the Hamming distan
e be-tween two union of at most d 
olumns is at least 2k + 1.An interesting question is whether the time 
omplexity of de
oding for k-error-
orre
ting d-disjun
t matrix 
an be a polynomial with respe
t to both d and n wheren is the number of 
olumns in the 
onsidered matrix. Wu et al [17℄ gave a positiveanswer to the question.Theorem 3.0.8 There exists a de
oding algorithm for k-error-
orre
ting d-disjun
tmatrix, running in time O((n+ t)tk).Proof. Let M be a k-error-
orre
ting d-disjun
t t�n matrix. Given out
omes from ttests on a sample of n 
lones with at most d positive ones, assume that the numberof errors is at most k. We des
ribe a de
oding approa
h as follows.Let E denote the set of error tests. The jEj � k. For ea
h possible E, we removeall 
lones in negative pools not in E and all 
lones in positive pools in E. If the numberof remaining 
lones is at most d, then we 
ompute the Hamming distan
e between thegiven test out
omes and the true out
omes for the sample with all remaining 
lonesas positives. If this Hamming distan
e does not ex
eed k, then we a

ept the resultthat all remaining ones are positive and all removed ones are all negative. Clearly,this method runs in time O((n+ t)tk).To show 
orre
tness of this method, we need to prove the following two 
laims:(1) Theere exists an E su
h that the number of remaining 
lones does not ex
eedd. (2) If the number of remaining 
lones does not ex
eed d, then the set of remaining
lones remains the same.Claim (1) follows from the d-disjun
tness of M . Indeed, if E is the set of all poolson ea
h of whi
h test out
ome is wrong, then all remaining 
lones should be positiveand hen
e there exist at most d of them.Claim (2) follows from the k-error-
orre
ting property ofM , by whi
h, there existsexa
tly one sample with at most d positive 
lones su
h that the Hamming distan
ebetween the given test out
omes and the true out
omes on the sample does not ex
eedk. 2Is there a de
oding method for k-error-
orre
ting d-disjun
t matrix running in apolynomial time with respe
t to n, d, t and k? The following result gives a negativeanswer.
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Theorem 3.0.9 There does not exist a de
oding algorithm for k-error-
orre
ting d-disjun
t matrix running in a polynomial time with respe
t to n, d, t, and k unlessNP=P.To show this theorem, let us �rst study the de
oding for k-error-
orre
ting �d-separable matrix.The de
oding for k-error-
orre
ting �d-separable matrix is looking for a subset ofat most d 
lones su
h that the number of positive pools not hit by the subset plus thenumber of negative pools hit by the subset does not ex
eed k. Thus, this de
odingproblem is 
losedly related to the following problem.Double-Hitting: Given two 
olle
tions C and D of subsets of X and anpositive integer d, �nd a subset A of at most d elenments of X to minimizethe total number of subsets in C not hit by A and subsets in D hit by B.Indeed, C is the 
olle
tion of positive pools and D is the 
olle
tion of negative pools.What we minimize is the number of error tests for the "hitting" subset over all possibleset of positive 
lones. The di�eren
e is that for the de
oding problem, we know thatthe minimum value of the obje
tive fun
tion is at most k and want to �nd the subsetto a
hieve this value.Similarly, the de
oding for k-error-
orre
ting d-disjun
t matrix is 
losedly relatedto a variation of Double-Hitting. Note that by d-disjun
tness, the target set ofpositive 
lones is 
omplement of the union of pools not hit by the target set. Thus,the minimization should be over all subsets A of 
ardinality at most d, satisfying thefollowing property:(*) A = X � [B2C[D;A\B=;B.Formally, we state this variation as follows.Doubles-Hitting-(*): Given two 
olle
tions C and D of subsets of Xand an positive integer d, �nd a subset A of at most d 
lones, satisfying(*), to minimize the total number of subsets in C not hit by A and subsetsin D hit by B.Lemma 3.0.10 If de
oding for k-error-
orre
ting d-disjun
t matrix 
an be done inpolynomial-time with respe
t to n, t, d, and k, then Double-Hitting-(*) 
an besolved in polynomial time.Proof. The de
oding for k-error-
orre
ting d-disjun
t matrix is equivalent to the prob-lem that knowing the minimum value of Double-Hitting-(*) is at most k, �nd asubset A of at most d 
lones, satisfying (*), to a
hieve the minimum. If there exitsan algorithm K solving this problem in polynomial time with respe
t to n, t, d andk, then we may solve Double-Hitting-(*) by applying this algorithm K repeatlyfor k = 1; 2; :::; t. For ea
h k = 1; 2; :::; t, if the algorithm K 
annot �nd, in thepolynomial time, a subset A of at most d 
lones, satisfying (*) to a
hieve the k-value,
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then restart the algorithm for next k-value, until a k-value is a
hieved by a subset Aof at most d 
lones, satisying (*). This 
learly still runs in polynomial time. 2Next, we show that Bouble-Hitting-(*) is NP-hard. To do so, we �rst study avariation of the vertex-
over problem as follows:Vertex-Cover: Given a graph G with n verti
es and a positive integer h,0 < h � n, determine whether G has a vertex-
over of size h.Vertex-Cover-(*): Given a graph G and two positive integer s m and h, de-termine whether G has a vertex subset of size at most h, 
overing at least m edges,su
h that the 
omplement of the vertex-
over has no isolated vertex.Lemma 3.0.11 Vertex-Cover-(*) is NP-
omplete.Proof. Vertex-Cover-(*) is 
learly in NP sin
e we 
an guess the subset and verifyin polynomial-time. We next 
onstru
t a polynomial-time redu
tion from the well-known NP-
omplete problem Vertex-Cover to Vertex-Cover-(*).Consider a graph G with n verti
es and a positive integer h, 0 < h � n. Let m beh plus the number of edges of G. We 
onstru
t another graph G0 from G by additingh + 1 new verti
es v0; v1; :::; vh and 
onne
ting v0 to all verti
es of G and v1; :::; vh.(Fig. 3.1) Next, we show that G has a vertex-
over of size h if and only if G has a
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Figure 3.1: Constru
tion of G0 from Gvertex subset of size h, 
overing at least m edges, su
h that the 
omplement of thesubset has no isolated vertex.
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First, if G has a vertex-
over of size at most h, then this vertex 
over in G0 hasthe required property.Next, assume that G0 has a vertex subset A of size at most h, 
overing at leastm edges, su
h that the 
omplement of A 
ontains no isolated vertex. Note that v0
annot be in A. In fa
t, if v0 is in A, then ea
h vi for i = 1; :::; h has to be in A;otherwise, vi would be isolated in the 
omplement. However, all v0; v1; :::; vh being inA 
ontradi
ts the size of A. Sin
e v0 is not in A and ea
h vertex other than v0 
oversexa
tly one edge not in G, A 
overs at least m � h edges in G. Hen
e, A 
overs alledges of G. Therefore, all verti
es of G in A is a vertex-
over of size at most h. Ifthis vertex-
over has size smaller than h, then we 
an simply add in more verti
e toa
hieve the size h. 2Finally, we �nish the proof of Theorem 3.0.9 by proving the following lemma.

Lemma 3.0.12 Double-Hitting-(*) is NP-hard.
Proof. Consider de
ision version of Double-Hitting-(*):

De
ision version of Double-Hitting-(*): Given two 
olle
tions C andD of subsets of X and two positive integers d and k, determine whether ornot there exists a subset A, satisfying (a) and (b), and the total numberof subsets in C not hit by A and subsets in D hit by B is at most k.
Now, we 
onstru
t a polynomial-time redu
tion from Vertex-Cover-(*) to thede
ision version of Double-Hitting-(*). Consider an instan
e of Vertex-Cover-(*), 
onsisting of a graph G and two positive integers m and h. Let X be the vertexset of G and C the edge set of G. Set D = ;, k = jCj � m, and d = h. We showthat G has a vertex subset H of size at most h, hitting at least m edges, su
h thatits 
omplement 
ontains no isolated vertex if and only if X has a subset A of sizeat most d satisfying 
ondition (b) and the number of subsets in C not hit by A is atmost k.If G has su
h a vertex subset H, then set A = H whi
h is required A for X.Conversely, if X has su
h a subset A, then set H = A and H is a required vertexsubset for G. 2Every (d; k)-disjun
t matrix is k-error-
orre
ting d-separable. However, for �d-separability, only a weaker result exists.We already saw that the (d; k)-disjun
t matrix and the k-error-
orre
ting d-disjun
tmatrix are quite di�erent in term of de
oding. Whi
h one is the natural extension ofthe d-disjun
t matrix in error-tolerant 
ase? Wu and Li [18℄ indi
ated that the (d; k)-disjun
t matrix is more like a natural generalization of d-disjun
t matrix. Indeed, ifwe use (d; k)-disjun
tness to repla
e d-disjun
t, then many results for error-free 
anbe generalized to error tolerant 
ase.
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Theorem 3.0.13 A binary matrix M is k-error-
orre
ting �d-separable if and only ifit is k-error-
orre
ting d-separable and (d� 1; 2k)-disjun
t.Proof. For forward dire
tion, 
onsider d distin
t 
olumns C0; C1; :::; Cd�1. By k-error-
orre
ting �d-separability, the Hamming distan
e between C0 [ C1 [ � � � [ Cd�1 andC1 [ � � � [Cd�1 must be at least 2k+1. Hen
e, C0 must have at least 2k+1 1-entriesnot in C1 [ � � � [ Cd. This means that the matrix M must be (d� 1; 2k)-disjun
t.Conversely, assume M is k-error-
orre
ting d-separable and (d � 1; 2k)-disjun
t.For two samples s and s0 in S( �d; n). If jsj = js0j = d, then by the k-error-
orre
ting d-separability ofM , H(U(s); U(s0)) � 2k+1, where U(s) denotes the union of 
olumnsin s. Otherwise, we may assume, without loss of generality, that jsj � js0j andjs0j � d� 1. Then s must have a 
olumn Cj not in s0. By the (d� 1; 2k)-disjun
tnessofM , Cj 
ontains at least 2k+1 1-entries not in U(s0). Thus, H(U(s); U(s0)) � 2k+1.2Theorem 3.0.14 Any k-error-
orre
ting 2d-separable matrixM 
an be modi�ed intoa (d; k)-disjun
t matrix by adding at most k + 1 rows.Proof. Similar to the proof of Theorem 2.2.9. 2Corollary 3.0.15 Any 2k-error-
orre
ting 2d-separable matrix 
an be modi�ed intoa k-error-
orre
ting (d+ 1)-separable matrix by adding at most k + 1 rows.Now, we have a summary for relations between 
on
epts about error-toleran
e.(d+ k)� disjun
t+dk=2e � error-
orre
ting k � error-
orre
ting(d+ 1)� separable ) (d; k)� disjun
t ) d� disjun
t+� +k � error-
orre
ting k � error-
orre
tingd� separable ( �d� separablewhere � means "delete any row".
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